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#;8,5/6 %8573 Mb=;+=/1B 5 LOKVPQBJ>QF@=>IA7=): - ?7:316/ 76;1584-:8:7*4-5; 14;=;-.=4<73--8
<)+37.?0)< A7=0)>- .1/=:7=<)6, ?0)< +0)6/-; ); <0- 8: 7*4-5/-<; 57: - +75841+)<-,

$LCBU>IMIBFKQERROL?IBYLRIFDEEBBRQO>@MELT J>KV k PNR>OBPBRKB>@E>O/ALTJI>KV Kk
PNR>OB&OB>@H >0ALTJIJ>KV k PNR>OBPRKB>@H >0AKAPLLK 7LR@LRIKBBRQO>GHDEB
FKCLOJ>QFLK FK > Q>?IB

<3C/ 80 ,8+;. 80 | <>+ /< 80 | <>+ /< 80 | <>+ /< 80 | <>+; /<|D

B

B

B

D

#:8,5/6 %85737%=;+=/1B 3PB +>KFMRI>QFSBRBIM7LR 'KSBPQFD>E5-<15-; ->-6
,.)?16/ ) 81+<=5)A 67<*- -67=/0 <70-48A7=16>-,<1/)<) 8:7*4-5 )>16/ )+<=)4
5)<-:1)4; <0)< A7=57>- =6, +)6 ;75-<15-; 0-48 ) 47<

$LOBU>JMIBFKQERROL ?|BF@>RB AFCF @ RIBIBBIQO>@ET EF @ENR>OBERE>SEI0B>ABLRKQBER
JFDEQ>K@L@RM@Q k PNR>OBR PNR>OBR PNR>OBRAPLLK 7LR@>K@QRXINEB QEBJ>IIBO

PNR>0B® OLOPB EBRPP>0ORK> PVPQBJI>DR@>HFKPRABEN) R@LRIBSBOVQER@EKMLKLELRKQ
>KVQEFKD QTF@B


https://www.youtube.com/watch?v=msfysLqQnHQ
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'CVLRE>SEKLQLKBL>I0B>ABUQBRED>?IB?LSBIIQEB>VQLK k @EBPP>OACFIIFKESIIQEB
OLTP >KA @LIRJKP 3PB VLRO Q>?IB QL CFKA QEB QLQ>I KRJ?BO LC PNR>OBP FK >K k [@EBPP ?L:

* "BP@OF?B >l LC QEB M>QQBOKP VLR PBB FK QEB Q>?IB
* 15K VLR BUMI>FK >KA GRPQFCV >KV LC QEB M>QQBOKP VLR PBB &LT @>K VLR ?B PROB QEBV
* 5E>Q @>I@RI>QFLK TLRIA VLR AL QL CFKA QEB QLQ>I KRJ?BO LC PNR>OBP LK > k| @EBPP “

5 BTFII@LIE>@BLQERMRBPQPLKKIL F&/LR>OBL@PROBFDEQT ELT QIBUMI>BKAGRPQBER
M>QQBOKP VLR CLRKA QE>Q FP -)




&% "# %", $ )(* ) o

&B?2<5= B?;5> <?3;

2EFROIL@E>P?BBK?OLHBRKQREOBH-B @ EPVLR>AAQEKRJ?BOPKB>@KFB@BEBPRJIP>0OB

@LKPB@R@ESBOP87</->=3?/ 7>6,/:< >OBELIBKRJ?BODE>{MB:RB>CQBERQEBPR @
LO

I>K VLR?0B>HKLQEEDIL@FKQE AFCBOBKRJ?BA.C MFB@BPQE>QEBPRIP>0OB@LKPB@RQFSB

KRJ?BOPPPRJBQE®> @RFB@&BP>QB>PQTLKRI?BOFKAQEKL KRI?BGRA>J>DBAB D  FPK)
PMIFQ FKQL QTL AFDFQP >KA

0BJBJ?BOQE) RCFCPQERIQIRKABOPQIERBIOL?IBS LOHRQE>GMLFKDKEBOBE>Q>OREBRJP
LC QEB KRJ?BOP LK B>@E MFB@B OB QEBV @LKPB@RQFSB

*89>; &19B )81B5

CQBULRE>SHLOHBAK QERIOL?IBUIKVLRQTK CLG TEFIBQ>IKPEOLRDEREGAB>F-QB M>0QKBO
BSBK FC VLR E>SB KLQ PLISBA FQ 5E>Q AFA VLR QOV 5E>Q MOLDOBPP E>SB VLR J>AH

#:8,5/6 %85?37%b=;+=/1B $FKAQEB>QEOBJLSBQEBKQBUQ75-<15-; <0-8:7*4-5 0); ) 474.,<)14;
161<0)<): - =61587:<)6<7: )< 4-);<=61587:<)6<7: /-<<16/;<):<-, #0- /7)4 1;<7.16, <0-=6,-:4A16/5)<0
8:7*4-5 <0-6 +75- *)+3 <7 <0- 7:1/16)4 9=-;<176 )6, ;-- 1. A7=+)6 ;74>- 1< =;16/ <0- 5)<0

'K QER®>PBLOOVFKPL RQER L @#HABU>@ M QEBIFB@EFB>AABPFEIMLOQGE>KLOOVFKRLRQ
CFKAFKD @LKPB@RQFSB KRJ?BOP QE>Q PRJ QL QEB @LOOB@Q QLQ>l PH VLROPBIC

* 5E>Q FP QEB PRJ LC >Il QEB KRJ?BOP LR QEB B IL@Hi
I>K ' CFKA QTL @LKPB@RQFSB KRJ?BOP QE>Q DFSB QEB @LOOB@Q PRJ -O CLRO @LKPB@RQFS
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LQEBO >JLRKQ
" &LT AL 'HKLT TEBK '>J ALKB 5EBK PELRIA ' PQLM ILLHFKD

-C @LROPBISFKDERRBPQBPKR® LKPB@REESBOFKL@EB>JB>PPLISFKDEBOFDFKML?IBY LR
E>SBIDL?>@PKAPBEQEBIL @K@ QRDB>M>COQEE) @EFB@BSBR.RLKA.OQELR8LKPB@RQFSB
KRJ?BOP +>V?B VLR @>K PLISB QEB J>QE MOL?IBJ ?RQ FQ ALBP KLQ QO>KPI>QB FKQL PLISFKD QEB

#,8,5/6 %8573%b=+=/1B |EB@HLRCPPRIMQFLKI-6 ;74>168:7*4-5; 14;-);A <74151AK7=:<016316/
*A),, 16/ -@<:);;=58<176;<0)9: - 67<16<0-8:7*4-5 - ;=:- A7);3 A7=;-4. 5 +76;<:))16165A <016316/
<77 5=+0

'K QERIL@IOL?IBPB@>ROBBFCPQRQFEKFOER L@@ LHBB>AF>IMI QEOBEB@BBQMERBKQBO
PLFQLLHRFHPIF@FKRIFBJI>KV MBLMIEPPRIBEJELT QERIL@RPQOB>HRQQERIOL?IBALBKLQ
OBNRFOB QEB @IL@H QL ?083IRMEAREBSH FKQL MFB@BP IFHB QEFP

5 BONLR>PPRJIFKRERD IL@H.RIA?OB>HK> PMB@HACGMaZ OMQLPLISRQEBIOL?IBKLT FGO/LRE>SEKLQ
>|OB>AV



5G1B5 7?6 &1DD5B>CU

2EBf*LLH CLO-QQBORR®>QBDRBM>0QF @ RMOIB>IFRRYLRE>S®R?B@>0BCRIKLELDBQEBKA
#UMI>FKg M>0Q LC QEB EQSH-PBRQBOKP >0B L?SFLRP >KA KLQ >II LC QEBJ TFIl @LKQFKRB

&B?2<5= ?DC ?>1 9B3<5

1Q>0Q TFQE > @FO@IB

'C'MRQ QTL ALQP LK QEB @FO@IB >KA @LKKB@Q QEBJ QEB IFKB AFSFABP QEB @FO@IB FKQL Q

17
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'C ' MRQ QEOBB ALQP LK QEB @FO@IB >KA @LKKB@Q B>@E M>FO LC ALQP QEB IFKBP AFSFABP Q

1RMMLPRB.RMRQKBERKAORAQPK > @FOGHR@LKKBBX@® E>FIOCALQRIB>KFKBSBOM. GFP
@LKKB@QBALQEBQQRLT J>KVMFB@BR VLRDBQFKBR>V @OLBP@EQEBPRQPPRJIREB
MLFKQP >0OB @ELPBK PL QE>Q QEOBB LO JLOB IFKBP KBSBO JBBQ >Q > PFKDIB MLFKQ

*89>; &19B )81B5

CQBULRE>SHLOHBAK QERIOL?IBIKVLRQTK CLG TEFIBQ>IKPEOLRDEREGAB>F-QB M>0QKBO




- ( % &** ($)U O

BSBKWVLRE>SEKL@LISBRQSE>QPQO>QBEHBPRQOGE>QAFA/LRCFDRIBISE>QNRBPQFAKP
VLR PQFIlI E>SB

2EBK>QRO>V QLTLOH.K QERROL ?IBEFQLRP B J>IIBBXRJI?BOECALQPKAILLHCLO M>QQBIHRDEQVLR
E>SEKLQIOB>AYONELT J>KV MFB@HEEBKVLRE>SECLRALQPSFSBLQPELT TLRIAVLRABP@OCHS
M>QQBOK

LT QORFULQRLRTFIT>K@IAO>F?FIOFOGNEPM>@BQEBFBLQRLI>HBVLR@LRKQBKPFREBBK
@>OBCRIDNRIRDELT J>KVMFB@RRDBQOFAMOL?>?ADLLAFABRITLOH FQE M>0OQRROLR@>IQEB@H
B>@EEBILOH+>HBPROA RO LRBSBOWFB @ROBKAALKL@ LREKQAWFB@BFGER.T @>KLR?BPROB
QE>Q VLR AL QE>Q

5 BOBLRPROMOFBB2QEBFOPESB(PQBMRPBBJIR)L?BQER>RBESTEBKVLR>AA> ALQYLRALR?IBEB
KRJ?BQCMFB@BRQESTLRIAIB>K QESCQLEFWLQR/LRPELRIDBQ MFB@BRAVLRLKIVDBQ LO
ABMBKARKCELT QEBLQPOBOO>KDRA J>QQBE>Q/LRAL VLR@>KKDBQ MFB@BEBM>QQBEEMIV
ALBP KLQ ELIA RM

+>QEBJ>QF @ -3 LHFKDLM>QQBEKAT FKAFREBJS B DBBU@FQBM>QQBARPTB >OBIPLSBOV
PHBMQF@>I LC M>QQBOKP 'C TB @>KKLQ BUMI>FK TEV SEBIQDBORH KRR THIGEOQL GRPQ ?BIFBSB

$LOBU>IMIBFQV KRJI?BM>QQBQKQAGP ¢ ' @>KFKAQPRCT>VPQLA LKQF KB >QQBMIGEC
TEF@E J>HBP PBKPB FK PLIJB @LKQBUQP &BOB >OB PLJB MLPPF?FIFQFBP

C

2EFP FP > > OBMB>QFKD M>QQBOK @V@IFKD QEOLRDE QEB KRJ?BOP  >KA QEBK PQ>OQFKD LSB

c

2L DBQ QEB KBUQ KRITH®MIV QEB MOBSFLRP QTL KRJ?BOP QLDBQEBO

c

*89>; &19B )81B5

" $LO QEB I>PQ QTL M>QQBOKP >?LSB ABP@OF?B FK TLOAP ELT QEB KRJ?BO PBNRBK@B FP ?B

* $FKA >Q IB>PQ QTL LQEBO T>VP QL @LKQFKRB QEB PBNRBK@BBOBKQ QBLM:LIBERAFC
LKBP VLR E>SB PBBK PIOESB VLRO ORIB FK TLOAP >KA TOFQB QEB KBUQ CFSB QBQJP LC QEB
PBNRBK@B




O#* #*) %( "#$*(/ * 0
1LELT @>NLR?BPROA_R®I>QQBERIERIOL?IBJ/ LRE>SBIQFBEBDLDBQEBIBI?BCREB NR>0ORK
> EBPP L>0Ag MOL?TH.R JFDEQ E>SB KLQF@BA > M>QQBOK IFHB QEFP LKB
'C QEB @EBPP ?L>0OA E>P PNR>OBP LK > PFAB QEBK QEBOB >0B

PNR>OBP LC PFWB k
PNR>OBP LC PFWB k
PNR>OBP LC PFAB k

PNR>OBP LC PFWB k
PNR>OBP LC PFWB k

~ X X <

1L QEBOB >0OB > QLQ>I LC
124+224+3%24+424+5%2=55

PNR>AB® k @EBPP>OALR@>KIOL?>?DRBAR.T QL@LKQFRIEBI>QQBOK\PFVPB>0RRELT @>K
VLR?B>?PLIRQEIROBEBI>QQRBRKQFKREEFARPY 5E>QFQEFMFHBLQPLK> IFO@IB¥(AQEB?SFLRP
M>QQBOR>HR TK>CQBOBTPQBMR.RE>SEIQFBERI>QQBE}EBIOL?IBPLQERBRE IBIEVQERI>QQBOK
JRPQ @LKQFKRB FK QE>Q T>V

2EBCFCORUERMBUMI>FKBRD QQBEOFQR@L TK@IB>0PEFROFK BPQL>KLQEBIOL ?IBBLISFKBQO>QBDV

#:8,5/6 %85?3Wb=;+=/1B 3PB>4>0F>?IB6- 7.<0-57;<87?-.=4<774?- 0)>- 1;<0-=;- 7.) >):1)*4-
. A7=16,A7=:;-4.716/ +)4+=4)<17B6 <016/4136<06=5*- 7.;9=):-; H 7: G<06=5*: 7.,7<; H/1>-<07;-
9=)6<1<1-; ) 6)5- #O-A *-+75- 5=+0 -);1-: <7 27:3 ?1<0

*89>: &19B )81B5

$LO KLTGRPQ TLOH LK ABP@OF?FKD QEB M>QQBOK TFQE S>OF>?IBP

T 1QF@H TFQE > k @EBPP ?L>OAKL@KKPFABO > PJ>Il PNR>BB R CBF®/BF?B QEB
M>QQBOK &LT J>KV PNR>OBKIITFRMNK > @EBPP ?L>0AW.C PFWB

" 5E>Q FC QEB @EBPP ?L>0OA FP ?FDDBO >PBA LK QEB M>QQBOK >?LSB Bt B J>KV PNR>0OBP LC
PELRIA CFQ LK > @EBPP ?L>0Ak LC PFWB

" 5E>Q FC VLR AL KLQ HKLT ELT ?FD QEB @EBPP ?L>0OA FP >PBA LK QEB M>QQBOK >PLSB ELT .
LC PFBIB3 PELRIA CFQ LK > @EBPP ?L8XA6_C PFWB

LT @LJBPEBLRDME>ORUMI>FKEHBI>QQBBRRFCLARR>K k ?L>OAFK@®B>PROBPNR>OBP
B>@FEFABB @>RBRESTB DBQk PNR>OBPPFWEK KA PFK@EBOESRP®FKDE.>OAB DBQ
GRPQ LKB PNR>OB kC FRQVBE>Q >?LRQ >Il QEB PFWBP FK ?BQTBBK


http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#ChessBoardProblem
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#ChessBoardProblem
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*89>: &19B )81B5

3PFKREEBPPL>0ASFABEKQEBIOBSFI@E>MOBOILABI TLOHFQE M>0QKR@>0OBCRINII>FK|
TEVQEEBRJ?BQC k PNR>OBRI?B | >KATEVQEERJ?BQC k PNR>OBRI?B |

2EBOBOB>KV ARCBOBRQMI>K>QHLBPBRE>R E>(FPCLRKAKQEBFABL2OVQLCFKXLRQATK
BUMI>K>QFLK

&BOBPTE>Q> CFK:8RPQFCF@RMIEQH HIFHB?)<+0<0- 0. 7): , >1,-7); ) +76+:<- -@)584-7. <O1;
74=<176

%85>=38EBPP L>0A>QQBOBQ ?BQEBFABOQER EBPP>0AKABG@ ?BQEBFABCQEBNR>0B
QEBNR>GBEDLFKRICAXK QEBMEBRP>0AQ || FQRP@BQOREESD 6 -QEBOTFREBNR>GB)LL
2FD

'C' MRQEBk 3 PNR>GEQERMMBEC@LOKBIDER EBRP>0A@>HEMVE PM>@8® OLARAQEBOR
>0B5 d 3 PM>@BREBFDEGQL' @>RIFABEBk 3 PNR>QBEQEBFDEY 3 QFJBRKQFEFQPEB
QLNDFDEN) OKBIDER EBRP>0REBPNR>GEFK6d 3  ARCBOBWOPFQFIRERKQEERQ>0QFKD
MLPFQFLK

'C' JLSBQEBk 3 PNR>0B@RIQERMMEECQLOKB@>REFE@LTKLKBOLT>KAOBMBIEBELIB
MOL@BPBFKFK@BEBOBB5 d 3 OLTPBILTQEBNR>0OB®>REFEQLTK 6d 3 QFIJBRKQFEFQP
QEB ?LQQLJ QEFP J>HB®d3  QLQ>I OLTP QE>Q QEB PNR>OB JLSBP >@OLPP @LRKQFKD QEB QL

1L QEBOB 8@ OLTPTFQEd3 PNR>OBP FK B>@EESQTI>HBed 3 QLQ>I PNR>OHP
2ERP QEB PLIRQFLK FP QERBIRRJI LCCLO 8b 6 'K PVJ?LIP

n
number of squares on an n x n board = Z(n —k+1)2
k=1

-K@B TB >OB PROB QEB M>QQBOK @LKQFKRBP TB @>K RPB FQ QL PLISB QEB MOL?IBJ 1L DL >EB>A

© &LT J>KV PNR>OBP LKk @EBPP ?L>0A
" 5E>Q @>I@RI>QFLK TLRIA VLR AL QL PLISB QE>Q MOL2BEERP® 2L >0A

2EBOBP KRJ?BO®I>QQBEKBP @OEERJ?BQOMFB@RBRDBQOLDEBLQPLK>IFO@IROL?IBICVLR
T>K@IPLISREBIOL?IBDLCLEQ@EFKH?LRSI LOVLROIOL?IBBLISFKEDO>QBREBPRABEXEBKVLR
CFKAM>QQBQR@>RBUMI>PRA 14 ; <0-:1/0<8)<<-:6.7: <018:7*4-5 >KAKLGERPELQEBSQQBREKIBBIP
QL TLOH ?RQ JFDEQ KLQ @LKQFKRB


http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#ChessBoardVideo
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#ChessBoardVideo

&B7?72<5= 15;

7LRE>SBPBSBOMOL?IBPLISFKBEQO>QBREBRRPH FQE.BOBOREBKBH B E>SB\BP @ORABZ>C-KAVLR
MOL?>?IV @>JB RM TFQE BSBK JLOB LC VLRO LTK PQO>QBDFBP >P VLR TLOHBA LK MOL?IBJP
5 FPECRI 2EFKHFKD
20V 1LIJBQEFKD
"O>T > .F@QROB
+>HB 3M ,RJ?BOP
20V > 1FJMIBO .OL?IBJ
5 LOH 1VPQBJI>QF@>1IV
3PB +>KFMRI>QFSBP QL &BIM VLR 'KSBPQFD>QB
*LLH CLO >KA #UMI>FK .>QQBOKP
$FKA QEB +>QE 0BJLSB QEB 'LKQBUQ
IEB@HIIRO PPRIMQFLKP
3PB > 4#0F>7IB

20WLRE>KAQLIBLOQEBRBOL?IBJPIBBMFREBFE)O>QBEREBRA 'CVLR>-0BQREK> MOL?IBI@LIB
2>@H QL QEFP IFPQ >KA >PH VLROPBIC TEF@E LC QEB PQO>QBDFBP JFDEQ EBIM VLR J>HB PLJB MOI

&B?2<5=

7LRE>SHBFDEQLFKKA> ?>I>K @R@>IBEB @LFKELH>IFHEPRQKBLCQEBFP> @LRKQBOXEHQ
@LRKQB@IBREFDEQBE>REBQEBJIPRI>V LKIVRPREB>I>K @RD>@TLQFIBRLT @>MLRCFKA
QEB @LRKQBOCBFQ @LFK

22


http://pressbooks-dev.oer.hawaii.edu/math111/chapter/introduction/#WishfulThinkingStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#TrySomethingStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#DrawPictureStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#MakeUpNumbersStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#SimplerProblemStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#WorkSystematicallyStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#UseManipsStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#PatternsStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#RemoveContextStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-solving-strategies/#CheckAssumptionsStrategy
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/beware-of-patterns/#UseVariableStrategy
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7LRE>SECFS@LFKIRL QTLLCTEF@EBFDBEB>JB 'K PBSBRBFDEFKDR> ?>I>K @Ba>IB>KLR
MRQEB)LFFR_OABIDL JFDEQRBREB>SFBRE>FP@>KLRABQBOJAKE @@ L FRROEB-DEQBFRYQ
IFDEQBPQ EB>SFBPQ

&B?2<5=

7LRE>SBY)BR>DR.C@LFKFKBLCQEB>DROLKQPMK A@LFKBFDEFKRBBLRK@B>@EKB ?>D
QLKQ>ENRKQBG@IBHBFDEFKD LRK@BP@ELRE>SE OBDRIABPDFQP@>IBLG ?>I>K@ED>IB

2EBP@>BLOOB@KB QBKAEKLRK@EB LKBTBFDEFK®>KLRABQBOJAKE @ED@ LKQ>RXB
?>A @LFKP
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1RMMLRBRE>SE ?>I>K@H2>IBLRE>S)EOBBCBOBKFDEQRA/LR>-0OB?IBQITBFDBSBOELIB

KRJ?BO COLJ DO>JQL DO>JP RPFKD GRPQ QELPB QEOBB TBFDEQP 5E>Q >OB QEB QEOBB TBFI

&B?2<5=

2EBOBOB ?RK@EC@LFKIK > Q>?IBKCOLKQVLR 7LRGCOFBRABIIFLRELT J>KV LCQERLFK®B
EB>AP RM.R>OBIFKACLIABM@>KKPOB QEFKIRYLR@>BLSB QE®LFKPLRKAKA/LR@>KIFM
QEBLSB@LTBSBYLR@>KKQBIGRPYCBBIFKEBFQE®LFKPBELTFKEB>APOQ>FIPLRGGL?
PBM>0>QB QEB @LFKP FKQL QTL MFIBP PL QE>Q QEB P>JB KRJ?BO LC EB>AP >OB PELT

FKD FK B>(

&B?2<5=

2EBAFDF@ILOC> KRI?BEROERRJI?BQ?Q>FKBROBMB>QBAAFKQEBFDFQIERRI?BOCQEB
>KPTBEKLG LKB AFDKRY?BC-AAQEL RE-DF QR QFK K QFLKB AFIFRIFROB>@EBZFPKBAFDF(Q
FP QEB AFDFQ>I| OLLQ LC QEB KRJ?BO

$LO BU>JMIB QEB AFDFQ>IOLLQLC FP PFK@B >KA

0B@L@YEBFDFQ@ILQPQEBFOPFKQBDBKITCFKAPI>KV M>QQBIKPR@>K>K VLRBUMI>BKV
LC QEB M>QQBOKP

&B?2<5=

'C QEAPQQF®BB D LKQFKRBAQRJI?BALRIA?BAFOB@MNYEBFDEQ  &LT @>NLR?BPROB
VLRIOB OFDEQ




&%"# $! O

&B?2<5=

00>KDBEBFDFQBEOLRDELQE-QEBFOMDFRFSFPFAB QEBFOPQAFDFSIPBFSFPFAB
QEBFOPEDBRBDFSFBFSFPFAB >KA@LKQFKRIKQ¥FLRE>SEEBFOPAFDFEFSFPFAB >KAQEB
TELIB AFDFQ KRJ?BO AFSFPF?IB ?V

&B?2<5=

2EBOBOB PQRABK®RLKBQB>@EB®|>PREQBOK BU>J BSBOVLEBDE CFESBOVLREEL
@BIB?0>QB ELT TBIl QEBV AFA &LT J>KV EFDE CFSBP TBOB QEBOB

&B?2<5=

'K @IB>KAKBYLRQIAABPH/LRCFKATELIB?RK@E_ >KA_ PQ>JMPK VLRI>HBBU>@QIV LC
MLPQ>DB !>K VLR J>HB BU>@QIV _ LC MLPQ>DB IEBRFRIQERQIE MLPQ>DB VLR @>KKLQ J>HB

&B?2<5=

$FKAQEB-OBPBFDEQ ARBREQBJ>ABRM.CQEBFDFQP >KA PR@BE>QEB P>0OB
PBM>O>®BABAFDRJE B P>OBBM>0>RB3TLAFDFQEB P?VQEOBBDFORAQER P?VCLRAFDFQF

&B?2<5=

)>JF E>FOBNIL@HB®R ALII>OFIIPLEBT>KQBLE>SE ARCBOBKIQRKQCILKBVFKB>@HBL@HBQ
I>K PEB AL FQ
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&B?2<5=

&LT J>KV QOF>KDIBP LC >l MLPPF?IB PFWBP >KA PE>MBP >0OB FK QEFP MF@QROB

&B?2<5=

OO>KDBEBFDFQP FKQtfAFCBOBKEE->KDIBBOB>@KRJ?BEKQEBLT?BILT FROEBFCBOBK@
LC QEB QTL KRJ?BOP >?LSB FQ

@)584- BILT FP>ARCBOBKEE>KDBEFALBKLJLOHB@>RPEPBPQTF@BAALBKLE>SE




&%"# $! O

&B?2<5=

-

IBOQ>MEMBPBLIAKBKDQEE FK@EBFK@EBRA FK@ERBPT J>KVARCBOBRRDQEPNLR
CLOJ ?V >QQ>@EFKD QEOBB PB@QFLKP LC MFMB QLDBQEBO

L

&B?2<5=

I>@BEBFDFQP FKQEB) FO @IBPEQEBRJLK B>@EFABOQEBOF>KERB #>@BFO@
DBQP LKB AFDFQ >KA B>@E AFDFQ FP RPBA BU>@QIV LK@B

&B?2<5=

$FKA > T>V QL @RQ > @FO@RI>OWIB@®&E RREKD GRPQ CLRO PQO>FDEQ @RQP

B




1B56E< +C5 ?6 "1>7E175 9> #1D85=1D93C

2EFPB@ QFEREBBBIFHB ?FQC>PFABQCC@EBABLEOMOL ?IBBLISFKERBKC>@B@KLQH>QEBI>QF @P
FPPL@MBKAB>SISBALKLGRARQISBIOL?IBIFKAQEBMRQEBIPFABDL?IBIPLISFKE>P>QB>P@EOBB
@LIMLKBKQP

1LISFKD QEB MOL?IBJ 2EFP FKSLISBP > ILQ LC P@O>Q@E M>MBO >KA @>OBCRI QEFKHFKD

ILKSFK@FKD VLROPBIC QE>Q VLRO PLIRQFLK FP @LJMIBQB >KA @LOOB@Q 2EFP FKSLISBP > ILC
VLROPBIC NRBPQFLKP

ILKSFK@FKD PLJBLKB BIPB QE>Q VLRO PLIRQFLK FP @LIMIBQB >KA @LOOB@Q 2EFP RPR>IIV FK
MOL?IBJ RM @>OBCRIIV LO BUMI>FKFKD VLRO TLOH FK > MOBPBKQ>QFLK

'CVLR>OELQ?IBQIALQEISPOQBRIEBKLRE>SKL@B>IIFLISBQEBIOL?IBS BTFIIQ>IHLOB>?LRELT
QITOF@®4 PLIRQFPKLK BCLOBB ALQE>TB E>SRIQEFKIALRELT J>QEBJI>QF @RPEBFKDR>DBEF @E
FP FQ QROKP LRQCBOBR@EOLJ ELT I>KDR>DB FP RPBA FK QEB OBPQ LC IFCB

#1D85=1D931<)D1D5=5>DC

569>9D97>

J>QEBJ>QF@>| PQ>QBJBKQ FP > @LIJMIBQB PBKQBK@B QE>Q FP BFQEBO QORB LO C>|PB ?RQ Kl

1L > fPQ>QBJIBK®iIFrQEBI>QFR@FKK 2B > NRBPQFEI@LII>KALO> J>QQBOLMFKFLRFP> @LIMIBQB
DO>JJ>QF @@MNOOBBKYBKE@BRE PR?GBEBD >KARPR>II%KL?GB@QFFFIMLOQENRQEBQ>QBJIBRQ
BFQEBORBC>IPBELRDERI>V KLAIKLTTEF@E>0QOQEBLOH.C> J>QEBJ>QF @RSRDROERQEF@E
PBKQBK@BP >0B QORB >KA TEF@E >OB C>IPB

28
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*89>; &19B )81B5

$LOB>@#KDIFPEBKQBKBIBT AB@FAEGP> J>QEBJI>QFBI+QBJBKRLQJCFGPFROEBQ>QBJIBKQ
QORB LO C>IPB LO >OB VLR RKPROB 'C FQ FP KLQ > J>QEBJ>QF@>| PQ>QBJBKQ FK TEPQ T>V ALF

IRB FP QEB MOBQQFBPQ @LILO

FP >K BSBK KRJ?BO

'P VLRO ALD COFBKAIV

&LKLIRIR FP QEB @>MFQ>I LC &> T>FF

2EFP PBKQBK@B FP C>IPB

Il OLPBP >OB OBA

3& +>KL> FP QEB ?BPQ @LIIBDB FK QEB TLOIA

%L QL ?BA
2EBOB >OB > QLQ>ILC PNR>OBP LK >K k @EBPP ?L>0A

LT TOFQBEOBBQEBJ>QF ®@9bQBJIBKRRQEOBKDIFPPBKQBK@BPQ>FQL?B J>QEBJ>QF@
PQ>QBJBKQP

v

LQF@EE*Q g FP-MBOCB®@QIN>QEBJ>QFER*+QBJIBRALBKLALLHIFHBK#KDIFPEBKQBKERE
OB>RQRQLRA2EBPR?GE@®@Q g 2EBSBORABNR>IP §A QEB?GBER) g 2EFFP SBOULLAQBAEBK
VLR TOFQB J>QEBJ>QF@P QOV QL OB>A FQ LRQ ILRA #SBK QEB BNR>(GHIKPKIEERRARERPEK@ED >\

10>0BJBKGFRARCBOBBQLDEBQEBAFFRD>IBAO++.8A >PQ>QBJBIEFIPBIC @LKQO>AEBORIDRB

QEBKB @LK@IRPBFPRC>IPEBEV  'CFERC>IPREBKB @LK@IRMBFRBROORBEYV . >O>ALUBP®BL
DLLA >P J>QEBJ>QF@> PQ>QBJBKQP ?B@>RPB FQ @>KKLQ ?B QORB >KA FQ @>KKLQ ?B C>IPB

>4 7B

ILKPFABO QEFP PBKQBK@B

CQBO TLOH 'TFII DL QL QEB ?B>@E LO' TFIl AL JV DOL@BOV PELMMFKD

'K BSBOVA#KDIFPBESQOL?>?DB>KPQERT DLQLQEBB>@E TFIIKL@LPELMMFKDFII AL LKBLOQEB
LQEBZRQ KLQ ?LQE >@QFSFQFBP 2EFP FP @>IIBA >K fBU@IRPFSB LO

5 B@>RPR>II§BICOL®LKQBEBQEBOMB>HE>KABFQEBKRLOQEBQEROPLQE GOTEBQEBRIB>KP
fBFQEBKE.OQEBQEBRB®LQLQE ¢LJB MBLMREPBEBTHT>OMEO>PEBALOMIABP @ QBEBFARMFLK
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0BJBJ?BOQERKI>QEBJ>QF @:IJRKF@>QBEKRDEB E>SEI?BSBOMOB@BHR®>KKDOBIVK @LKQBUQ

LO >PPRIMQFLKP >?LRQ TE>Q FP FIMIFBA LO RKABOPQLLA

569>9D97?7>

'K J>QEBJ>QF@P QEB TLOA fLOg >IT>VP JB>KP fLKB LO QEB LQEBO LO ?LQE g
2EB TLOA f>KAg >IT>VP JB>KP f?LQE >OB QORB g

*89>; &19B )81B5

$LO B>@E PBKQBK@B ?BILT

" "B@FAB FC QEB @ELF@BP QEB PQ>QBJBKQ QORB LO C>IPB
* IELLPB > AEBOBKQ S>IRE+Q J>HBP QEB PQ>QBJBKQ QORB LO P>V TEV QE>Q FP KL(
* IELLPB > AEBOBKQ S>IRE+Q J>HBP QEB PQ>QBJBKQ C>IPB LO P>V TEV QE>Q FP KL

@FP LAA [@P BSBK
@rP LAA >Ig@kP BSBK
@-P MOFJBAE® LAA
LO@

>SKA@

LO @E

Q@ @
@KAD @

@ O®

CRCHECNONONEC)

D MLPPF?IE
D MLPPF?IE

'E1>D9695BC

&B?2<5= << 27ED D85 5>:1=9>C

7LR>OB>KABAKBKSBILME|IBAFFQH.KBV>KA/LR>OBLIA#SBOYFIFKQEMBKSBILNB ?Fll g

* 5E>Q TLRIA @LKSFK@B VLR ?BVLKA >KV ALR?Q QE>Q QEB PBKQBK@B FP QORB &L]

| @QLRIA VL
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PLJBLKB BIPB QE>Q QEB PBKQBK@B FP QORB

* 5E>Q TLRIA @LKSFK@B VLR ?BVLKA >KV ALR?Q QE>Q QEB PBKQBK@B FP C>IPB &LT @LRIA VL
PLJBLKB BIPB QE>Q QEB PBKQBK@B FP C>IPB

1RMMLPB VLR TBOB DFSHBOBKEMPBKQBK@B f2EBOB FP >  ?FIl FK QEFP BKSBILMB g

' 5E>Q TLRIA @LKSFK@B VLR ?BVLKA >KV ALR?Q QE>Q QEB PBKQBK@B FP QORB &LT @LRIA VL

PLJBLKB BIPB QE>Q QEB PBKQBK@B FP QORB

' 5E>Q TLRIA @LKSFK@B VLR ?BVLKA >KV ALR?Q QE>Q QEB PBKQBK@B FP C>IPB &LT @LRIA VL
PLJBLKB BIPB QE>Q QEB PBKQBK@B FP C>IPB

*89>; &19B )81B5

5E>QFRYEBFCBOBKR®B TBE}ER TLPBKQBK@BP ALBREAFCBOBK@B @OROBQELAIAB@FAR
FC QEB PQ>QBJBKQ FP QORB LO C>IPB

1LJB J>QEBJ>QF@>| PQ>QBJBKQP E>SB QEFP CLOJ

' f#SBOV QFJBcg
* f$LO >l KRIJ?BOP g
' f$LO BSBOV @ELF@B g
* fQP >IT>VP QORB QE>Q g
2EBPB >6&l>-:;)4PQ>QBJBKQP 1R@E PQ>QBJBKQP @I>FJ QE>Q PLIBQEFKD FP >IT>VP QORB KL J>QC
* 2L MOLSB > RKFSBOP>| PQ>QBJBKQ FP C>IPB VLR JRPQ CFKA >K BU>JMIB TEBOB FQ C>FIP 2EFP
-8>7=/;/A+695/ QL QEB PQ>QBJBKQ

© 2L MOLSB > RKFSBOP>| PQ>QBJBKQ FP QORB VLR JRPQ BFQEBO @EB@H BSBOV PFKDIB @>PB L
OB>PLK TEV FQ TLRIA ?B QORB 1LJBQFJBP QEB CFOPQ LMQFLK FP FIMLPPF?IB ?B@>RPB QEBO
J>KV @>PBP QL @EBR@HRVA KBSBO CFKFPE

1LJB J>QEBJ>QF@>| PQ>QBJBKQP E>SB QEFP CLOJ

© f1LIBQFJBPcg

* f2EBOB FP PLJB KRJ?RO

© f$LO PLIB @ELF@B ¢
fQ IB>PQ LK@Bcg
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2EBPBOB@1;<-6<P@®>QBIBAKR@EQ>QBJBEOF-QEBEGRLIBBU>IJMIBEBOBEBQ>QBJBRYOREREQ
J>V KLQ >IT>VP ?B QORB
* 2L MOLSB >K BUFPQBKQF>I PQ>QBJBKQ FP QORB VLR J>V GRPQ CFKA QEB BU>JMIB TEBOB FQ TI

© 2L MOLSB >K BUFPQBKQF>I PQ>QBJBKQ FP C>IPB VLR JRPQ BFQEBO PELT FQ C>FIP FK BSBOV PF
CFKA > ILDF@>I OB>PLK TEV FQ @>KKLQ ?B QORB 1LJBQFJBP QEB CFOPQ LMQFLK FP FIMLPPF?

*89>; &19B )81B5

$LO B>@E PQ>QBJBKAL?BES CLIILTFKD
* "B@FAB FC FQ FP > RKFSBOP>| PQ>QBJBKQ LO >K BUFPQBKQF>I PQ>QBJBKQ 2EFP|@>K ?B Q
PQ>QBJBKQP QEB NR>KQFCFBO FP fEFAABKg FK QEB JB>KFKD LC QEB TLOAP

* "B@FAB FC QEB PQ>QBJBKQ FP QORB LO C>IPB >KA AL VLRO ?BPQ QL GRPQFCV VLRO AB@FF

#SBOV LAA KRJ?BO FP MOFJB

#SBOV MOFJB KRJ?BO FP LAA

$LO >Il MLPFQFSB KRJ?BOP &

2EBOB FP PLJB KRI?BRQ@E QE>& =

2EB MLFKQP >KA >l IFB LK QEB P>JB IFKB
AAFQFLK LC OB>| KRJ?BOP FP @LJJRQ>QFSB
"FSFPFLK LC OB>I KRJ?BOP FP @LJJRQ>QFSB

*LLH ?>@HSBOLROLOHVLRTFIIMOL?>?0FKAERLIBLCVLRODRIBKQPBLRKAKA® LK SFK GIEFIB
LQEBSBEBPIPL 'K PLIB@>PBRRI>V fHKLTgQEBKPTBER@BRK>?IBIGRPQFQE>FRH>\CLELT
"FSFAB VLRO >KPTBOP FKQL CLRO @>QBDLOFBP
'>] @LKCFABKQ QE>Q QEB GRPQFCF@>QFLK ' D>SB FP DLLA
'>J KLQ @LKCFABKQ FK QEB GRPQFCF@>QFLK ' D>SB
'>] @LKCFABKQ QE>Q QEB GRPQFCF@>QFLK ' D>SB FP KLQ DLLA LO ' @LRIA KLQ DFSB > GRPQF
' @LRIA KLQ AB@FAB FC QEB PQ>QBJBKQ T>P QORB LO C>IPB
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?>49D9?>1< )D1D5=5>DC

&B?2<5= 1B4"?793

7LRE>SB AB@IEC@>0OAPBOB>@®>@*»P> IBQQBQ.KBPFABKA> KRJ?BQK QEBQEBTW-AB/LRO

2EBPB @>0OAP >0OB LK > Q>?IB

COFBKA @I>FJP fC > @>0OA E>P > SLTBI LK LKB PFAB QEBK FQ E>P >K BSBK KRJ?BO LK QEB LQEBC

5EF@E @>0AP JRPQ VLR CIFM LSBO QL ?B @BOQ>FK QE>Q VLRO COFBKA FP QBIIFKD QEB QORQE

*89>; &19B )81B5

CQBOLRE>SERELRDETRRQEBIOL?IBIKVLROTK CLO TEFIBAFP@RPRGABSHQE M>OQKBO

VLR >DOBB LK TEF@E @>OAP VLR JRRQQ@EB@BI(R- >DOBBJBKQ LK >K >KPTBO VLR ?LQE ?BIFBSB

&BOB FP >KLQEBO SBOV PFJFI>0 MOL?IBJ VBQ MBLMIB PBBJ QL E>SB >K B>PFBO QFJB PLISFKD QEFF

&B?2<5= C 1D 1 &1BDI

QEBOFKHFKIP>OBLQOLHBRLVLRE>SEPHBB> @EBOPOKVREFRPCEB®IELQL LKQEBR>?IBQ
LKB Q>?IB QEBOB >OB CLRO VLRKD MBLMIB

~

-KB MBOPLK E>P > @>K b&PBBBO E>P > ?LQQIB LC ILHB ?RQ QEBFO "P E>MMBK QL
VLR @>KKLQ PBB QEBFO >DBP

T>QBO LO DFK >KA QLKF@

7LR>0OBK@EDBLC> M>0OQEBOBEBOBK/LRKMBLMIBLIB >OBROFKHBK® LELLQEBOPCADFKHP
1LJB >ORIABKLRDEIAOFKH@LELBD>IIM.QEBSORKABSDB7 LR>0BBPMLKPERBKPRORKE>Q

PB C>@B A

7LR @>K ELTBFBB QEB "P LC QEB LQEBO QTL MBLMIB -KB FP RKABO QEB AOFKHFKD >DB QE
>?LSB FQ 2EBV ?LQE E>SB CFWWV @IB>0 AOFKHP FK DI>PPBP >KA VLR >0OB KLQ PROB FC QE
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5EF@E "P >KA LO AOFKHP AL VLR KBBA QL @EB@H QL J>HB PROB QE>Q KL LKB FP ?OB%HFKD QEB

*89>; &19B )81B5

CQBULRE>SE)ELRDERRQERIOL?IBUKVLRQTK CLO TEFIBAFP@RPRGBAB>H-QE M>0OQKBO
VLR>DOBK TEF@®>ONXPRIRP@EB@HIM>0BQEBRBILMOL?IBJBEF@BRRBPQMRER>PFBRA
TEV

569>9D9?>

-87.3=387+5 <=+=/6/@>K ?B TOFQQBK FK QEB CLOJ
'CPLJB PQ>QBJBRERLIB PQ>QBJBKQ
5EBOB QEB CFOPQ PQ>QREBREPIBYEZBQEB PB@LKA PQ>QBJIBKGRBEIER

*89>; &19B )81B5

2EBPB-OB>@ B L KAFQFPIQ:QBJIBKIFR. RDEEBYOKLQ || PQ>QBKIFAQEBKGLOJ' ABKQFQEB
EVMLQEBREP @FQ>QBJBKIRI>V T>K@IOBTORIEBBKQBK@EKBNRFS> BKQEBKRN>QBIBKQ

'C QEB QLJ>QLBP >OB OBA QEBK QEBV >0B OB>AV QL B>Q
2EB QLJ>QLBP >OB OBA 2EB QLJ>QLBP >OB OB>AV QL B>Q

K FKQBDBEP BSBK FC FQ FP > JRIQFMIB LC
6 FP BSBIS FP > JRIQFMIB LC

'C 6 FP LAA QBB MOFJB
6 FP LAAG6 FP MOFJB

2EB QB>J TFKP TEBK (( MI>VP
2EB QB>J TFKP  (( MI>VP

0BJBJ?BOQE>QI>QEBJ>QF@+QBJIBRRE>SE ABCFKEQRYHRBQFBFQEBORBC>IPBFQELDO>V
>OB:BSBIQELRDB J>V KLZBPROEFGEFQEB>PRLT @>KLROBIFG @LKAFQFPR>QBIBROORD
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C>IPEROBI¥@BMBKARTEBQEREBVMLQEBHKARER LK@ IRPABRORBC>IPERQELT BU>@@*KLR
AB@FAB

2EBHB\FRIQEFKIE> @LKAFQFRR>QBJBKE@ MOLJIFPE A>PH/LROPEREABIE>@LKAFQFIKP E>SB
20LHBK JV MOLJFPB

H1=@<5C

Example.Here is a conditional statement:

'C' TFK QEB ILQQBEBK 'ill DFSB B>@E LC JV PQRABKQP

2EBOB >0OB CLRO QEFKDP QE>Q @>K E>MMBK
S &>/ 2B98=2/<3< =:>/ -87-5><387AL TFK QEB ILQOB®VAL DFSB BSBOVLKB FK @I>PP |’
HBMQ JV MOLJFPB PL QEB @LKAFQFLK>I PQ>QBJBKQ FP 203#

* &>/ 2B98=2/<3< 0+5</-87-5><38W TFK QEB ILQ@BQVAB@FAB KLQ QL DFSB BSBOVLKB FK @I>PP
' 20LHB JV MOLJFPB PL QEB @LKAFQFLK>| PQ$®BJIBKQ FP $

+5</ 2B98=2/<3< =;>/ -87-5><38AL KLQ TFK QEB ILQRBOX BU@BBAFKDIV DBKBOLRP PL ' DL
>EB>A >KA DFSB BSBOVLKB FK @I>PP  'AFA KLQ ?0B>H JV MOLJFPB "L VLR PBB[TEV 1L QF
@LKAFQFLK>| PQ>QBJBKQ FP 203#

+5</ 2B98=2/<3< 0+5</ -87-5><38L KLQ TFK QEB ILOQB@VKLQ DFSB BSBOVLKB FK @I>PP
' AFA KLQ ?0B>H JV MOLJFPB "L VLR PBB TEV 1L QEB @LKAFQFLK>I PQ>QBJBKRQ FP 203#

5E>Q@>RB @LK@IREBLIEFP -87.3=387+5=+=/6/7=3<0+5<875B@2/7 =2/ 2B98=2/<38<=;>/
+7. =2/ -87-5><38B<0+5</K BSBOMQEFKPQ>K@ERIOLIFPEPFQBOBE>FKLPBBKOLHBIC >
J>QEBJ>QF@>| PQ>QBJBKQ FP KLQ C>IPB FQ JRPQ ?B QORB

Example Here is another conditional statement:

'C VLR IFSB FK &LKLIRIR QEBK VLR IFSB FK &>T>FF

'P QEFRQ>QBJBAREC>IPBQPBBJRFHE@ELRIABMBKA TEL QERIOLKLRKLRgOBCBRIE-KA
TEBQEBO QE>Q MBOPLK IFSBP FK &LKLIRIR LO KLQ *BQ RP QEFKH FQ QEOLRDE

* 1LLHFJ IFSBP FK &LKLIRIR PL QEB EVMLQEBPFP FP QORB 1FK@B &LKLIRIR FP FK &3T>FF PEB
& T>FF 2EB PQ>QBJBKQ FP QORB >?LRQ 1LLHFJ PFK@B ?LQE QEB EVMLQEBPFP >KA @LK@IF

* "BB"BB IFSBP FK *LP KDBIBP 2EB PQ>QBJBKQ FP QORB >?LRQ "BB"BB PFK@B QEB E)MLQEBPF
1L FKC>@@LBRLQ>QQBRZEBPQ>QBJIBRIDREQEBY 2EBOFDESY QIRKABOPPREP Q>QBIBKQ
FP >P > RKFSBOP>| PQ>QBJBKQ f#SBOVLKB TEL IFSBP FK &LKLIRIR IFSBP FK & T>FF g

2EFPQ>QBJBRIDREAEBOBELT VLRIFDEGRPQFGW¥ @K O>KALMBOPIEL IFSBPKELKLIRIR
2E>MBOPIHSBPKE>T>FPFK @BKLIRIFEFEKE>T>FFPLQEBQ>QBJBRIDRE QEXBOPL KALKLQ
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KBBOL@LKPFAMBLMIEEL ALKLQFSEKSLKLIRIRREBPQ>QBJIBREQLI>QF @XUNR QELRBBLMIB

?B@>RPB QEB EVMLQEBPFP FP C>IPB g

Example.3How do we show a (universal) conditional statement is false?

7LR KBBA QL DFSB > PMB@FCF@ FKPQ>K@B TEBOB QEB EVMLQEBPFP FP QORB >KA QH

'C VLR >0OB > DLLA PTF3IBBK VLR >OB > DLLA PROCBO

"L VLRHKLTPLIJBLKELOELJ QEBVMLQEBHBERRBEAMBOPER DLLATFIIBO?RQEBRLK@IRPFLK

FP C>IPB QEB MBOPLK FP KLQ > DLLA PROCBO 2EBK QEB PQ>QBJBKQ FP C>IPB

B @LK@IFR

*89>;, &19B )81B5

$LO B>@E @LKAFQFLK>I PQ>QBJBKQ AB@FAB FC FQ FP QORB LO C>IPB (RPQFCV VLR(Q
'C2 X 2=4QEBK+1=3
'C2X2=0QEBK+1=3
'Cm > 3 QEBK >l LAA KRJ?BOP >OB MOFJB
'Cm < 3 QEBK >l LAA KRJ?BOP >OB MOFJB
'C >KRJ?BO E>P > FK QEBMUIKEB QEBK QEB KRJ?BO FP BSBK
'C > KRJ?BO FP BSBK QEBK QEB KRJ?BO E>PP-MEKAEEB LKBi
'C QEB MOLAR@Q LC QTL KRJ?BOP FP QEBK LKB LC QEB KRJ?BOP FP
'C QEB PRJ LC QTL KRJ?BOP FP QEBK LKB LC QEB KRJ?BOP FP

*89>; &19B )81B67? DBEDS8C 1>4 1 <95

-K VLROTK @LIRRMFQBTL@LKAFQAPR>QBJIBRENDROREA_KBQEX>IPRE>OBLRQEOBH

PQ>QBJBREIFE M>0QKIRM L KL@®>\TEF @B OREAT EF @ET>IPRBEFVLROI>0QKEBK FDRAOB
LRQ

>KPTBO



H@<19>9>7 /?EB -?B;

Q FQEB>0ORQEBJ>QF@MPL@FBKAB>SIMS BKF&/LRTLOH.LKMOL?IBJAI ?VVLROPBICRE>SEKL@B>IIV
PLISBRERIOL?IBRKQFLRE>SBUMI>FKBIRTLOHQLPLIBLKEBIPB>KAQEBRFDKCLK FQOLCBPPFLK>|
J>QEBJ>QF @FSRRE ROKOQF GIBEHP>KADO>KIDLMLP2B>@ EERAMI>BKQEBJI>QF @88 >BLQEBFO

PQRABRQPEKT OFQREHEL 0> IMUMI>FK RKIRDLOHFFOB>| IYKBPPBK QFE>QQQEBIOL ?1BJ PLISRKDL@BPP
>KA MOL?>?IV PELRIA E>SB ?BBKCOBM

5 OFQMHO>QEBJ>QRECBOBEQL T OFQRUDBQDMK#KDIFPE>MBEXEBDL>ILCI>QEBJI>QF EDF QFRD
KL ILOASBP @OF MXEK>OFQVLROB>ABOBKLRKABOPQOEBKLRE>SEKLQALKE DLLAGL?&BOBOB
PLJB QFMP CLO DLLA J>QEBJ>QF@>| TOFQFKD

8 18= &7 37%-;+=-2) 8;4 SEBKVLR>OBLISFKBOL?IBIFKAKLBUBO@FABEOBLFKRIE>SE ILQ
LOC>IPBQ>ORIR>0OBLFKRIQOMLQ OQEFKREAQ KLZLOH7 LR>OBLFKQLI>HB> ILQ CIFPQ>HBER
>OBLFKRIRPP @O0>RIEEBQ PLIBMLFKELMBCRIIVLRTFIIP@OF2RIB K>KFABSE >R QRPMSBOEB
MOL?IBELLO>\2E>M>MB&LJ E>YLRT>K@IQRIHLCPE>OB-QBEEBLOIA2>HB)E FAB>KATOF PR
RM @>OBGEBROIYKA @IB>CQIEB OBPQ LC QEBPB QFMP >MMIV QL QE>Q TOFQB RM

$/ <=+=/=2/#;8,5/6 "L KLQPPRIJBLROB>ABRLTHAE>QIOL?IBYLR>-OBLISFKESBKFEGREBB>@EBO
TEL >PPFDKBERIOL?IBJ'CQEBIOL?IBE>P> SBON.KDABP@OFMQR@>RRJII>OFWE LRALKLE>SB
OBTOFQB FQ TII®EILO® DFSB >l LC QEB ABQ>FIP ?RQ J>HB PROB QEB NRBPQFLK FP @IB>0O

5/+:5B 3?2/ =2/ 7<@/; 'QFKLQ?>AFABSIPQ>QBBKPTBOFDRYCOLKJIEBREL TQEBLOHDIGRPQWIRO
>KPTBQE>Q >V QEBB>ABBLTPTE>Q/LR>0BOVFRIERPQFBYEBUB>AQ)>HBROEBERIR@B>PFBO
>KAI>HFKQEBB>ABGL B>PFBELRIZBLKALCVLROIOFJ>0OV>IPK >KM@>PBEBKPTBRELRIAB@IB>OIV
PQ>QBA PLIBTEBOB FK QEB TOFQBRM >KA FQ PELRIA ?B B>PV QL CFKA

| 8: /= -C @LROPBBOVLEEHBRIFPQ>HBPQEBYOBLOHFKIX > MOL?IBJRQTB >OB>IHFKRLRQ
>CQBORE>SEPLISBAEBIOL?IBIEBKVLR>0OBOFQFRIVLROLIRQFQKPE>OB-QPLJIBLKEBIPE2EB?BPQ
TOFQARQEBLOIA®>KKPOSB TOLKBMMOL @B TOLKDKPTBEB@NLRTLOHD>OBCRPN PLIBLKB
BIPB QL OB>A VLRO PLIRQFLK TFQE > @OFQF@>| BVB

><=30B8>; 7<@/; 7LR@>KKEGIMNDFSBK>KPTBEKABUMBRIROB>ARDQ>HBLRTLOACLEQ g
7LRE>SEIBUMI>EK T VLRHKLTVLROKPTBER® LOORERPB>KPELTFKNLROLOH BUMI>FKRKIRO
OB>PLKFKRAGRPQFCVEX(YLRP>V7LRKBBAQL>KPTBQEBIRBPQF®KT ALVLRHKLTVLROKPTBEP
OFDEQ g
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/| 87-3</ 2EBOBRKL?LKRIMOFMBIOFQRKDGFKI>QE®I>PPEFKI®IB>CIKATOF@IB>OIWVLRCFKA
VLROPBIC DLFKD LK >KA LK PQLM QEFKH >?LRQ TE>Q VLRIGSBO+TSKSBO P>V

'</ (+;3+,5/<+7. :>+=387< K BNR>QFRRKRBIR@B>PFRIDB>AKARKABOPQREAKILKDM>0>DOLBIE
QBUBP @OF 2R&BI @RI>QRIPEBJI>QF BOF QAKIDHEKP> ILQCBTBTLOAP-KA> ILQILOBBNR>QFLEE>K
LQEBO HFKAP LC TOFQFKD

1037/ B8>; (+:3+,5/< 'CVLRRPEB>0OF>?BREBLIRQFLEVLRMOL?IBSIT>VAP>TE>Q S>OF>PR>KAP
CLOBCLORRRPEQCVLRRPEKBNR>QFRK\TEBOB@LIBEOLFKATEVFOMMIFBREFEQR>QELKLQ
J>HB VLRO OB>ABO DRBPP

'</ #3-=>/< 'C MF@QREBEWBYXLRPLISE)ERIOL?IBFK@IRKBGEBOPFLIGDELPBF@QRBBPRTEFK>|
PLIRQFHSBKF/LRAFALQO>T MF@QRIBRISRERIOL?IBF®QRFDEGBIWLROB>ABRABOP BKA
PLIRQFLK KA QE>Q FP VLRO DL>

'</ 8; [-= %9/553747. ;+66+; .OLLCOBYAROLOH DLLAQBRRPQLOB>NLROLOH>ILRAQEFP
FK@IRABB>AFREBNR>QFKA@>I@RI>QFLRA 2EBOBELRIAB @LIMIBQEQRO>| PLRKABKQBK @BP
B BPMB@F@IROBTRDEIOLKLRKBLFARPFKBQgKAQEBVGLO>QEBI>QF 8B ARFRER>IJBFLOQEB
L?GB@QP LO S>OF>?IBP FKPQB>A

8:6+= 5/+:58 "L KLGOFQRBLKDM>0>DO1E>03QBRQELRDEGRELIMIF@REA-QFLKPPFKDIB
AFPMI>VBKB®>QEBB>RKQEBFAAIR C> M>0>DO*MEKLJOFQR IPJ>I "L KLQ>HBVLROB>ABQORDDIB
QL OB>A >KA RKABOPQ>KA VLRO TLOH

-478@5/.1/ 855+,8;+=8;< 'C VLR TLOHBA TFQE PLJBLKB BIPB LK PLISFKD QEB MOL?IBJ DFSB QEBJ @C

&BOB FP > MOL?IBJ VLRIiSB >I0B>AV PBBK

&B?2<5=

$FKAQEB-OBPBFDEQ ARBREQBJ>ABRM.CQEBFDFQP >KA PR@BE>QEB P>0OB
PBM>O>®BABAFDRJE R P>OBBM>0>RBATLAFDFQEB P?VQEOBBDFORAQER P?VCLREFDFQF

*89>; &19B )81B5

BILT VLRTFIICFKRBSBORHIRQFIGRIBORROKBRVPQRABKBPKDER OFQBASBELT TLRIA
VLR P@LOB QEBPB PLIRQFLKP LK > P@>IBLC QL %FSB OB>PLKP CLO VLRO >KPTBOP
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%85>=38IIRQFLK

2EFP FP QHBBPQ BFDEQ AFDFQ ? @ QEB P >|I PBM>0>QBA ?V QEB DFSBK >JLRKQ

%85>=38IIRQFLK

7LRE>SRIE>SREB FKQEBFDERRD @GHKATLOHLTKCOLDEBGR TBSBAK>?IRICLIILTQEBRIBP
QEB >KA QEB FKQEB H>KA HMI>@B JRPQ PTFQ@E

%85>=38I1.IRQFLK

$FOPE>AQIPQ>TRDEEB ?B@>ROBFEB OBPAFDF@LRIRQ>DEDBIDBQEE-OBPQ 2EBK
' E>AQLMI>@EBEBBUQCFSBM>@BP-V?B @>RPBKBTQEBEBAQL?B CLROFDFBBM>O> QREETL
i P ,BUQ' MI>@BFKQEBB@LWADFYLZB@>RPRO TLRIAFKQBOGBQBEBRIBCELT J>KV
AFDF@RRIRBM>OSEBITEF@HILTBAIB QL>IPLMI>@EBOBERBUQPELRIAB ' QEBKI>@®EB
?B@>REBBKFIRY>@BELTBAB QE=@@LRIBFQEOBBDFER?BQTBRBIERTLI P *>PQIV E>AQL
FKMRQ QEB GFREF@E TLOHBA LRQ ?B@>RPB QEBOB TBOB QTL AFDFQP PBM>0>QFKD

LC PM>@E

QEBJ

%85>=38ILIRQFLK
K
uu
uuu

Uuuu
KPTBO

%85>=38IIRQFLK
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KBBAP QL ?B QEB CFOPQ QL J>HB FQ QEB ?FDDBPQ 2EBK @EB@HDBPEKQLARTHIBPQIABUQ I>0

%85>=38IRQFLK

' MRQ>QDEB MI> @B @>ROBB-OBPQPELRIABMI>@BA)EBFDEBRORBRI?BOP
@LRIALQBMI>@BAQEB MI> @B @>RPB>PKQ>?IBQIPBM>0OSEBFDAQBLMBOLY BKABA
RM MI>@FKD QEB QEBOB 'KQEB  MI>@B'MRQ QEB ?B@>RPB FQ T>P QEB PB@LHK

A EFDEBP

%85>=381IRQFLK

1FK @BERIOL?IB3PHRLRCLQEB-OBPQAFDFQ HKBT E>AQL?BQEBFOPPFK@BIQEBOB>QBF

LCQEBBQL PLISE)EBBREQERIOL?IBJ RPBREBRBPFKAQBRBQELA QOFBAKV ARCBOBK
@LI?FK>QFBERPRPFKDEB >PQEBB@LWEDFRQEBBNRBK @FE®>JEIKL>KPTBREBKQEB
?REL @LI?FK>QFCKRK®LOOB GRNNPEEZBBNRBK @EBEFKFPHBABDEB FKQEBB@LKADFQ
FK QEB PBNRBK@B >KA T>P >?IB QL PR@@BPPCRIIV CFIl LRQ QEB BKQFOB

%85>=38IIRQFLK

E>R)I?BQEBFORDRY) QERRJI?BQ?BQEE-OBPQLPPF22E>QB>KR)EBQEBE>RI?BQERE
AFDFQ FK QEB KFR3@B®PB E>SB QL ?B PBM>0>QBA ?V CLRO AFDFQP

JRPQBQEBEFARDABLOABD QERRJI?BQI?BI>0OBRGLPPF?IED >KKPBOEBB @LKRDPR@>RPE
QEB LQEBO TLRIA E>SB QL ?B QEB QE AFDFQR® (EBHBB?BY QEBOB

i P JRPQ ?B PBM>0>QBA ?V LKB AFBR@>RILRIERB QEB KA >KA QE AFDFQ FK QEB KRJ?B

B

D
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2EFP IB>SBP QEB P QL ?B QEB QE >KA QE AFDFQP

%85>=38IIRQFLK

5 FQBEB @ QRIRBIBP QOFBIRQQEXE FDEBRRI?BOFPC>MBCEPMLPPF?EEOLRDEOVFKECBOBKQ
@LJI?FK>QFLKFEDRABADESQ QTL@LKPB@RGEEBO®>RBQLR@EFKREBFORPQAFDFQP!
FKPQB>A QOFBA PQ>0OQFKD TFQE QEB QEBK QEBK PFK@B 'iJ DLFKD CLO QEB EFDEBPQ MLPP

+V >KPTBO




*85 "1CD )D5@

ILQ.OVIBLMEB COLJLIV> QIQEBOFQBRORER JILK !LOB1Q>QR>KA>OKR> ILQCMBLMBK?BQTBBK
e Q>IBH?LROIOL?IBPLISFKEKI>QEBI>QF @B C>@ED>0BNHKLTIBADBA@BMQ>KV MOLCBPPFLK>
J>QEBJ>QF@F>KP PHFKD DLLA NRBPQFLKP FP >P SSH@RIB >IRAPEFSARO J>QEBJ>QF@> MOL?IBJP

CQB®LISFKB J>QEBJ>QF@SIL?IBFKABUMI>FKPKIRGPLIRQFINPLIBLKBBIPBFGFP> SBOWDLLA
J>QEBJ>QF@>| E>?FQ QL >PH VLROPBIC 5E>Q LQEBO NRBPQFLKP @>K ' >PH

H1=@<%A\E1B5C ?>1 85CC ?1B4

OB@=>Il .OL?IBJ fINR>OBP LK >!EBPP L>0Ag

&LT J>KVPNR>QBRBKWLPPFRABWBBK>PQ>KA>OA @EBPE>OA2EB>KPTBEKLQ 'QP
> ILQ ?FDDBO

5 BE>SEIOB>ASIHBA2LROLIBL?SFLRPLIILT RMRBPQRABKHEGSE>Q>?LR® k @EBPP>0OA
-0 k -O nXng

RQ QEBOB >0OB > ILQ LC FKQBOBPQFKD >KA IBPP L?SFLRP  >KA E>OABO NRBPQFLKR VLR JFDE

T &LT J>KV OB@Q>KDIBP LC >KV PFWB >KA PE>MB @>K VLR GFHEBPP PR>BA>RFP FP >

ILQ E>OAE®™>RPB QEB OB@Q>KDIBP @BIBEKQAFANBR IFKIB k &LT @LRIAVLR
MLPPF?IV @LRKQ QEBJ >l

© &LT J>KV QOF>KDIBP LC >KV PFWB >KA PE>MB @>K VLR CFKA FK QEFP MF@QROB
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H1l=@<5 B?;5> <?3;

0B@>Il .OL?IBJ fOLHBK !IL@Hg

2EFR2IL@#+P?BBK?OLHBRKQREOBEB-B@EP/LR>AAQEBRJ?BOPKB>@HKFB@EEPRPRJIP>0OB

@LKPB@RQESBOP-K VLR?OB>+KLQERIL @ Qt ARCBOBKRY?BQCOMFB@BREQEBRJIP
>OB @LKPB@RQFSB KRJ?BOP

2EBLOFDFKL?IBUKIV>PHPY LR >RFKAKBLQEBBV 2EBL?SFLRELIILT RMRBPQRERKABSBOV
MLPPFAYVQL?OB>QER LA RLIBKRI?BOOVMFB @B EXQEBRIA.CQERRJI?BOKB>@EFB@H
>0B @LKPB@RQFSB KRJ?BOP (RPQFCV QE>Q VLR E>SB ¢LRKA BSBOV MLPPF?FIFQV
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*89>; &19B )81B5

IELLPB> MOL?IBCOLIERBOL?IBJ >KH MOBCBO>MOL?IBYLRE>SB'LOHBAK ?R@E>EKLQ
PQOF@QIV KB@BPP>0OV 5E>Q CLIILT RM LO PFJFI>O NRBPQFLKP @LRIA VLR >PH



http://pressbooks-dev.oer.hawaii.edu/math111/chapter/problem-bank/

&<135 ,1<E5

FK>0V KRJ?BOP RPFKIPGRR® >OB QEB I>KDR>DB LC @LJMRQBOP

2EBFABEBUMOBPPRKIR>KQF QVRPKBFDFEBOB FAEIM>0QROEBPLQEK>?PLIRGBIRBKA

'‘J>DBP >KAHABLP LK .FU>?>V >0OB OBIB>PBA RKABO !OB>QFSB !LJJLKP !!
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> S>IRECMLPFQFERLPFIMIBE>QEFFBONFIMIF @FEEBBOWB>PIH OR&KLQBFKBRCF@FBKQIV
>T>0B ELT JR@QE >AJFO>QFLK FQ ABPBOSBP

*>MI>@B

2EBf"LQP>KA LUBPg>MMOL>@HE|>@%>|RIRPBAKQERR>0OSKAQEOLRDEQRER LH @LJBEOLJ>JBP
2>KQLK >KA FP RPBA TFQE EFP MBOJFPPFLK 1BB EFP ABSBILMJIBKQ LEQEBPE*KA LYEBQ FAB>P >Q


http://gdaymath.com/

?DC 1>4 ?H5C

&BOB >0B PLJB ALQP FK C>@Q QEBOB >0OB KFKB LC QEBJ

5 BiOB DLFKD QL > MI>V >K fBUMILAFKD ALQRR)QEBR K¥BOBIB CLO QEB D>JB
*85  (E<5

5EBKBSBQEBOBBTLALQPKPFKDMB.U QEBIBUMILABAFP>MMBX2?B@LIBKBALFKQEBLUQL
QEB IBCQ

H1=@<%9>5 4?DC 9> D85 CICD5=

5 B PQ>0Q ?V MI>@FKD KFKB ALQP FK QEB OFDEQJLPQ ?LU

2TL ALQP FK QE>Q ?LU BUMILAB >KA ?B@LJB LKB ALQ FK QEB ?LU QL QEB IBCQ
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‘K@B >D>FK QTL ALQP FK QE>Q ?LU BUMILAB >KA ?B@LJB LKB ALQ FK QEB ?LU QL QEB |BCQ

5 B AL FQ >D>FK

&BVKLT TB E>SB JLOB QE>K QTL ALQP FK QEB PB@LKA ?LU PL QELPB @>K BUMILAB >KA JLSB

KA QEB OFDEQJLPQ ?LU PQFII E>P JLOB QE>K QTL ALQP




%*) $ %.) O

)BBM DLFKD RKQFI KL ?LU E>P QTL ALQP

CQBSII QEFBB>AFEDLIBCQIOFDER>OBCTFQEKBALQCLIILTBAVWBGILQRVBALQPKALKB
CFK>I ALQ

%85>=387EB m @LAB CLO KFKB ALQP FP

"7 *8> "@7 &BOB>AF>DORELTFKIE>E>MMBEPOBSBALQPK m  ?LU 20>@HEOLRDEBF>DO>]
>KA @FO@IB QEB M>FOP LC ALQP QE>Q fBUMILABAg >Q B>@E PQBM
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%85>=387EB m @LAB CLO PBSBK ALQP FP

&B?2<5=

,LQB 'K PLISFKDERFOL?IBYLRALK{KBB®IAO>TKM>MBOE@>RBQBAFLRPV?BVLRALRIRPB
?RQQLKP LO MBKKFBP CLO ALQP >KA AL QEFP ?V E>KA

"O>T ALQP FK QEB OFDEQ JLPQ ?LU >KA MBOCLOJ QEB BUM P BLKFB TE-CFBQE
ALQP

$FKA QEB @LAB CLO BFDEQBBK ALQP

5E>Q KRJ?BO LC ALQRMEGRAB




*89>; &19B )81B5

%*) $ %.) O

CQBW@LRTLOHBEKQEBIOL?I1BI@LIM>OBROKPTBOFQEM>0QKE®A VLR?LQBPBQEB>JB@LAB

"FA VLR E>SB QEB P>JB MOL@BPP




%D85B (E<5C

*BQP MI>V QEB ALQP >KA ?LUBP D>JB ?RQ @E>KDB QEB ORIB
*85  (E<5

5EBKBSBQEBOBREOBBQPKPFKDH.U QEBMBUMILABAFP>MMBKE?B@LIBKBALFKQEBLUQL
QEB IBCQ

H1=@<5 96D55> 4?DC 9> Oi§ED5=

&BOBi TE>Q E>MMBKP TFQE CFCQBBK ALQP
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%85>=387EBm @LAB CLO CFCQBBK ALQP FP

&B?2<5=

1ELT QE>Q QEB @LAB CLO QTBKQV ALQP FP
5E>Q FP QEB ®LAB CLO QEFOQBBK ALQP

5E>Q FP QEB @LAB CLO QTBKQV CFSB ALQP

5E>Q KRJ?BO LC ALQP E>@LNAB

'P FQ MLPPF?IB CLO > @LIIB@QFLK LC A@PABL EXSBVIInFK VLRO >KPTBO

&B?2<5=

"BP@OF?B ELTIQEBORIB TLRIA TLOH
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5E>Q FP QiEB @LAB CLO QEFOQBBK ALQP

&B?2<5=

5E>Q FP QEB @LAB CLO QEB QEFOQBBK ALQP
5E>Q FP QEB @LAB CLO CFSB ALQP

&B?2<5=

5E>Q FP QEB @LAB CLO QEFOQBBK ALQP
5E>Q FP QEB @LAB CLO QEFOQV ALQP

&B?2<5=

5E>Q FP QEB @LAB CLO QEFOQBBK ALQP

5E>Q FP QEB @LAB CLO QEFOQV PBSBK ALQP

5E>Q FP QEB @LAB CLO QTL ERKAOBA QEFOQV BFDEQ ALQP

5E>Q FP QEB @LAB GLESB QELRP>KA BFDEQ ERKAOBA >KA QEFOQV QEOBB ALQP

*89>; &19B )81B5

COBULRE>SHLOHBXKQEBIOL?IBIKVLROTK @LIM>VBRBAB>H-QEM>0QKBR VLRABP@OF?B
TE>@® DLFKD LK FK .OL?IBJ >KA TEV
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9>1BI $E=25BC

*BQP DL ?>@H QL QEB m ORIB >KA BU>JFRBIIEAQLFKD LK
*85  (E<5

5EBKBSBQEBOBBTLALQPKPFKDMB.U QEBBUMILABAFP>MMBX2PB@LIBKBALFKQEBLUQL
QEB IBCQ

2TL ALQP FK QEB OFDEQ JLPQ ?LU FP TLOQE LKB ALQ FK QEB KBUQ ?LU QL QEB IBCQ

'C B>@E LC QEB LOFDFK>| ALQP FP TLOQE fLKB g QEBK QEB PFKDIB ALQ LK QEB IBCQ JRPQ ?B TLOQE

RQ TB >IPL E>SB QTL ALQP FK QEB ?LU LC S>IREBAER FKOQEB ?LU GRPQ QL QEB IBCQc

1L QE>Q KBUQ ?LU JRPQ ?B TLOQEEG®EIFP CLRO

56



$(/ $+# () O

KA QTL LC QEBPB CLROP J>HB BFDEQ

H1=@<5C

Example 1: Nine dots in th@ $ystem revisited.

5 B P>FA B>OIFBO QE>Q@)E® CLO KFKB ALQP T>P P @BB@H

8+ 1 =9PLQEFP TLOHP

Example 2: Ten dots in th@ $ystem revisited.

7LR PELRIA E>SB CLRKA QE>Q QBK @IQMBE>P

7BM8 42 = 10




O#* #*) %( " # S (/ 0

&B?2<5=

'C QEBOB TBOB > ?LU QL QEB IBOQ ITEEBLRIA QEB S>IRB LC QE>Q ?LU 7B
5E>Q TLRIA ?B QEB S>IRB L&27RMLQP QL QEB IBCQ@LC QEBBB PMLQP QL QEB IBCQ
5E>Q KRJ?BO EmP @LAB

5E>Q FP QEB @LAB CLO QTL ERKAOBA ALQP

569>9D9?> 1>4 $?D1D9?>

RI?BOPTOFQUBIOEBn @LABOED>IIBA7+B 7>6,;< LO+</ =@&>6,;:< 2EBMOBGRHg
JB>KP fQTL g

$OLIKLT LK TEBKTB T>K@LFKAF @OEBEKRJI?BEPTOFQ@BR>PE)TL TB TFI TOFQEPR?P@OFAMQ
fQTLg LK QEB KRJ?BO

1L 1001440 JB>KP fQEB KRI?BO LC ALQP @E>@EAB g TEF@E TB >IOB>AV P>T T>P KFKB

'JMLOQ>KSEBK TB OB>AB P>LKBWBONBQIKB?>PE)TL ¢ BALK{P>VLKBQELRP>KRALKB ¢”’B@>RPB
fQELRP>KAg FP KLQ > ?FK>0V KRJ?BO

*89>; &19B )81B5

7LRO CFOPQ DL>I @LJB Rg-NEQE=<07, QL CFKA QEB KRJ?BO LC ALQP OBMOBPBKQBA ?V >KV ?
KRJ?BOIB>0OIV ABP@OF?B VLRO BRIEVARD JBQELA LRQ LK QEBPB KRJ?BOP >KA @EB@H VLR(

TLOH ?V >@QR>IIV fRKBUMILAFKDg QEB ALQP
ltwo 101two 1011{wo 11111 wo

#UMI>FK TEV ?FK>0V KRJ?BOP LKIV @LKQ>FKQEB AFDFQP
&BOB FP > KBT E>OABO DL> @LJB/RM)IE3®?, QL CFKA QEB ?FK>0V KRJ?BO OBI>QBA QL >K
KRJ?BO LC ARQ7=< )+<=)44A [7167=/0:<0- G-@847,16/ ,7<H8:; IB>OIV ABP@OF?B VLRO
JBQELA BPQ VLRO JBQELA LRQ LK QEBPB KRJ?BOP >KA CFKA > T>V QL @EB@H VLRO TLOH
QTLALQP =57 PBSBKQBBK ALQBy===
PFUQV QEOBB AL@R === LKB ERKAOBA ALQRyTE==
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9CD?BI

7LRMOL?>?0B>IFABKLT QE>OKRI?BFP>K >?PQOX@ R @BWMQE>KV OBMOBPBKQEBR@>KA>0A
AB@FJSIBMOBPBKQESKKI?BEFFLKIVLKBLCQEBPBLO@LIMRQBGR ?BOPOR I T>VFOBMOBPBRKBA
?2FK>CBEB ?>PF@ RKFQP >0OB QO>KPFPQLOP TEF@E §0B BFQEBO LK LOLC

#IB@QOLKF@ @FO@RFQ ?L>0OA COLJ 1>JPRKD %>I>UV 1™

QO>KPFFER:FBIPQLOBe bit LOFKCLOJ>QREREZFQP-HB> ?VQBKA> QVMFEXIB @LIMRFE@BKQO>!
MOL@BPPFKD RKFQ MBOCLOJP @LIMRQ>QFLKP LK OBREBEOFBRIBE>Q >OB B>@E

3PFKD QEB m ORIB TB @>K OBMOBPBKQ QEBKRIEBOP TFQE 2FQP

'J>DB LC @FO@RFQ ?L>0A COLINROFMDALI>FKMF@QROBP KBQ IF@BKPBARKARO


http://creativecommons.org/publicdomain/zero/1.0/

%D85B 1C5C

'K QEBn  PVPQBQEOBBQPK_KB?LUFFTLOQEKBAL GKQEBLULKEPMLQIQEBCQEFPFSBKBTMF@QROB

#>@BLEKQEBB@LRAUCOLDEBCEMLOQEEOBRBR:>@BLFKQEBEFRLUUFALOQEEOBB TEFGRP
KFKB >KA PL LK

H1=@<5

5 B P>FA QE>Q QEB m @LAB CLO CFCBBBB KFE>QBQEFP FP @LOOB@Q ?B@>RPB

1-9+2-3+0-1=15.

&B?2<5=

KPTBO QEBPB NRBPQFLKP >?LRQ QEB m PVPQBJ

5E>Q I>?BI PELRIA DL LK QEB ?LU QL QEB BCQ LC QEB
5E>Q TLRIA ?B QEB S>IRB LC > ?LU QTL PMLQP QL @QEB IBCQ LC QEB

60
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5E>Q KRJ?BO E>P m @LAB
5E>Q FP QEB m @LAB CLO QTL ERKAOBA ALQP

'KQEB m PVPQBJ CLRO ALQP FK LKB ?LU >OB TLOQE LKB ALQ FK QEB ?LU LKB MI>@B QL QEB IBCQ

&B?2<5=

KPTBO QEBPB NRBPQFLKP >?LRQ QEB m PVPQBJ

5E>Q FP QEB S>IRB LC B>@E ?LU FK QEB MF@QROB >?LSB
5E>Q FP QEB m @LAB CLO QTBKQV KFKB ALQP
5E>Q KRJ?BO E>P m @LAB

&B?2<5=

'K QEBn PVPQBJ QBK ALQP FK LKB ?LU >OB TLOQE LKB ALQ FK QEB ?LU LKB MI>@B QL (

"O>T > MF@QROB LC QEB m >KA I>?BlI QEB CFOPQ CLRO ?LUBP TFQE QEBFO S>IRB
5E>Q FP QEB m @LAB CLO BFDEQ QELRP>KA CLRO ERKAOBA >KA QTBKQV QTL
5E>Q KRJ?BO E>P m @LAB

5EBK TB TOFQB QEB KRJ?BE>Q ALBPQEB f g OBMOBPBKQ
2EB f g FP CLRO DOLRMP LC TE>Q S>IRB

2EB f g FP BFDEQ DOLRMP LC TE>Q S>IRB

2EB f g FP QTL DOLRMP LC TE>Q S>IRB

5EV AL VLR QEFKH TB RPB QEB m PVPQBJ CLO TOFQFKD KRJ?BOP

DEB IBCQ

P

r
L
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569>9D9?>

0B@>I QE>Q KRJ?BOP TOFQQBK FK QEB m PVBDBB QB<@>@BKRI?BOP
RI?BOP TOFQQBK FK QEB m PVPQBJ,»@B- B/ IBRI?BOP

,RJI?BOP TOFQQBK FK QEB m PVPQBJ»0B&>KRA?BOP

,RJI?BOP TOFQQBK FiK ®E¥BQBJ >OB @>[#BA=/7 KRIJ?BOP

'K DBKBO>I KRJ?BOP TOFQQBK PK/PEBJmOB @*>HBBKRJ?BOP

'K > ?>PB KRJ?B®VPQBB>@HI>@BBMOBPBKQABQC* TEF@IB>KPH" CLOLIBTELIBKRI?B®
0BJBJ?BO QEFP JB>BRIQFMIFBA ?V EQHBIEP
' 2EB OFDEQ JLPQ MI>@B FP QEB RKFQP LO LKBP MI>@B 5EV FP QEFP > MLTBO LC
' 2EB PB@LKA PMLQRPMIE@B 'K ?>PB QBRER)QBKP MI>@B
' 2EB QEFOA PMLQIFg WEEFB 'K ?>PB QBR QERGRKAOBAP MI>@B 108B-QFK¥Q
" 2EB CLROQE PMLQWER IQE@B 'K ?>PB QBR QEBQELRP>KAP MI>@B PFK@B
KA PL LK

$?D1D9?>

5EBKBSBIBIORB>IFKIFQERJ?BOPOFQ@BKFCBOBXEPBH B RPE PR?P @ QEFIQ\F @9EB>PBL
QE>Q QEBOB @>K ?B KL @LKCRPFLK 1L

10241000 FP > ?>PB QEOBB KRJ?BO OB>A FQ >P fLKB WBOL ZHEP?FPRXEBOBBE QEOBE @LAB
CLO QEB KRJ?BO BIBSBK

* 9922 FP>?>PB CLRO KRJ?BO OB>A FQ >P fQTL QTL QZERPHP QEEI2-PB CLRO @LAB CLO
QEB KRJ?BO CLOQV QTL

© 94321 ¢en FP > ?>PB QBK KRIQBQAH QL P>V fCFCQV CLRO QELRP>KA QEOBB ERKAOBA >KA QTBk
S5EV

'C QEB ?>PB FP KLQ TOFQQBK TB?>PBRIBKQi
0BJBJ?BO TEBK VLR PBB QEB PR?P@OFMQ VLRS:0BPBBEKB KEEBO LC ALQP
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*89>; &19B )81B5

$FKA QEB KRJ?BO LC ALQP OBMOBPBKQBA ?V B>@E LC QEBPB
222 hree 310¢0ur 94321ten.

0BMOBPBKQ KFKB ALQP FK B>@E ?>PB
three, five, eight, nine, and eleven.

5EF@E AFDFQP >0OB RPBA FK QEB ?>PB QTL PVPQBJ 2EB ?>PB QEOBB PVPQBJ 2EB [?>PB CLRC
?>PB CFSB PVPEZHR ?>PB PFU PVPQBJ 2EB ?>PB QBK PVPQBJ

5E>Q ALBP GEB QBII VLR >?LRQ QEB KRJ?BO REPRIBLC >P J>KV >KPTBOP >P VLR @>K

1C5bD? 1C5 *5>

5 BIOBLT DLFKQIABP @ CF2EBDBKBAHQELAPL@LKSBOQEKIP>PB QL?>PE)BREBOB @>KBMOBPBKQ
>KV TELIB KRJ?BO ?FDDBO QE>K LKB

'CQEB>PEFP QEXB>KPTBIOBFK> m * PVPQBJ ALFKQEBFDEQ JIZRQFFILOQE  ALFKQEBB@LKA
2LU FP TLOQEALQ FK QEB QEFOA ?LU P FKO®E LK

1L CLO BU>JMIB QEB KRJ?28), OBMOBPBKQP
1-0*4+0-0°+1-0>+2-b+3-1,

2B@>RFB FJ>DFKBEORRQFKQEBFDEQ JIRY B>@HELOQEKB QTLALQPKQEPB@LKAU B>@E
OBMOBPBK®@ERPLKBALFKQEREFOLU OBMOBPBRORKDRP>KAPLLK 2E>Q@B>KPTB @>IGRRQ >
PELO@>|@RI>QECRKAERLQKRJI?BQCALQA FQELRQFKREOLRBIEQEROLRABAO>TFKRERIF@QROB
>KARKBUMILAFKDg QEB ALQP

H1=@<5C

Example Consider the numhi&34, .-

2EFP OBMOBPBKQP QEB KRJ?BO
1-524+2.54+3=25+10+3 = 38.
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Example Zonsider the numB&3.. cn-

1-7°4+2-7T4+3=49+ 14 + 3 = 66.

1C5*5>D? 105

5 BiIOBLT DLFKRIABP @ OM2BBDBKBQHQELAPL@LKSBOQEKIP>PE)BRI?>PB TEBOB@>KBMOBPBKQ
>KV TELIB KRJ?BO ?FDDBO QE>K LKB

2EBOBORTLDBKBOIBQELABLALFKRQEBRBLKSBOPFEKEB>@IBQELABill TLOH.R@KBU>IMIB>KA
QEBK ABP@OF?B QEB DBKBPEBJERIERQ@ JBQELA TB ABP@OF?B CFIIP FK QEB ?LUBP COLJ IBCQ QL OFL

H1=@<5 #5D8?4 <56D D? B978D

2L @LKSERD; 0, QL>?>PEFIERI?BOTFQELRQ QRDMKQEOLRPEBBAFLIROL @BEBFUMILAFKI
ALQP FK DOLRMP LC CFSB

$FKA QEEIBPQ MLTBO LC CFSB QE>Q FP PJ>BHERII@ERKQ IFPQ MLTBOP LC CFSB

A4

1L TB HKLT QE>Q QEB IBCQ JLPQ ?LU TBill RFRBP2BEB-RPB  FP QLL ?FD
&LT J>KV ALQP TFII ?B FK QEB  ?LU RBXB P>JB >P >PHFKD ELT J¥KYOB FK  1FK@B
2-125 =250 and 3-125= 375,

TB PELRIA MRQ QTL ALQP FRIQEBEOBB ALQP TLRIA ?B QLL JR@E

&LT J>KV ALQP >OB IBCQ RK>@@LRROBAXSNCG= 71 ALQP >0OB IBCQ

LT OBMBSEBIOL@BHEBI>OBPRILTBQCCFSBEBPRE>K FP32 = 25 'CTB MRQTLFK
QEB ?LU QE>Q Q>HBP @*QBPZEOBB ALQP TLRIA?B TEF@E FP QLL JR@E
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1L C>O TB E>SB QTL ALQBFRLQEKA QTL ALQP FK QHB PL QE>9IQLQ>I LC
2125+ 2-25 = 300 dots.
5B E>SB21 — 300 = 21 ALQP IBCQ QL >@@LRKQ CLO

0BMB>QEBIOL@BPPFREB?FDDBRQTBOC QEBPME>K FP &LT J>KVALQ®@>KLFKQEB
2LU 5.4 = 20 PL TB @>K MRQ CLRO ALQP FK QEB ?LU

5 B E>SB LKB ALQ IBCQ QL >@@IBKIRGLXB ALQ FK QEB ?LU TBIiOB ALKB

2:120+2-25+4-54+1=250+ 50+ 20+ 1 = 321.

1L 32140 = 22415ve

2EB DBKBO>| >IDLOFQEJ QL @LKSBOQ COLJ ?>PB QBK QL ?>PB

1Q>0Q TFQE VLRO ?>PB QB$RRATEEIBEEY ?-: 7. * QESMIBPP QE>R>V QE>Q MLTBO FP

$FDROB LRQ ELT J>KV ALQP @>K/DPLEKTBEEELRQ DLFKB LSBQE>Q KRI?BO.RR) QEB
AFDF®K QBB 2LU >KA QEBK PR7QO*@@" QL CFDROB LRQ ELT J>KV ALQP >OB IBCQ

'C VLRO KRJ?BO FP KLT WBOL VLRIiSB >@@LRKQBA CLO >l QEB ALQP .RQ WBOLP FK >KV ?LUBP (
E>SB QEB KRJZRBEBOTFPB PQ>0Q LSBO >Q PQBM  TFQE QEB KRJ?BO LC ALQP VLR E>SB IBCQ

2EBJBQELRP IFQ @B F@HABP @ OB LIMIBQBKBO>IFIPMOL?>?PBQQBIQOYCBTBU>IMIBEKVLRO
LTK QL DBQ QEB E>KD LC FQ

*89>; &19B )81B5

3PB QEB JBQELA >?LSB QL @LKSBD®@>PB QEOBB QL ?3fRQLRT>PB CFSB
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&BOB>KLQEBBRELAL@LKSEOORBKRJI?BOBL>KLQEBEPB>KAQERBQELAFIIPKQEBFDFQBLDFDEQ
QL IBCQ D>FK TBill PQ>0Q TFQE >K BU>JMIB >KA QEBK ABP@OF?B QEB DBKBO>I JBQELA

H1=@<5 #5D8?4 B978D D? <56D

2L @LKSEQQ, ., Q> ?>PBPBSBKRJ?BAFJ>DFKBEBOBB  ALQPKQEBKBPLU 5 Bill TOFQEEB
KRJ?BCPRQ FJ>DFKB FQ >P ALQP

$FKA LRQ ELT J>KV DOLRMP LC VLR @>K J>HB >KA ELT J>KV ALQP TLRIA ?B IBCQ LSBO
712+ 7 =101 R5; thatis, 712 = 101-7 + 5.

2E>Q JB>KP TB E>SB DOLRMP LC ALQP TFQE ALQP IBCQ LSBO
f#UMILABg QEB DOLRMP LC LKB ?LU QL QEB IBCQ >KA IB>SB QEB ALQP ?BEFKA

,LT OBMB>Q QEB MOL@BPP &LT J>KV DOLRMP LC @>K VLR J>HB COLJQEB ALQP
101 7 =14 R3, meaning 101 = 14 -7 + 3.

f#UMILABg QEB DOLRMP LC LKB ?LU QL QEB IBCQ >KA IB>SB QEB ALQP ?BEFKA

0BMB>Q
14+-7=2R0, sol1l4d=2-7+0.
f#UMILABg QEB DOLRMP LC LKB ?LU QL QEB IBCQ >KA IB>SB ALQP ?BEFKA

1FK@B QEBOB >0OB CBTBO QE>K ALQP FK B>@E ?LU TBiOB ALKB
712ten - 2035seven-
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-C @LROPB TB @>K >KA PELRIA @EB@H LRO @>I@RI>QFLK ?V @LKSBOQFKD QEB >KRTBO ?>@F
2035g0ven =272 4+0-T°+3-74+5=686+ 0+ 21 +5 = 712en.

1L EBOB> PB@LKA DBKBO>| JBQELA CLO @LKSBOQFKD ?>PB QBK KRJ?BOP QL >K >0?FQO>0V ?>PB

"FSFAB QEB ?>PB QBK KRIZRMBD > NRLOFBKQ >KA > OBJ>FKABO
.RQ QEB OBJ>FKABO FK QEB OFDEQ JLPQ PNCRIEBEK QEB ?>PB

'C QEB NRLQFBKQ FP4BRP QIBBKFK QEB PM>@B LKB PMLQ QL QEB IBCQ -QEBOTFPB DL ?>@H QL
OBMB>Q FQ TFQE QEB NRLQFBKQ CFIIFKD FK QEB OBJ>FKABOP ERIZBIFDEQ QL IBCQ FK QEB ?>|

D>FK QEB JBQELA MOL?>?IV J>HBP JLOB PBKPB FC VLR QOV FQ LRQ > CBT QFJBP

*89>; &19B )81B5

3PB QEB JBQELA ABP@OF?BA >?L SBADL@QKSBOB QEOBBCESRO-KA PFU




$E=25B )ICD5=C

-ROKRJ?B®VPQEP TBPQBEK>-MQ>QRIERFKAR O>?RBIBORVPQBRBSBILMBAIBTEBCEBQTBBK
QEBFORQCLRO@BKQROFBRLTBSBAXRJI?BOP>SEPBBIOB@LOABAD>II\N>0OHREOLRDEEREQLOV
2EB'PE>KDILKB COLJCOF@®?LRQ  VB>QORA 'QPQER.TBABD?LKBCOLY 7>?LLK>KA@LKQ>FKP
Q>IIV J>OHPBHKLT QEB J>OHP TBOB RPBA CLO @LRKQFKD ?B@>RPB QEBV >MMB>0 FK AFPQFK@Q L

2EFP OBFKABBO ERQIBRD>K@B FP >?LRQ VB>OP LIA >KA >IPL PELTP @IB>OIV DOLRMBA Q>IIV J>0O

'‘J>DB LC'PE>KDL ?LKB ?V BK -TKTLOH II'T LO!I 7 1 ; SF>5 FHFIBAF> 'LJILKP
'J>DB LC >KQIBO W#B8 1LJJ> COLJ-@@LNR>K 31 9! 1 ; SF>5 FHFJBAF>!LJILKP
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https://commons.wikimedia.org/wiki/File%3AOs_d'Ishango_IRSNB.JPG
https://commons.wikimedia.org/wiki/File%3AOs_d'Ishango_IRSNB.JPG
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-C @LROPB TB PQFII RPB Q>11V J>OHP QLA>V

'‘J>DB LC &>K>H>MF>F ?B>@E T>OKFKD PFDKOV&QEBGEDIFPE I>KBRPMBAF> 9%$"™* LO ! 7 ; SF>5 FHFJBAF>
ILJILKP


https://commons.wikimedia.org/wiki/File%3ACarved_reindeer_antler_with_tally_marks_(4697848661).jpg
https://commons.wikimedia.org/wiki/File%3ACarved_reindeer_antler_with_tally_marks_(4697848661).jpg

O#* #*) %( " # S (/ 0

>PBQBKRJ?BOREBKBFNLRE>SBIOL?>?PBBIRPFKILROELIBIFCB>KA?>PB KRJ?BOREBKBF/LRISB
?BBK IB>OKFKD >?LRQ FK QEFP @E>MQBO >0OB ?LQE MLPFQFLK>I KRJ?BO PVPQBJP

569>9D97?7>

98<3=387#56,/; <B<=/6FR.KBT>VLCTOFQRKRI?BORE>MRKFNRB/J?LIFCLO QEOLRD&
TEBOBFP QEB ?>PB LC QEB PVPQBJ +LABOK MLPFQFLK>I KRJ?BO PVPQBJP >IPL FK@IRAB > PVJ?L

2EB98<3=387+5 ?+BE/B>@E PVJ?LI ABMBKAP LK FQP MLPFQFLK FK QEB KRJ?BO

© 2EB MLPFQFLK>I S>IRB LC > PVJ?LI FK QEB CFOPQ MLPFQFLK FP GRPQ FQP C>@B SrIRB
© 2EB MLPFQFLK>| S>IRB LC > PVJ?LI FK QEB PB@GRIBIR HPFEKIRB
© 2EB MLPFQFLK>I S>IRB LC > PVJ?LI FK QEB Q#@FMH’FQP[S@H:FB
" KAPLLK

2EB S>IRB LC > KRJ?BO FP QEB PRJ LC QEB MLPFQFLK>I S>IRBP LC FQP AFDFQP



https://commons.wikimedia.org/wiki/File%3AHanakapiai_Beach_Warning_Sign_Only.jpg
https://commons.wikimedia.org/wiki/File%3AHanakapiai_Beach_Warning_Sign_Only.jpg
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'K >K+..3=3?/7>6,/; <B<=/6 QEB>IRBC>TOFQQ@®BK?BEREBRJILOQEB>@EIRBECQEBVJ?LIP
QExPHBRMQEBRJI?BCEBLKIVPVJ?LIKB@BPPSDOK>AAFQRSEI?B®VPQBP> PVJ?LICLO
ELTBSBO J>KV >AAFQFSB KRJ?BO PVPQBJP @LKQ>FK LQEBO PVJ?LIP

9CD?BI (?=1>>E=5B1<C

2EB >K@FBKQ 0LJ>KP RPBA > SBOPFLK LC >K >AAFQFSB KRJ?BO PVPQBJP 2EB 0LJ>KP OBMOBPBKQE

7>6,/; $86+7 1>6/;+5

1LQERRJ?BO  TLRIA?BOBMOBPBK®BA" 2EFFROB>AP QTL+i P LKBQBKKB6 >KAQEOBB
LKBP QEOBB i

$LO>KV>AAFQRSEI?BEVPQEBOMDOBKRJI?BOPB @LIBIMO>@ QBI@SFQA. OBMOBREKERJ?BQKB
JFIIFLK FK OLJ>K KRIBO>IP FQ TLRIA Q>HB LKB BELRP>KA +i

&LTBSB@EBLJ>K KRIBO>IF/&>SBKEBCF@FBK@YKQ>RBBLOABMQEBVJ?LIF>QQBOBAPVJI?LI
QIQEBCTD>PPJ>IIBQE>REBVJ?LIQIQEBFDEYLRIA?BPR?QO> @KMBAE-ZXAABAL CLBU>IMIBFKB
FP OBMOBPBKQBA >P '6 O>QEBO QE>K 4"

*89>; &19B )81B5

'C VLRALKQ>IOB>ANKLT ELT QLRPBILI>K KRJIBO>I®BPB>(R@EIFQQMBQ2EBK>KPTBQEBPB
NRBPQFLKP
* 5 OFQB QEB KRJ?BOP d FK OLJ>K KRJBO>IP

* 5E>Q FP QEB J>UFJRJ KRJ?BO LC PVJ?LIP KBBABA QL TOFQB >KV KRJ?BO ?BQTBBK |>KA
OLJ>K ,RIBO>IP (RPQFCV VLRO >KPTBO

FK
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2EBB>OIFBRQPFQFIHEI?BEVPQBIOBQQOF?RUBEB>?VILKF>KR>PB  >KAQEB>V>KP?>PB
2EBPBILPFQFIRPQBIBORLQRBSBILMBBCLAEBE>A> PVJI?LILO> @IBXOLK@EM@BOKPQBIAL
RPFKD > ?I>KH PM>@B T>P RPBA QL FKAF@>QB PHFMMFKD > M>0QF@RI>O MI>@B S>IRB 2EFP @LF

1RMMLPB TB AQASB > PVJ?LI CLO >KA PLIBLKB TOLQB QEB KRJ?BO
2 3.

'Q TLRIA ?B FIMLPPF?IB QL QBII FC QEBV JB>K LO J>V?B QTL PBM>0>QB KRJ?BOP QTL >KA QE

*BLK>OAEP>KLFDLIIL JLOB@LJILKIVHKLTK>P 3,87+--3 MI>VBAMFSL@ILIEKDRFAFKROLMB
LRQC> ILKDMBOFEKTEF@EEBJIMLOQ>K@B\BSBILMIBKQ>QET>PFKI>OHBAB@|FKB T>P
2LOKEKQ>N\*OLRKA '# QL%RDIFBIJILK>@ @FPR@ @ BRBCKDE>RERDIFBIJ2OLRDEGPLK
TFQE EFJ QL TE>Q FP KLT IDBOF> >KA *BLK>OAL T>P BAR@>QBA FK J>QEBJ>QF@P J>QEBJ>QF @F

$F?LK>@@F

Q QERFJBLI>K ,RIBO>IPALIFK>QBROLMBKAQEBCF@BBFKALC@>I@RI>QF:ROEB?>@RP
+RU>JI>A F?K+tPgq >1 )ETqOFWJIABP@OFQERPB.C&FKAR O>?R&PQBEIKEFPLLH 6 <O-
)4+=4)<176 ?1<0 16,= =5-)4;FK ¥ ?RQ FQ T>P KLQ TBII HKLTK FK #ROLMB

'‘J>DB LC $F?LK>@ @FSIFIBAF> ILJILKP FK QEB MR?IF@ ALJ>FK
'J>DB LC >| )ET>OFWJF PQ>QRBLI@W23H 9!! 71 ; SF>5 FHFJIBAF>ILJILKP


https://commons.wikimedia.org/wiki/File%3AFibonacci.jpeg
https://commons.wikimedia.org/wiki/File%3AFibonacci.jpeg

$+# ()N #) O

1Q>QRB LC > JET>OFWJF >Q JFOH>?FO 3KFSBOPFQV LC
2B@EKLILDV

$F?LK>@RPELH 1*-: *)+1 ABP@OFQBR.FKAR O>?R¥PQBIKAFQPRPFKBPHMIF@>QELE&P
#ROLMBEB>ABOP&FRPLLHT>PTBII OB@BFQEALRDELRQLMBKAFQ>0OHBAEBBDFKKAKD>
OB>T>HBKFKD LC #ROLMB>K J>QEBJ>QF@P

9CD?Bl 1G1991> >E=25BC

2EB&FKAR O>?K@&J?BPVPQEIKLT RPBAB>0IBU@IRPFSEFOLRDEQE®IL?B RQJI>KV @RIQROBP
E>AQEBEDK KRJ?B®VPQBIBCLABLKQ>@E0>ABEQEQERDLRKQEREPBEBLOH.C>l JETqOFWJr
QEOLRDELRQ QEB TLOIA

2EBOBMBSFABK@BIQ0B @LK&Q>BOF>Ki QRRFBA TLARCBOBKRI?B®VPQBJIFBMBKAFKE TE>Q
QEBVBOFDLRKQREEBWDERPR>PB FKPQBEA> JFUBR>PB >KA?>PB PVPQBJ-KB QEBLOWQE>Q
@BOQTBB AP D>0BQ@ BORCQBAREK?RKAIBEC PLTBOBLOBK>QRMUALRKRY i PQE>RV | P
2EB KRJ?BO CLRO >IPL E>A PMFOFQR>| PFDKFCF@>K@B FK &> T>FF>K @RIQROB


https://commons.wikimedia.org/wiki/File%3AKhwarizmi_Amirkabir_University_of_Technology.png
https://commons.wikimedia.org/wiki/File%3AKhwarizmi_Amirkabir_University_of_Technology.png
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&RJI>KP E>SB CFKDBOP LK B>@EHEKOA?>PB QBK > K>QRO>| @ELF@B ¢
QEBOB >0B D>MP ?BQTBBK QEB CFKDBOP JB>KFKD QE>Q > E>KA @>K
PFJFI>0 L?GB@QP J>HFKD ?>PB CLRO > K>QRO>| @ELF@B CL

'K QEBFUBAR>PBVPQBIKPQRAMLTBAR  KRJ?BOFOBOLHBXL TKFKQRRJIFALCKRJI?BORESLHIFHB
QFJBP >MLTBO LC BQ@

hBH>EF
hBIR>
hBHLIR
hBEq LO H>RK>
hBIFJ>
hBLKL
hBEFHR
hBT>IR
hBFT>
hRJF
d hRJF HRJ>Jg XH>EF IR> HLIR Eq BQ@ Z
FT>HqIR>
d 'T>HqIR> HRJ>Jq XH>EF IR> HLIR Eq BQ@ Z
H>K>HLIR
d H>K>HLIR HRJ>Jq XH>EF IR> BQ@ Z
H>K>Eq
I>R
J>KL
HFKF
IBER

'‘J>DB LC E>KA COLJ EQQMP ®EU3R@BKPBA RKABOQFSB ILJILKP


https://pixabay.com/en/service/terms/#usage

$+# (1 )N*#) O

&BOB >0B > CBT BU>JMIBP OBCBO QL QEB Q>?IB >?LSB CLO QEB &>T>FF>K K>JBP LC QEB KRJ?BOP

H1=@<5

hBHLIR HFKF hBT>IR I>R JB hBH>EF
QO>KPI>QBP QL QEOBEBFDEQ Pi >KA LKB
1 1

1 1
TLRIA ?B hBH>EF J>KL hBHLIR I>R JB hBEFHR

%> /?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

2 O>KPI>QB QEFP &>T>FF>K KRJ?BO QL #KDIFPE >KA QEBK TOFQB FQ FK ?>PB QBK
hBH>EF H>K>Eq JB H>K>HLIR HRJ>JgFT>

20>KPI>QB QEFP ?>PB0QBK KRJ?BO QL &>T>FF>K

*89>; &19B )81B5

&LT FPIB>OKFERLR@FCBOBKRJI?BPVPQBJIPK@IRARBBMOBPBK@RIRBOPKAFRCBOBREPBP
S>IR>?IB QL VLR >P > CRQROB QB>@EBO




F5> $E=25BC

&LT AL TB HKLT FC > KRJ?BO FP BSBK 5E>Q ALBP FQ JB>K
569>9D9?7>

1LJB KRJ?BO LC ALQERFFC ' @>K AFSFAB QEB ALQP FKQL M>FOP >KA BSBOV ALQ E>P >

1LJB KRJ?BQCALQPR.. FCTEBK QOYIM>FRMDEBLQP >IT>VAE>SE PFKDE QBCISBOFQEL
M>OQKBO

M>OQKBO

L J

2EBKRJ?BQCALQPBFQEBEBKCLAA'QP> MOLMBOMERR>KQBERAFALBPKI@ E>KDBBKVLROBMOBPBKQ

QE>Q NR>KQF @BEBKEC>PBP

&B?2<5=

5EF@E LC QEBPB KRJ?BOP OBMOBPBKQ >K BSBK KRJ?BO LC ALQP #UMI>FK ELT VLR AB
22ten 3 19ten 133five 222ﬁve 1 1seven 1 1four

@FAB

*89>; &19B )81B5

ILJIM>OB VLRO >KPTBOP QL MOL?IBJ TFQE2EBKQQKBYEBPB QLDBQEBO

ILRKQ ?V QTLP2Qkey,
ILRKQ ?V QTLP3Q},
ILRKQ ?V QTLPQloven

76
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7LRHKLTQEQ R@>KBIFC ?>PEBKRJ?BEMBSBIGRPYILLHFKEREBKBMI>@BRQTEV FROEQORB
2E>@ KLQ QEB ABCFKFQFLK LC >K BEFRORRIZBO CBT HBV FAB>P ?BEFKA QEFP E>KAV QOF@H

© 'K?>PB QBK BSBOV KRJ?BO ILLHP IFHB

PLJB JRIQFMIB LC QBK LKBP AFDFQ
03 =50+ 3
492 =490 + 2
45637289108 = 45637289100 + 8

© #SBOV JRIQFMIB LC QBK FP >K BSBKKKZB?BO
10n = 2(5n),
>KA QTL QFJBP > TELIB KRJ?BO FP >IT>VP BSBK
* 7LRO TELIB KRJ?BO ILLHP IFHB QEFP
PLJIB JRIQFMIB LC QBK LKBP AFDFQ
BSBK KRJ?BO LKBP AFDFQ

© #SBK MIRP BSBK FP BSBK >KA BSBK MIRP LAA FP LAA PL VLRO TELIB KRJ?BO FP BSBK TEBK QEB !
BSBK >KAFHAA TEBK QEB LKBP AFDFQ FP LAA

*89>; &19B )81B5

" +>HB PROB VLR RKABOPQ>KA QEB BUMIKBRBX@E MM @B J>HB PBKPB QL VLR

* 'K M>OQF@RI>0 3FEOEBOFLK LC BSBK >KA QUBYMBEK QEB I>BEWPEBHQ QORB QE
BSBK BSBK BSBK >KA BSBK LAA LAA

© BE>Q >?7LRQ LAA LAR QE>Q LAA LO BEBKQFCV TE>Q VLR P>V

V

Q

&B?2<5=

5 OFQB QEB KRJ?BOP WBOL QEOLRDE CFCQBBK FK ?>PB PBSBK
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O#* #*) %( " # S (/ 0

A< =T +</<[?2[7

Oseven

1 seven

IFO@IB >1I LC QEB BSBK KRJ?BOP FRNTROVERHKLT QEBV >OB BSBK
$FKA > ORIB ELT @>K VLR QBII FC > KRJ?BO FFPBEBBKOIEBRKHQP>PB PBSBK

&B?2<5=

5 OFQB QEB KRJ?BOP WBOL QEOLRDE CFCQBBK FK ?>PB CLRO




. $ $+# () O

4</ =7 +</08>;

Ofour
1 four

IFO@IB >Il LC QEB BSBK KRJ?BOP FI&NTROVWERHKLT QEBV >OB BSBK
$FKA > ORIB ELT @>K VLR QBII FC > KRJ?BO FRAPBEBKQERBRK FHQP>PB CLRO

*89>; &19B )81B5

' 5EV >OB QEB ORIBP CLO OB@LDKFWFKD BSBIBKQRBOBREC>PBP
' $LO BFQEBO VLRO ?>PB CLRO ORIB LO VLRO ?>PB PBSBKCORIR LA QBUMI>FK




&B7?72<5= 15;

&B?2<5=

'C VLR TBOB @LRKQFKD FK PEPB BERCBO TLRIA VLR P>V GRPQ ?BCILO6:\ R P>FA

5E>Q KRJ?BO FP LKB JLOB:QE>K
5E>Q FP QEB DOB>QBPQ QEOBB AFDFQ KRJ?BO QE>Q @>K ?B TOFQQBK FK ?>PB CLIRO 5E>Q'

?BCLOB >KA GRPQ >CQBO QE>Q KRJ?BO

&B?2<5=

#UMI>FK TE>Q FP TOLKD TFQBIBRRSIFEAS oi o1,

&B?2<5=

5 OFQB LRQ QEB ?>PB QEOBB KR{2BQR00]..
5 OFQB LRQ QEB ?>PB CFSB KRJ?BQR @R\, J
5 OFQB QEB CLRO ?>PB PFU KRJ?BOP Q54Q @LJB >CQBO




&%"# $! O

&B?2<5=

ILKSBOQ B>@E ?>PB QBK KRJ?BO QKRIB&IMRGK ELT VLR AFA FQ
13, 8, 24, 49

2+55/71/<
0.125, 0.11111---=0.1

&B?2<5=

'K LOAERERPB>PBFUQBBEKBBRFUQBHHORQR)EBWFI0BMOBRERRJ?BORNB@EOLRDECQBBH
5 B @>RPB.RARPR>AFDFQ@P ?RQJB KBB&-? :A5*74; QLOBMOBREER/ 1<; QBKBIBSBIQTBISB
QEFOQBBK CLROQBBK &GUBHI@BBR>KA>0A @LKSBKQFLK

A</ =17 +</ <3A=/I7

7Sixteen
8sixteen
9sixteen
Asixteen
B sixteen
Csixteen
Dsixteen
Esixteen
Fsixteen

1osixteen

ILKSBOQ QEBPB KRJ?BOP COLJ ?>PB PFUQBBK QL ?>PB QBK >KA PELT VLRO TLOH

6 sixteen sixteen 9 sixteen sixteen

ILKSBOQ QEBPB KRJ?BOP COLJ ?>PB QBK QL ?>PB PFUQBBK >KA PELT VLRO TLOH
97 144 203 890

7N




*
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&B?2<5=

&LT J>KV ARCBOBKQ PVJ?LIP TLRIA VLR KBBA CLO > ?>PB QTBKQV CFSB PVPQBJ (RPQF(

LV VLRO >K

r
L

&

B?2<5=

I LC QEB CLIILTFKD KRJ?BOP >0B JRIQFMIBP LC QEOBB
3, 6, 9, 12, 21, 27, 33, 60, 81, 99.

'ABKQFCVSJEB 7. FK QEB IFPQ (RPQFCV VLRO >KPTBO

5 OFQB B>@E LC QEB KRJ?BOP >?LSB FK ?>PB QEOBB

'K 2>PB QEOBB ELT @>K VLR OE@4E8AWB #UMI>FK VLRO >KPTBO
'K ?>PB QEOBB ELT @>K VLR OB@}:-DKFWRIMI>FK VLRO >KPTBO

&B?2<5=

I LC QEB CLIILTFKD KRJ?BOP >0OB JRIQFMIBP LC CFSB

510, 15, 25, 55, 75, 100, 125, 625, 1000.

'ABKQFCVSJEB 7. FK QEB IFPQ (RPQFCV VLRO >KPTBO

5 OFQB B>@E LC QEB KRJ?BOP >?LSB FK ?>PB CFSB

'K 2>PB CFSB ELT @>K VLR OB@&HBHBYE >#UMI>FK VLRO >KPTBO
'K ?>PB CFSB ELT @>K VLR OB@IBKEWBBMI>FK VLRO >KPTBO

&B?2<5=

ILKSBOQ B>@E KRJ?BO QL QEB DFSBK ?>PB




&%"# $! O

3950, FKQL ?>PB BFDEQ
52¢en FKQL 2>PB QTL
74340y FKQL ?>PB CFSB

&B?2<5=

5E>Q ?>PBP J>HBP QEBPBP BNR>QFLKP QORB (RPQFCV VLRO >KPTBOP

35 =120
Age =27
5ZSeven =34

&B?2<5=

5E>Q ?>PBP J>HBP QEBPBP BNR>QFLKP QORB (RPQFCV VLRO >KPTBOP
32=44

57cight = 10
3lfour = 11_
15, = 30,

&B?2<5=

$FKA > ?>PB QBK KRJ?BO QE>Q FP QTF@B QEB MOLAR@Q LC FQP QTL AFDFQP 'P Q
(RPQFCV TE>Q VLR P>V

I>K VLR PLISB QEFP MOL?IBJ FK >KV ?>PB LQEBO QE>K QBK

FBOB JLOE




O#* #*) %( " # S (/ 0

&B?2<5=

'E>SB > CLREDFQ KRJ?BO TOFQQBK FK ?>PB QBK 5EBK ' JRIQFMIV JYRRAFEFQY OBRO

OBSBOP&AKA QEB KRJ?BO
I>K' VLR PLISB QEFP MOL?IBJ FK >KV ?>PB LQEBO QE>K QBK

&B?2<5=

ILKSBOQ B>@E ?>PB CLRO KRJ?BO QL > ?>RPBIRIBKKELTBAR AFA FQ

13f011r 322f011r 101f011r 1300f011r
2+55/71/<
0.2¢0ur 0.111...60ur = 0.15our

&B?2<5=

'LKPFABREFPPPEB)BKRJI?BO DLQEPRTOFQRBERRJI?BOPOL) QL FKLOABMBUQILKB>KLQEBO
12345678910111213 ... 57585960.

5E>Q FP QEBBR®) KRJ?BO QE>Q @>K ?B MOLAR@BA ?V BO>PFKD LKB ERKAOBA AFDFQP LC QE

5EBK VLR BO>PB > AFDFQ FQ BLBFBEIWIB FC VLR PQ>0Q TFQE QEB KRIFRDPB QF

JFAAIB AFDFQ VLR MOLAR@B QEB KRJ?BO 3 TMLRIR.Q QEBBPQ MLPPF?IB KRJ

5E>Q FP QEB PJ>IIBPQ KRJ?BO QE>Q @>K ?B MOLAR@BA ?V BO>PFKD LKB ERKAOBA
&LT AL VLRB67? VLR DLQ QEB PJ>IIBPQ MLPPF?I1B KRJ?BO

B
PBO

\ AFDFQP L




&%"# $! O

&B?2<5=

I>K VLRCFK@ATIARCBOBRY?BORLB@BPPHKBA-DFQP>KA PLQEXQ = b, '>K VLRCFKA
JLOB QE>K LKB PLIRQFLK (RPQFCV VLRO >KPTBOP




H@<?B1D9?7>

&B?2<5=

(>VAB@FABEMI>VTFQE PVPQEJESQLIILTR m ORIRBMRQRBALFKQREBFDEQ JPQ 5E>Q
E>MMBKP

&B?2<5=

LFKABUQBO AB@FABP QL MI>V TFQE > PVPQBJ QE>Q CLIILTP QEB ORIB m
"BP@OF?B TE>Q QEFP ORIB ALBP TEBK QEBOB >0OB QEOBB ALQP FK QEB OFDEQ JLPQ PLU

"O>T AF>DO>JP LO RPB ?RQQLKP LO MBKKFBP QL CFKA QEB @LABP CLO QEB CLIILTFKP KRJ?BOF
1 through 20,24, 27, 30, 33, 36, and 39

I>K VLR CFKA >K&84)1&6KV M>QQBOKP




&"%(* %S O

&B?2<5=

O0BMB>Q MOL?IBJ CLO VLRO LTK ORIB !ELLPB QTEAKR¥XBOP$LO B>@E LC QEB KRJ?BOP
1 through 20, 24,27, 30, 33, 36, and 39,

CFDROB LRQ QEB@LABLLH CLO M>QQBOKP >KA BUMI>FK QEBJ FC VLR @>K







$E=25B 1>4 %@5B1D9?>C

at+b=b+a

2EBBPPBK@B>QEBJ>QF@R @LI>HBPFIMIREFKBR.IJMIF@>QRELI>HB @LIMIF@>QBRKD
PFIMIB

1 %RAABO

2EBf'LQP >KA LUBPg>MMOL>@RKABOPQ>KARRBD>QFRRBAKQEFM>0OKA QEOLRDEQRGA.LH

@LIBEOLI>JIBP 2>KQLKKAFFRPBAFQEFAVBOJFPPRIBBEFRBSBILMIBKQQEBPKALQEBAB>RQ
EQOM DA>VJI>QE @LJ
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>DB?4E3D97>

5EBKIB>OKFKIRAQB>@EFKIROOFQEJBEBEIMBIE>SBBKQKAVEVPF@ERI4; CLOE>@EBMBO>QFLKP
JB>K 2E>Q@>V TEBKVLR>OBIOBPBKQBAEK RKC>JFIFMOL?IBLO> NRBPQRIHK RQEV PLIBQEFKD
QORBLR@>KCQBHOH-QR@PFKQEBLABle QERFEDEQB>KAO>TFKIF @ QRRIFKDEVPF@QBOF>IP
J>KFMRI>QFSBP LO GRPQ QEFKHFKD >?LRQ QEB JLABI QL EBIM VLR OB>PLK LRQ QEB >KPTBO

*89>;, &19B )81B5

5 OF@BTKVLROBKQ>ILABIPCLB>@EQEBLR®PF@BO>QFEEFQAL QEBY@QRBN6  &LT
TLRIAVLRBUMI>EEBDL> PB@LBO>ABSE>QMF @ QREMAL RAO>TLB8>@MMBO>QREEKH?LRQ
B>@E LKB PBM>OPQBIV>P ELT QEBV OBI>QB QL B>@E LQEBO

* SAAFQFLK

* PR?QO>@QFLK

* JRIQFMIF@>QFLK >KA

* AFSFPFLK

CQBDOFQFKIDIKVLRLTK FAB>PE>OBEBJFQE M>0QKBOVLR>KAVLRM>0OQKBSEER>JB
JLABIP CLO B>@E LC QEB LMBO>QFLKP LO AL VLR QEBRBKQLRQ QEBJ AFC

2B>@EBRER RIE>SBLQRCIBKQ>ILABIPe ILQRCT>VPQLBUMI>R}ER>JB@ LK @BKIQER®E>M QB
ILLH >Q PLIJB@BOBKQ T>VP QL RKABOPQ>KA QEB CLRO ?>PF@ >OFQEJBABAFKBEQIBRBPIBFOPQ I

569>9D97>

8>7=3717>6,/:< >OBFQBOQEERJI?BOPB RPEEL@LRKQFKD ¢ 2EBPBOBLJIBQFJBP
@>IBA @F8=:)4 6=5*:; ?V J>QEBJ>QF@F>KP >KA QEBV >OB OBMOBPBROBA ?V QEB PVJ7LI

)285/ 7>6,/;<  >OB QEB @LRKQFKD KRJ?BOP QLDBQEBO TFQE WBOL

7=/1/;< FK@IRABBRILPFQFRBKBD>QFER IBKRI?BOPKAI>QEBJI>QF QOB BREEFEQDEB
PVJ?LIZ 2EFP @LJBP COLJ %BOJ>K TEBOB QEB TLOA CLO fKRJ?BOg FP fW[EIBK g
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5 B>|0B>A,SE K>QROEABICLQEFKHPRDR@LRKQRRD?BOP KRJ?BEP NR>KQEQM QPBMBKAFKD
LKTEF@ERJ?BOVPQRLRRPE 0LJ>K KRIBO>IP>PR)BRFK>CBQ®@ VLRIFDEQOFQBTKQEEBRJI?BO
FK AEBOBKQ T>VP RQ QEB NR>KQFQV LC ALQP FP EI@BSRQRHIRRRIFBBFQ ALTK



449D97> 7?DC 1>4 ?H5C

449D9?> 1C 37=29>9>7

$LO KLTTBIll CL@RP LK QEB ?>PB  PVPQBEKRBUBIQEFKH >?LRQ QEB KRJ?BO FK QE>Q PVPQBJ

KA EBOB FP QEB KRJ?BO

H1=@<5

5 B@>KAAQEBBQEE>QRO>V GRR@LJ?FKBERIFIBFCALQR FK @BEBVIOEB>AKMI>@B S>IRB
@LIRIKP TB @>K @LJ?FKB ALQP COLJ QEB QTL KRJ?BOP QE>Q >0OB FK QEB P>JB MI>@B S>IRB ?LL

5 B@>@LRIRMIEBKPTBQEBSBB ALQPKQEBRKAOBAR) ALQPKQEBBKR.U >KA ALQPKQEB
LKBP ?LU
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273
+512
785

KA P>VFKD LRQ QEB ILKD T>V TB E>SB

© 2TL ERKAOBAP MIRP CFSB ERKAOBAP DFSBP ERKAOBAP
* 1BSBK QBKP MIRP LKB QBK DFSBP QBKP
© 2EOBB LKBP MIRP QTL LKBP DFSBP LKBP

2EFP DFSBP QEB >KPTBO

*BQP AL >KLQEBO LKB !'LKPFABO




*%$ %Y $  %.) O

1 6 3
+4 8 9
51412

KA QEFP FP >?PLIRQBIV @LOOB@Q

" -KB ERKAOBA MIRP CLRO ERKAOBAP FP ERKAOBAP
© 1FU QBKP MIRP BFDEQ QBKP FP  QBKP
° 2EOBB LKBP MIRP KFKB LKBP FP LKBP
2EB>KPTBEP Y Y TEFO@BEJFDEQOYIMOLKLRKEBFSBRKAOBRACLROQBBKY QBBISBQV

2EBQOLRAIBQEERKPTBEREQPQ CQEBBROQEBLOIATLRIAKRKABOP QREAT B >OR>IHFK
>?LRQ

1FK@B QEFP FP >?>PB PVPQBJ TB @>K AL PLJB BUMILPFLKP

2EB >KPTBO FP fPFU ERKAOBA CFCQREBTIOH-®>K RKABOPQ>KA QEFP LKB




O#* #*) %( "#$*(/ * 0

1 6 3
+4 8 9
5/14|12 = 652

*89>; &19B )81B5

1LISBQEBLIILTFKBUBO @ PREFEFKHFRDRQEBLQPKA?LUBP7 LR @>KO>TQERIF@ QRAERPQ
FJ>DFKB QEBJ 2EBK QO>KPI>QB QEB >KPTBO FKQL PLJIBQEFKD QEB OBPQ LC QEB TLO

148 567 310462872
+323 +271 4389107123

A @>K RK/



*%$ %Y $  %.) O

&B?2<5=

3PBQEBLQPKA?LUBPB@EKFNRBISREBREOL?IBIF 67<+7>-<<7*)i-  #A<T7?7:3 ,1:i-+<4A
16 <0- *);- /1>-6 'Q JFDEQ EBIM QL >@QR>IIV AO>T QEB MF@QROBP

204 1 3ﬁve 4052nine 3323seven
+13244ﬁve +6288n1ne +355556Ven

*85)D1>41B4 <7?B9D8=6?B 449D9?>

*BQP DL ?>@H QL QEB BU>JMIB 1LJB QB>@EBBPBIKIFQFKD
1 6 3
+4 8 9
51412 = 652

2EBWOBGRQB>@EBPQRABRUFO>DRDBEB >KA >@EBKA-KAPRIQELRBIDBQ 2EFFR.C@LROPB
@LOOB@Q e TBDLQ >P TBII

RQ QEBV AQRi>KQ PQRABKQP QL TOFQB LO QFFKOEGVESBBQEBFO PQRABKQP TOFQB PLIBQEFKD I

1
163
+489
2
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2EFP @>K PBBJ @LJIMIBQBIV JVPQBORDBAIGEXEKD LK 2EBV >0OB BUMILAFKD QBK ALQP LC @LROPB

,LT TB @>00V LK TFQE QEB MOL?IBJ >KA >AA QEB QBKP 1QRABKQP >0OB Q>RDEQ QL TOFQB
1
163
+489
52

RQTE>@ERB>KAFPBQQHEEL THEKQE KB UKIF @ QRAF- GEE B UMILABAGOBDOLRMEBS @EBBOYLM
TEF@E FP >AABA QL QEB QBKP ?LU FK QEB >KPTBO

KA KLT TB CFKFPE QEB MOL?IBJ ?V @LJ?FKFKD QEB ALQP FK QEB ERKAOBAP ?LUBP



*%$ %Y $  %.) O

163
+489
652

'K QEBQ>KA>DBLOFQHEB TLOHCOLDFDEQBC@LFKQEBUMILPFLKRTB DL>ILKD2EFRB>KPQE>Q

TB PQ>S@AFKEIEBRKBMI>@BKATLOHOLT>OAFEBCQ JLRMP> @8> IRE@>00VRKEDFQP>@LIBCOL]
QEBUMILPFLREFFFFOB>IIKL@>00VERBQQBBOCLOGP-/: 7=816/ 2BKLKBPB@LJBKBQBKRBKQBKP
?B@LJB LKB ERKAOBA KA PL LK

'K QEB ALQP >KA ?LUBP JBQELA TB >AA FK >KV AFOB@QFLK LO LOABO TB IFHB >KA QEBK TB AL QEB I

" )2B .8 @/ 534/ =2/ <=+7.+;. +518:3=26 B@>RPB FQUFREFRBKQ
' )2B .8 @/ 534/ =2/ .8=< +7. ,8A/<6/=28. B@>RPB FQ FP B>PV QL RKABOPQ>KA



)E2DB13D9?> ?DC 1>4 ?H5C

)E2DB13D9?> 1C *1;5 G1lI

2L JLABI >AAFQFIR PQ>0QBAB)TL@LIIB@QECHR QROTLKRI?BOP>KATB +75*16-, QEBJQLCLOJ
LKB?FDDE@LIIB@QEEK@ MOBQR® F)EBBCFKFQERAFQF@LI?FKFKILALIIB@QEKPGB@RP
PR?QO>@QFLK TB PQ>0Q TFQE LKB @LIIB@QFLK LC ALQP LKB KRJ?BO >KA TB Q>HB PLJB ALQP >T:

Hl=@<5 M

1RMMLPB TB T>KQ QL CFKA  FK QEB ALQP >KA ?LBERQ:@BITEQE QEB OBMOBPBKQ>QFLK LC

1FK@B TB T>KQ QL fQ>HB >T>Vg  QE>Q JB>KP

* 5B Q>HB >T>V LKB ALQ COLJ QEB ERKAOBAP ?LU IB>SFKD QTL ALQP
5B Q>HB >T>V QTL ALQP COLJ QEB QBKP ?LU IB>SFKD CFSB ALQP
KA TB Q>HB >T>V CFSB ALQP COLJ QEB LKBP ?LU IB>SFKD LKB ALQ

1L QEB >KPTBO FP
376
~125
251

KA P>VFKD FQ LRQ QEB ILKD T>V TB E>SB

100



H** %S %*) $ %.) O

* 2EOBB ERKAOBAP Q>HB >T>V LKB ERKAOBA IB>SBP ERKAOBAP
* 1BSBK QBKP Q>HB >T>V QTL QBKP DFSBP QBKP
* 1FU LKBP Q>HB >T>V CFSB LKBP DFSBP LKB

H1=@<5 M

*BQP QOV > PLIBTE>Q E>OABO BU>IMIB B PQ50Q TFQE QEB OBMOBPBKQ>QFLK LC

1FK@®B T>K@UQ>HBT>Vg  QEXB>KPTB Q>HBI>VCFSB. QROLDEBRKAOBAR IB>SFKILRO
ALQP

LT TBT>K@IQ>HBT>VCFSBLQBOLDERBKRA.U ?RUB @>KALFQREBOBOBKIVQTLALQREBOB
5E>Q@>KB AL 5 BIl TB PQRE>SBLIBERKAOBRETB @>KRKBUMILABERKAOBME>KAVRQBK
ALQP FK QEB QBKP ?LU FKPQB>A 2EBK TBill ?B >?IB QL Q>HEBCEERL. CREHJ >T>V




O#* #* ) %( "#$*(/ 0

LQF@B QE>Q TB >IPL E>SB LKB IBPP ALQ FK QEB ERKAKIBAFERBB QEBOE)EBOB KLT
LT TB T>KQ QL Q>HB LKB ALQ COLJ QEB LKBP ?LU >KA QE>Q IB>SBP KL ALQP QEBOB

1L QEB >KPTBO FP
921
—551
370
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*89>; &19B )81B5

1LISBQEBLIILTFKBUBO @PRBREFKHBRDRALQPKA?LUBP7 LR @>KO>TMF @ QRAOBRAY>DFKB
QEBJ

323 067
—148 —271

389107123
—310462872

&B?2<5=

3PBQEBLQPKA?LUBPB@EKFRNRBISBEBRBOL?IBIF 67<+7>-1<<7):-
16 <0- *):- /1>-6 'Q JFDEQ EBIM QL >@QR>IIV AO>T QEB MF@QROBP

#AT?7:3 |\ 1:-+<4A

20413¢ve

—13244 ¢

6252nine

_4088nine

4323seven
_ 3524seven

*85)D1>41B4 <7?B9D8=67B )E2DB13D9?>

(RPEFHBK>AAFQFQEBQ>KAIBL OFQEIOR?Q0>@UFNRFOERLTLOFHCOLDFDEQBCOKA?LOOLTY
QERFOB>IINV: 7=816/ TEBKBSBB@BPPQF @RBEFRIQERLQPKALUBPMMOL>@RALKKBBAIDL
FK>KW>0QF @RIZMBEBKVLRALQEBR?QO> @RREBRRKBUMILABEELQPPK B @BPPHEBK@LIMRQFKD

&BOBIELT QEB PQ>KA>OA >IDLOFQEJ ILLHP TFQE QEB ALQP >KA ?LUBPOQABFQEO ALQP

2EBK Q>HB >T>V LKB ALQ COLJ QEB LKBP ?LU



o#* #*) %( " #$*(/ 0
921
=551
0

LT TBT>K@LQ>HBT>VCFSBLQEOLDERBKAR.U RQQEBOBBRCFSELQRPEBAR TB fRKBUMILABSB
LC QEB ERKAOBAP ALQP QL DBQ JLOB QBKP

'K QEBQ>KASOBLOFQEB PELTQERKUMILPFiR OBDOLRMPRRQO>@®BBRDLDEBRKAOBMP @R
>KA >AAFKD QBK QL QEB QBKP TW>@B OBTOFQFKD

92(1=8]12]1.

812

92 1
~55 1
70

$FK>IIVTB T>KQ QL Q>HB >T>V CFSB COLJ QEB BFDEQ ALQP IBCQ FK QEB ERKAOBAP @LIRJK

8 12
92 1
~55 1
57 0
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#E<D9@<931D9?> ?DC 1>4 ?H5C

#E<D9@<931D9?> 1C (5@51D54 449D9?>

&B?2<5=

(BKKV T>P >PHBA QL @RIMRQIBX 4 1EB TOLQB
243192 x 4 = 8|16|12]4|36]8.

5E>Q T>P (BKKV QEFKHFKD >?LRQ 'P EBO >KPTBO @LOOB@Q
20>KPI>QB (BKKKPTBO FKQL > KRJ?BO QE>Q QEB OBPQ LC QEB TLOIA @>K RKABOPQR>KA

3PB (BKKWIJBQELA QL CFKA QEB >KPTBOP QL QEBPB JRIQFMEFERIB-OK BIUBE@FPBR/LRO
>KPTBOP FKQL C>JFIF>0 ?>PB  KRJ?BOP
156 x 3 = 2873 X 2 = 71181 x 5 = 3726510392 x 2 =

&B?2<5=

I>K VLR>A>MBKK\RJIJBQELALPLISEEBRBOL?IBIJA OFOBROKPTBGR?>PBFDEFD\QLTLOH
AFOB@QIV FK ?>PB BFDEQ O>QEBO QE>K @LKSBOQFKD QL ?>PB  >KA ?>@H >D>FK

156¢ight X 3eight =

2673eight X 4eight =
3625577 2eight X 2eight =

(BKK\JFDE@>SEBBIQEFKHBRDRARIQFMIF @>PEIBMB>OBAFQFLETB E>SBPLIBKRI?BAV >KATB
JRIQFMIV QE>Q KRJ?BO ?V  TE>Q TB JB>K FP

106
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4-N=N+ N+ N + N.

'C TB Q>HB QEB KRJ?BO >KA >AA FQ QL FQPBIC CLRO QFJBP RPFKD QEB f@LJ?FKFKD JBQELA g TB

LKBP
QBKP
ERKAOBAP
* >KAPLLK

$?D1D9?>

,LQF@BE>B E>SIRPBALQE >KA QIOBMOBBRKIFMIF@>QPERFATHT>OQIRPER TEBKVLRIOB

>|PLRPFKS>OF>?IBFFQEBQQBGO QEBRIQFMIF@FERKIK 'Q@>RBE>0QI0QBII'K QER®>PB
QEB PVJ?LI | FP JLOB @IB>O

5 B@>RBSBRFIMIFQERLQ>QRROQHEBBQFKDFKPQRA |, RQLC@LROMBLKIVALQESKEBK
TB >0B JRIQFMI¥EK®4-; ?V PLIB NR>KQE@VTLRIAK) T>KQ QL JB>K | TLRIATB

&B?2<5=

&BOEBP> PQO>KDB\FQRDK?|IBPBF@LPLISE)EBLIILTFKMOL?IBJBMLOQ>KQKi QQOYL>PPFDK
KRJ?BOP QL  >KA 1LISB QEB MOL?IBJP GRPQ RPFKD TE>Q VLR HKLT >?LRQ QEB LMBQ>QFLKP

*89>; &19B )81B5

&LT ALBP >K >AAFQFLK Q>?1B EBIM VLR PLISB JRIQFMIF@>QFLK MOL?IBJP IFHB !




OF9C9?> ?DC 1>4 ?H5C

'E?D1D9F5 #?45< 76 9F9C9?7>
1RMMLPB VLR >OB >PHBA QL @LIMRQB  j -KB T>V QL FKQBOMOBQ QEFP NRBPQFLK QEBOB >OB L

f&LT J>KV DOLRMP LC CFQFKQL g

569>9D97>

'K QEB>8=+=3768./5 80.3?3<38%LR>OBFSBK.373./7. EBOB®P >KAVLR>OBPHBAIPMIFQ
FQ FKQL BNR>I PFWBA DOLRMP TEBOB QEB PFWB LC QERBEI RBOHPHOFSBK ?V QEB

L

'K LRO ALQP >KA ?LUBP JLABI QEB AFSFABKA ILLHP IFHB QEFP

>KA QEOBB ALQP ILLHP IFHB QEFP

1L TB >OB OB>IIV >PHFKD

f&LT J>KV DOLRMP LC CFQ FKQL QEB MF@QROBLC g

H1=@<5 L

2EBOBRKBDOLRM >QEBELRP>KBSBI>KAQEOBBYEERKAOBBBBIKLKE-QEBBKBSBI>KA
QTL >Q QEB LKBP IBSBI

108
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LQF@B TE>Q TB E>SB FK QEB MF@QROB

" -KB DOLRM LC FK QEB QELRP>KAP ?LU

" 2EOBB DOLRMP LC FK QEB ERKAOBAP ?LU
* 8BOL DOLRMP LC FK QEB QBKP ?LU

" 2TL DOLRMP LC FK QEB LKBP ?LU

2EFP PELTP QE>Q DLBP FKQL LKB QELRP>KA QEOBB ERKAOBAP >KA QTL LKBP QFJBP 2E>Q FF
3906 - 3 = 1302.

*BQP QOV > E>OABO LKB ILKPFABO P GBE®BIF@QROB

5 B >0B PQFII ILLHFKD CLO DOLRMP LC QEOBB ALQP

2EBOB FP @BOQ>FKIV LKB DOLRNBSBRQEB i

>KA KLT FQ PBBJP TB >OBJERR@HOB KL JLOB DOLRMP LC QEOBB

*89>; &19B )81B5

5E>Q @>K TB ALKLT OB TB OB>IIV PQR@H !>K VLR CFKFPE QEB AFSFPFLK MOL?IBJ
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H1=@<5 L

&BOB >0OB QEB ABQ>FIP TLOHBA LRQ CLO QjOBR@ @ERP RKQFI VLRISB QELRDEQ >?LRQ FQ VLROP!
1FK@B B>@E ALQ FP TLOQE QBK ALQP FK QEB ?LU QL QEB OFDEQ TB @>K TOFQB

,LT TB @>K CFKA JLOB DOLRMP LC QEOBB

2EBOB FP PQFII > QOLR?IBPLJB BURRKBAIMILARNQ QLL

2EFP DFSBP RP JLOB DOLRMP LC QEOBB

'K QEB MF@QROB TB E>SB

" -KB DOLRM LC FK QEB ERKAOBAP ?LU
" 2EOBB DOLRMP LC FK QEB QBKP ?LU
" $LRO DOLRMP LC FK QEB LKBP ?LU

$FK>1IV TB E>SB QEB >KPTBO
402 -3 = 134.
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*89>; &19B )81B5

1LISB B>@E LC QEBPB BUBO@FPBP RPFKD QEB ALQP >KA ?LUBP JBQELA
j j

H1=@<5 L

*BQPQRGWQEBFCF@RIGVQ@EKPFABO |  &BOBB>OB.LHFKOLOOLRME FIKQERFF@QRQOB

5E>Q ALBP ILLH IFHB 'Q @>K ?B QTBISB ALQP FK > PFKDIB ?LU

RQ JLPQ LCQBK TB TLRIA TOFQB QERPQUBK/>KA LKBP

5 B @BOQ>FKIV PBB PLJB LC QEBPB FAEGEB MF@BRQBFKIV LKB >Q QEB QBKP IBSBI

18=/ 5 FQEKRKBUMILPEIEAR RIA?BQTBISBLQPKQEBBKR.U PLTB J>OH.KBDOLRM >?LSB
QEB QBKP ?LU

5 B>IPL PBB QEOBB DOLRMP LC QTBISB LKBP
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1L FK QEB MF@QROB TB E>SB

" -KBDOLRMLC ALQP FK QEB QBKP ?LU

" 2EOBB DOLRMP LC ALQP FK QEB LKBP ?LU
2E>Q JB>KP

&B?2<5=

3PB QEB ALQP >KA ?LUBP JLABI QL @LIJMRQB B>@E LC QEB CLIILTFKD
j
j
]

&B?2<5=

0BJBJ?BOQESPEFSERI?BOFOBK> m  ALQP >KA ?LBBPQBIE>Q>ORERII>@HE IRBPKQEB
m PVPQBJ $FIl FK QERHP

"O>T > ALQP >KA ?LUBP MF@QROB LAQERKRI?BO
"O>T > ALQP >KA ?LUBP MF@QROB L4 QEB KRJI?BO

3PB QEB ALQP >KA ?LUBP JBQELA QL CFKA
424646 + 1lgyve. < /li >< li > Rewritethedivisionsentence =:QBUQXCFSBZ :AFS




) %S %) $ %.) O

=:QBUQXCFSBZ =:QBUQXCFSBZ
inbaseten, andcheckthatit' scorrect. < /[li >< li > Usedots — and —

boxestofind
=:QBUQXCFSBZ :AFS =:QBUQXGFSBZ6>-:< <7 *):-

*89>; &19B )81B5

© 3PB ALQP >KA ?LUBP QL @LJMRQB QEBPB
j
]
© 5E>Q MF@QQROBP AFAVLR RPB CLO BHAVWLRABP@OF?B FK TLOAP TE>Q E>MMBKP
AFSFAFKD ?V >KA?V >KATEV

TEBK

*85)D1>41B4 <7?B9D8=67?B 9F9C9?>

5 B RPBA ALQP >KA ?LUBP QL PELT QE>Q |

'K BIBJBKQ>RP®ELMLRIFDEQ>SEB>OKEAPLISBERFSFPRLRL?IBIVRPFKBAF>DORHBEBLIILTFKD
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Q CFOPIOK @EEFFBBJIFSBOWPQBOFLARFGFOB>IIKL ARCBOBBQLLDEBLQPKA?LUBBBQELALBOBP
TE>Q QEB Q>?IB JB>KP

2L @LJMRQB j TBCFQP®B>?FIBPQFJ>QFRBIELT J>KVDOLRME QEBOBBK *B(PDRBRPE>Q
QEBOB >0B DOLRMP LC QEOBB

&LT JR@E FP IBCQ LSBO >CQBO Q>HFKD >T>V 5ERRAMFOEQ QL CFKA QE>Q QEBOB FP  IBCQ

&LT J>KV DOLRMP LC >0OB FK P*8QQV



) %S %) $ %.) O

&LT J>KV >0OB IBCQ 2EBOB >0OB IBCQ >KA QEBOB >0OB CLRO DOLRMP LC FK

2E>Q@@LREOBKQRACRI?BO KA TEBOBLTB CFKAEBFK>KPTBQRPSAAQEBLQ@&LRKQDOLRMP
LC QEOBB QE>Q TB Q>IIFBA

*89>; &19B )81B5

' ILJM>OB QEB QTL AFSFPFLK AF>DOKJFERRITEV >OB QEBV QEB P>JB 'K TE>Q T>V >0B QEBV
AFCBOBKQ

> IPL ILLH >Q QEB ALQP >KA ?LUBP JBQELA 'K TE>Q T>V FP RCBOBE®:<BLLIQEBQTL
AF>DO>JP




O#* #*) %( " # S (/ 0

" )2B .8 @/ 534/ =2/ <=+7.+;. +518:3=26 B@>RPB FQ FP NRF@H KLQ QLL JR@E QL TOFQB ALTK >KAF
BSBOV QFJB

* 2B .8 @ 534/=2/ .8=<+7. 8A/< 6/=28. B@>RPB FQ B>PV QL RKABOPQ>KA KA AO>TFKD ALG
2LUBP FP HFKA LC CRK

9F9C9?> GI9D8 (5=19>45BC

5 BP>TQE>Q FMBSBKIXFSFPFAB ] 2EFBB>KRQE>Q LKBILOBPELRIAQPBAFSFPF?IB
?V QEOBB 'Q PELRIA ?B LKB ALQ QLL ?FD

H1=@<5 L

"L TB PBB QEB BUQO> ALQ FC TB @LJMRQB j TFQE ALQP >KA ?LUBP




) %S %) $ %.) O

7BPTB AL 5 BE>SR KBALQBCSQEBKAQE>@>K?BAFSFABREFFEFELT FQLLHFFKQEBQ>KA>O
>IDLOFQEJ

'K P@ELLI TB P>V QE>Q TBB)BB-> LC LKB >KA PLJIBQFJBP TOFQB
403 -3 =134 R1.

RQ TE>Q ALBP QE>Q OB>II\DIBHP QE>Q TB E>SB DOLRMP LC QEOBB TFQE LKB ALQ |
402 =134 -3 + 1.

A

BCQ LSBO

Hl=@<5 L

*BQP QOV >KLQEBO LKB | &BUBiQ TB E>SB
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KA TB >OB ILLHFKD CLO DOLRMP IFHB QEFP

&BOB DLBP

3KBUMILAFKIXIGEBIMKVCROQERA B >OBKABBBCTFQEKBOBJ>FK FKDFKQEBBKALPFQBKK
> ALQ FK QEB LKBP MLEFEXSB SDOLRMP LC QTBISB >KA > OBJ>FKABO LC BIBSBK

263 =21-12 +11.

*89>; &19B )81B5

* 3PB QEB ALQP >KA ?LUBP JBQELA QL @LIJMRQB B>@E NRLQFBKQ >KA OBJ>FKABO
j
j
j
* LT RPB QEB PQ>KA>0A >IDLOFQEJ >K BU>JMIB FP PELTK ?BILT QL @LIJMRQB B>@H LC QEB NI
OBJ>FKABOP >?LSB




) %S %) $ %.) O

402 =134 -3 + 1.

' S5EF@E JBQELA AL VLR IFHB ?BQQBO ALQP >KA ?LUBP LO QEB PQ>KA>OA >IDLOFQE
ABMBKA LK QEB MOL?IBJ VLR >OB ALFKD

J JBQELA -




$E=25B "9>5 #?45<

KLQEBD>VTB LCQR}EFIHALRRRI?BOFRP>?PQONBXKQF QER®>RBIB>PROBBKDQEDB>KASLIRIB
>OB >l BU>JMIBP

'K >JB>PROBJBK@BI VLRE>SBIMF@H); 1+ =61< 2EB?>P ARG AT NR>KQEQMBKDQEOB: CSLIRJIBe
QE>Q R>PPFIXQERRJ?BQKB 7LR@>KEBKPPFIRJI?BOBLLQEBIR>KQFQFBBAK ELT J>KVLCVLRO
?2>PF@ RKFQ CFQ FKPFAB

$LOKLT TBill CL@RR QEBIR>KQERDQEKATBIll TLOHTFQE KRJ?BIFKE EBOBEB>PFRKHEPIOB>AV
J>OHBACC

449D9?> 1>4 )E2DB13D9?> ?> D85 $E=25B "9>5

'J>DFKB> MBOPEK TBill @>IEFJ8BAe TEL @>RQ>KA QEERJI?BAIFKBS Bill P>\QE>QEBFPQ>IBB
T>IHP TEBK EB Q>HBP > PQBM FP BU>@QIV LKB RKFQ

5EBK 8BAT>KQPL>AALOPR?QOFEIEELIBKRI?BOEK QEBRJ?BIFKBEB>IT>VPQ>0QP>KAC> @ BEB
MLPFQFSB AFOB@QFLK QLT>OAP 2EBK TE>Q EB ALBP ABMBKAP LK QEB @>I@RI>QFLK

'C8BAT>KQBL),, QTLKRJ?BOEBT>IHPCLOT>CRLQEBFDEQQERRI?BAFKBELTBSBOKV PQBMPB
FKAF@>PBREEFORRI?BOQEEFORG,  2EBKEBT>IHPCLOT>CRLVLROFDERQERBRJ?BAFKBQEB

120
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KRJ?BQ.CPQBWRAF@>DBAEPB@LKRI?BOQEPB@LRAG, SEBOEEBI>KARFRQEB=5 LCQERTL
KRJ?BOP

H1=@<5

'C8BAT>KQBI>AA  EBPQ>CQP>KAC>@BERT>O&EBILPFQRRB?BORB T>IHFCLOT>ORQBMP
QEBK EB T>IHP CLOT>0A JLOB PQBMP

8SBABKAPQQEERJ?BO PLQEBRJILC >KA FP RQVLRHKBTQEAT@LRORBBMLFKQ
OFDEQ KLT FP QL J>HB PBKRBA-CAQES7,-4

L J

5EBK 8BAT>KQPL=*<:)+<QTLKRJ?BOEBEBT>IHFCLOT>GQEBFDERQERRJ?BIFKBELTBSBDKV
PQBMBEBKAF@>DEPEBFORRI?BADEB16=-6, 2EBKEBT>IHP)+3?): ,; QLOEBCIKQEERJI?BIFKB
QERRJ?BQCPQBFRAF@>VEEBB@LKRI?BADER*<:)0-6, SEBOEB>KAFRER. .- -6+- LAQEBTL
KRJ?BOP

Hi1=@<5 M

'C8BAT>KQBIPR?QO>@Q EBPQ>0CQP>KAC>@BEBILPFQREB?BOPERFDPOABOQERRI?BO
IFKB &B T>IHP CLOTS@@BMP LK QEB KRJ?BO IFKB QEBK EB T>IHP ?2>@HT>0AP PQBMP

8BA BKAP >Q QEB KRJ?BO RCBUHK&HEXKA FP d RQ VLR HKBT QE>Q




O#* #*) %( "#$*(/ 0

*89>; &19B )81B5

" 5 LOH LRQ B>@E LC QEBPB BUBO@FPBP I R KRIRE@IBRBIIV M>@B FQ LRQ LK > IFCB PFWBA
KRJ?BO IFKB LO AO>T > MF@QROB

d d

> 5EV ALBP FQ J>HB PBKPB QL T>IH CLOT>0A CLO >AAFQFLK >KA T>IH ?>@HT>0AP CLO PR?QO>
T>V FP QEFP QEB P>JB >P f@LJ?FKFKDg CLO >AAFQFLK >KA fQ>HB >T>Vg CLO PR?Q0>@QFLKg

" 5E>Q E>MMBKP FC VLR AL QEBPB PR?QO>@QFLK MOL?IBJP LK > KRJ?BO IFKB #UMI3FK VLRO >
d d d d

" ILRIAVLR AL QEB PR?QO>@QFLK MOL?IBJP >?LSB TFQE QEB ALQP >KA ?LUBP JLABI

#E<D9@<931D9?> 1>4 9F9C9?> ?> D85 $E=25B "9>5

1FK @RIQFMIF @ FEFRKIUBMB>ORAFQFLE @ >KA>MBRCGAAFQBLKBIQI?B@LJIBIRIQFMIF@JQRBK
>PTBIl *BQPQEFKI?LRQK  2EFRB>KPQL>AACLRQLFQPR)EOREJBRESRPFIMINDEBBCFKFQELK
JRIQFMIF@>QFLK

k

1L QL JRIQFMIV LK QEB KRJ?BO IFKB TB AL QEB MOL@BPP CLO >AAFQFLK PBSBO>| QFJBP



$+# ("% #% " O
2L JRIQFMIYTLKRJ?BOBBAPQ>CQP >P>IT>VP>KAEBC>@BEBILPFQASBB @ @R K>IHPCLOT>@QEB

KRJ?BQCPQBIDFSBRY QEBB@LKRI?BADERPB@LKA<7: &B OBMBEERIQOL @ BFFRRI?BQCQFIBP
DFSBK ?V QEB CFOPQ KRJ?BP3<QEBEBURPEB [>KAP FB:QEB<LC QEB QTL KRJ?BOP

H1=@<5K

'C 8BA T>KQP QL JRIQFMIV k EB @>K QEFKH LC FQ QEFP T>V

3 X 4
v N\
how many times to repeat it how many steps to take forward

8BA PQ>0QP >Q C>@FKD QEB MLPFQFSB AFOB@QFLK 2EB EB OBMB>QP QEFP QEOBB QFJBP Q>
&B BKAP >Q QEB KRJ?BO PL QEB MOLAR@QLC >KA FP 2E>QFP k

0BJBJ?BO LRO NRLQ>QFSB JLABI LC AFSFPFLK -KB T>V QL FKQBOMOBQ | FP

&LT J>KV DOLRMP LC CFQ FKQL

2EFKHFKD LK QEB KRJ?BO IFKB TB @>K >PH FQ QEFP T>V

8BA Q>HBP PQBMP >QC EBAB-KAP >Q QEB KRE2BWU>KV QFJBP AFA EB Q>HB PQBMP

2L @>I@RI>@BSFPRYRL?IBIK QEBRJ?BIFKBSBAPQ>CQP C>@FRBERILPFQRSEOB@ QRIX T>IHP
CLOT>QZEKRI?BA.CPQBMFFSBRV QEPB@LKRJI?BAQER>1;7: &BOBMBSERMOL@BRPEB>KAP
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>QREEFORRI?BOQEBL>1,-6, 2EBKRJ?BQCQFJBEBOBMB>QERIOL@BRSBPEB=7<1-6kCQERTL
KRJ?BOP

H1=@<5L

'C 8BA T>KQP QL @LIJMRQB j EB @>K QEFKH LC FQ QEFP T>V
&B PQ>0QP >Q C>@FKD QEB MLPFQFSB AFOB@QFLK

' 8BA Q>HBP PQBMP CEBTFOKLT >Q KLQ1L EB KBBAP QL OBMB>Q QEB MOL@BPP
* 8BAQ>HBP PQBMP CLOT>QBBFPKER >Q KLQ 1L EB KBBAP QL OBMB>Q QEB MOL@BPP
' 8BAQ>HBP JLOB PQBMP CLOT>OA & FP>Q PL EB PQLMP

1FK @BOBMB>QERIOL @ BEOBBJBFB PBREBOBB DOLRME FK 1L QERRLQFBRQ >KA
FP  2E>QFP

*89>; &19B )81B5

" 5 LOH LRQ B>@E LC QEBPB BUBO@FPBP LM R KBRRIRE@BRBIIV M>@B FQ LRQ LK > IFCB PFWBA
KRJ?BO IFKB LO AO>T > MF@QROB

k k ] J

" I>KVLR QEFKH LC > T>V QL FKQBOMOBQ QEBPB JRIQFMIF@>QFLK MOL?IBJP LK > KRJ?BO IFKB
FAB>P
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k k k k

© 5E>Q E>MMBKP FC VLR QOV QL PLISB QEBPB AFSFPFLK MOL?IBJP LK > KRJ?BO IFKB|!>K VLR Al
VLRO FAB>P




B51 #745< 67B #E<D9@<931D9?>

1L C>DB E>SEL@RRB& IFKBIB>PROBJBH®@B! RPFKPERRJ?BIFKBRQQEBEBKLQEBR JILKT>V
QL QEFKH >?LRQ JRIQFMIF@>QFLK RPFKD >OB>

$LO BU>JMIB PRMMLPB LRO ?>PF@ RKFQ FP LKB PNR>0OB

5B @>K MF@QROB k >P DOLRMP TFQE PNR>OBP FK B>@E DOLRM >II IFKBA RM

RQTB @>KIPLMF @ QRERPQ>@ HBAKPQBAFKBRM 5 BTLRIAE>SB OLTPTFQE PNR>CHE#B>@BLT
IFHB QEFP

126
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1L TB @>REFKIILRQk >P>0OB@Q>KE#H>RBKDQE-KATFAQE 2EBMOLAR@QFROEBLQKRJI?BQC
PNR>OBP FK QE>Q OB@Q>KDIB 2E>Q FP >IPL QEB >OB> LC QEB OB@Q>KDIB PFK@B B>@E PNR>OB

*89>; &19B )81B5

4BOAOBDERMF@QRBBLABICLO k  3PBEBOMF@QREBIWLR@LIMRQBK  #UMI>FKLRO
TLOH

&B?2<5=

"O>T MF@QRPEEFBOPCLB>@EQEBRRIQFMIF@:-BLURE@ FFHEY L ROIF@ QRIBFKAEBIOLAR@QP
TFQELRQ RPFKD > @>I@RI>QLO LO QEB PQ>KA>OA >IDLOFQEJ

k k k

*85)D1>41B4 <7?B9D8= 6?B #E<D9@<931D9?>

&LT TBOB VLR Q>RDEQ QL @LIMRQB k FKBWBE/R R>RDEQ QL TOFQB PLIBQEFKD IFHB QEB CLIILT
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*

0

-0 J>V?B VLR TBOB Q>RDEQ QL MRQ FK QEB BUQO> WBOLP O>QEBO QE>K IB>SFKD QEBJ LRQ

2EFP FP OB>IIV KBEBEBQ QE>K AO>TFKD QEB OB@ Q-BUFBWKARRBRITLO @>I@RI>QFKD

QEB P>JB

FK B>@E >IDLOFQEJ

*89>; &19B )81B5

' 3PB QEB BU>JMIB >?LSB QL BUMIBE¥ITER@Q>KDIB JBQELA >KA QEB PQ>KA>OA >IDL(

T I>I@RI>QB QEB MOLAR@QP ?BILT RPFKD2AURIEFBQHEBMB VLRIOB @LIMRQFKD QEB H

DFQEJ >OF

P>JB MFB@
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"O9>5C 1>4 >D5BC53D9?7>C

&BOBi>K RKRPRI>V QLMBOCLIRIQFMIF@>QEIBLIMRQBK  CLBU>JMIB\O>RTLPBQRSBOQF@>!
IFKBR)EBCPB@LKQ>FKFRIFKBPKAQEBFDPBQTLFKBELQEBFDFER >KAQTLPBQRELOFWLKQ>
IFKBP QEB RMMBO PBQ @LKQ>FKFKD LKB IFKB >KA QEB ILTBO PBQ QEOBB CLO QEB AFDFQP FK

2EBOBOBLRPBQRFKQBOPB@IFHEAMRKQERRJI?BQCFKQBOPB @RI @FKA>A/QEBBPRIFEDLK>IIV
>P PELTK

2EB >KPTBO >MMB>0OP

2EBOB FP LKB MLPPF?IB DIFQ@E >P FIIRPQO>QBA ?V QEB @LIMRQ>QFLK k
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IQELRDBEBKPTBOQELRP>KAFERKAOBAPQBKPKA LKBFER-?PLIRQEI. OORBGERBBABLA >O8RDFQP
>KA QO>KPI>QB QEFP >P

&B?2<5=

ILJMRQB k SF>QEFP JBQELA !EB@H VLRO >KPTBO RPFKD >KLQEBO JBQELA
ILJMRQB k SF>QEFP JBQELA !EB@H VLRO >KPTBO RPFKD >KLQEBO JBQELA
I>K VLR >A>MQ QEB JBQELA QL @LIMRQB k  5EV FP PLJB >A>MQ>QFLK KB@BPR>0V
5EV ALBP QEB JBQELA TLOH FK DBKBO>|

"1DD935 #E<D9@<931D9?>

'KQEB P FK¢KDI>KAQRABRBER>RDE® LIMRIRQFMIF@:RPFAKTL L TFKD>IIBYBQELALT JLOB
@LIILKIV HKLTK >P @EB1+- 5-<07,

2LJRIQFMIV >KA  CLBU>JMIBAO>F k DORAPNR>OBPOFQEBFDAQIR)EBFORRY?BOILKODEB
OFDEQ PFAB LC QEB DOFA >KA QEB AFDFQP LC QEB PB@LKA KRJ?BO >ILKD QEB QLM

"FSFAB>@@ BILCQEBORAF>DLK>PKATOFFBQEBRIOLAR@QER LIRJKFDBRAOL TAFDEGQQE>@BI!
PBM>0>QERBKEOLNDERKFO@ OLOPBF>DLKEOQE®BII'C QEBIOLARB@QKBAFDERPTBOI>@B FK
QEB QBKP MI>@B



( #% " %( #+"*&" *%$ O

2L DBQEBKPTBOAAQEBKQOFRE>@A&F>DLK:@®>00VBRRRFDASBQLQERBUSF>DLKEEB@BPPHOV
LRO BU>JMIB TB E>SB

218 x 43 = 9374.

&B?2<5=

ILJMRQB k SF>QEB I>QQF@B JBQELA
#UMI>FK TEV QEB I>QQF@B JBQELA FP OB>IIV QEB PQ>KA>0A >IDLOFQEJ FK AFPDRFPB
5E>Q FP QEB PMB@FCF@ CRK@QFLK LC QEB AF>DLK>| IFKBP FK QEB DOFA




&B?@5BD95C 76 %@5B1D97>C

1L C>/LRE>SBPBBK @LRMIEAFCBOBKQ4; CLQEBMBO>QFEKRFQFPR?QO>@IFHEMIF@>SHRAK
AFSFPFIRQTB E>SBKIQ>IHBIR @E-?LRQERMBO>QRDEBIPBISBPELT QEBYBI>QRB>@EQEBTE>Q
MOLMBOQEBR>SEExPHB@LIMRQESPFBMAELT PLIJBPMB@KRI?BOPBE>SREBOBILQRLQEFKH
>?2LRQ

2EBDL>FKQEFB@QFERIRPEEBLABIPQIRKABOPQHKAQEBMBO>QFIBERSB@ @LOAFKEBRIBALR
IB>OKBA ?>@H FK BIBJBKQ>OBR@EIFKD QL HBBM >PHFKD LROPBISBP f5EV ALBP FQ TLOH QEFP T>V

*89>; &19B )81B5

#>@E CQEBRBABIPIBKAFQPE)IQEFKHERDRQEBMBO>QFKKPIFDEQIRCBOBREY BCLOBB
OB>IIV AFD FK QL QEFKHFKD >?LRQ QEB LMBO>QFLKP AFP@RPP TFQE > M>0QKBO
* -C QEB JLABIP TB AFP@RPPBY.RILRMIDBCBO LKB LC QEBJ

* &LT TBII AL QEB JLABIP TB AFP@RPPBA J>Q@E RM TFQE ELT VLR RPR>IIV QEFKH >?LRQ TELIB |
>KA QEBFO LMBO>QFLKP

° 5EF@E JLABIP >0OB RPBCRI CLO @LIMRQFKD 5EV
" 5EF@E JLABIP AL VLR QEFKH TFII ?B RPBCRI CLO BUMI>FKFKD ELT QEB LMBO>QFLKP TLOH 5E

?>>53D9?7>C 5DG55> D85 %@5B1D9?>C

5 B ABCFKBAAFQFRtR@LJI?FKFKITLNR>KQFQRBPR?QO> @RS HFKE >\ RQ FKC>@QEBRBTL
LMBO>QFLKP >0B FKQFJ>QBIV QEBREJRDBREBPQFLKP >0B BU>@QIV QEB P>JB

d ==== =—====

+LOBDBKBO>IBLOKVQEOBBLIBKRJI?BOP ? >KA@QEBRETLBNR>QFBKROBFEBR>JBC>@IL BFQEBO
2LQE BNR>QFLKP >0B QORB LO ?LQE >OB C>IPB 5EF@E FP QEB @>PB ABMBKAP LK QEB S>IRBP VLR

+E* ) + ) *

132
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'K LQEBO TLOAP TB @>K QEFKH LC BSBOV PR?QO>@QFLK MOL?IBJ >P > fJFPPFKIDXAABKRQ>AAFQFL

&B?2<5=

&BOBP> PQO>KBRFQRK? I BPBFQ@LPLISREBLIILTFKRIOL?IBJFIRPQFZMROKPTBOPMLOQ>KQ
"LKi QQOWL>PPFINRJ?BOBL >KA!  1LISBQEBIOL?IBJBRARPFKIE>Q/LRHKLT>?LRQEB
LMBO>QFLKP

*89>; &19B )81B5

&LT ALBP >K >AAFQFLK Q>?I1B EBIM VLR PLISB PR?QO>@QFLK MOL?IBJP

5 B ABCFKBRIQFMIF @>PEIBVIB>OBAFQRHAAFSFPRFCLOJFKIDLRMEBNRPFWERQFKC>@QEBPB
QTL LMBO>QFLKP >OB >IPL QFBEEREDBDERBBPQFLKP >0B BU>@QIV QEB P>JB

+LOBDBKBO>ICLOKVQEOBBLIBKRI?BOP ? >KA@QEBRBILBNR>QFBKMOBPFER>JBC>@CL BFQEBO
2LQE BNR>QFLKP >0OB QORB LO ?LQE >0OB C>IPB 5EF@E FP QEB @>PB ABMBKAP LK QEB S>IRBP VLR

+K* ) + )M*

'KLQEBO TLOAP TB @>K QEFKH LC BSBOV AFSFPFLK MOL?IBJ >P > fJFPPFKD C>@ @\OgQRRPMIF@>C

&B?2<5=

OBTOFBB@EQEBRESFPNKBPQFRRIFPPFKD> @ QIRIQFMIF @ -NRBRQRPHEF@EKBR>KLR
PLISB >KA TEF@E @>K VLR KLQ PLISB #UMI>FK VLRO >KPTBOP




O#* #*) %( "#$*(/ 0

&B?2<5=

&BOBi > JRIQFMIF@>QFLK Q>?IB

| | | |
= O Q| w| =] W
olw = Q= AQ
ellcli=li=lEalw)
w| Q| O | > =

= D Q| W B X

3PB QEB Q>?IB QL PLISB QEB MOLABBPRBN. VLRO >KPTBOP 'IMLQQUSKY QLKIPPFDK
KRJ?BOP QL QEB IBQQBOP 1LISB QEB MOL?IBJP GRPQ RPFKD TE>Q VLR HKLT >?LRQ QEB LMB!

L L L K K K
* 1>K VLR RPB QEB Q>?IB QL PLISB QEBPB MOL?IBJP #UMI>FK VLROZKBFER. 0B@>1 QE>Q
@LMFBR:LURIQFMIFBA QLDBQEBQ® - ... - =
D2 3 K K K K

*89>; &19B )81B5

&LT ALBP > JRIQFMIF@>QFLK Q>?IB EBIM VLR PLISB AFSFPFLK >KA BUMLKBKQF>QFLK MOL?IBJP

2EOLRDELBER®LROPRTL @RR K BUMI>K>QRKAGRPQFCF @ QEH@ EBORKBBAIHKLTTE>GROORB
FKI>QEBJ>QF @Y LR>IPLKBBRLHKLT?0A FERQOREBA VLRTFIIKBBALQRCT>VPQLBUMI>PRA PFK@B
AFCBOBKQ BUMI>K>QFLKP TFII J>HBIEREMRQORABKQP
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*89>; &19B )81B5

;3=26/=3- +-= ) * + >KA+E* ) >0OB QEB P>JB J>QEBJ>QF@>| C>@Q
5EV FP QE+R> DLLA BUMI>K>QFLK

f @>I@EBQBE-QEFRORE CBU>IMIB >KA d KA >KA d 'Q
TLOHP CLO TE>QBSBO KRJ?B@P VLR QOV

449D9?> 1>4 )E2DB13D9?> H@<1>1D9?>

Arithmetic Fact:

) * + >KA+E* ) >OB QEB P>JB J>QEBJ>QF@>| C>@Q

Why 1tOs True, Explanation 1:

$FOPQ TBill RPB QEB ABCFKFQFLK LC QEB LMBO>QFLKP
1IRMMLPB TB HKIH* ) FP QORB 1R?QO>@QFLK JB>KB 1Q>HB >T>V
+E* )

JB>KPTB PQ>DRDER>KQFQKAQ>HBT>VNR>KQEQMKATB BKARM FQER>KQFQM>TEQBEFP
BNR>QFLK >KA FJ>DFKB >AAFKDNRQEEPRABP

‘K QEBBC@E>RKPTB PQ>0QBAKRR>KQRQULLET>V* QEFKDRAQEBMRQELPBQEFKDPDE(
2>@HLFK @B QLLET>VPLIBNR>KQBERNQEBKAABA>@BEBU>@SIBNR>KQFIBBORLLSBO> I
@E>KDBBEOB IBCQ TFQE NR>KQFQV

-K QEB OFDEQ TB TLRIA ?B @LJ?FKFKD >AAPKIFQIRNRIRQEQVB BKARM TFQE @ > ?

-K QEBQEEE>KAPRMMLPBHKLTQEBNR>QALK *  + FRQORB>DFKRE)>HFKD>V PR?QO>@ QK

NR>KQEQ@®LJ ?LQE PFABP LC QEFP BNR>QFLK > ? @

K QEBCJB PQ>OQBAE QEFKBRA@LJI?FKEPESTFQE QEFKDPRQ@EBKB FJJBAF>QBMHBT>V
QELPBQEFKDP 1L TBIiOB IBCQ TFQE GRPQ LRO LOFDFK>I NR>KQFQV LC

‘K QEBFDEB PQ>DEDER>KQFQKAQ>HBT>V* QEFKRE>GIQEBBOXBCFKFQELKE* 1L TB
E>SB QEB BNR>QFLK

) +d*

D

KD
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Why ItOs True, Explanation 2:

*BQP RPB QEB JB>PROBJBKQ JLABI QL @LJB RM TFQE >KLQEBO BUMI>K>QFLK

2EBBNR>QBLK*  +JIB>KFBBAPQ>CQP T>IHFCLOT>PRQBMIKAQEBR>IHFCLOT>®RQBMKA
EB BKAP+Q

'C8BAT>KQBL@LIMROB* EBPQ>CQP T>IHFCLOT>@RQBMRAQEBK>IHP?>@HT>CAFQBMRQ
TB HKLTQEX@T>IHCLOT>@RQBNEB@>KFOPQHCLOT>PRQBMRAQEBR>IHCLOT>®ORQBMP
8BA @>K @LIMREYREFP T>V

' 1Q>0Q>Q

> 5>|H CLOTS0RQBMP

' 5>|HCLOTYCRQBMP LT »@FK@B +

' 5 >IH ?2>@HT>0RPBMP

2EB I>PQ QTL PBQP LC PQBMP @>K@BI B>@E LQEBO LRQ2PL@BBIKREP ?»@H >Q
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‘K QEBQEBD>KAQEBNR>QFLE* ) JB>KPRQEEBAPQ>CQP T>IHFCLOT>@RQBMFEBK>IHP
2>@HT>CAFQOBMP >KA EB BKAP RM >Q

'C8BAT>KQBI@LIMRPB * EBPQ>CQP T>IHRCLOT>PRQBMRAQEBK>IHRCLOT>OAPAAFQFLK}

\4

PQBMRQTB HKL TQE@T>IHCLOT>PRQBNEB@>KFOPTHCLOT>®RQBMRAQEBR>IH?>@HT>0AP

* POBMP 1L 8BA @>K @).JMRQEFP T>V

' 1Q>0Q>Q

© 5 >|H CLOT>2QBMP

T 5>H?>@HT>0RRBMP LT PPFK@E * )
© 5 >|H CLOT=C2QBMP

2EB I>PQ QTL PBQP LC PQBMP @>K@BI B>@E LQEBO LRQ2PLGBBRIRRAP2>@H >Q
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*89>; &19B )81B5

' 0B>A LSBO QEB QTL BUMI>K>QFLKP FK QEB BU>JMIB >?LSB "L VLR QEFKH BFQEBO LKB FP JLO
LQEBO

' ILJB RM TFQE VLRO [A%6+7+=38KLQ BU>JMIBP QL BUMI>FK
+K* ) FP QEBP>JBC>@Q pP*

&B?@5BD95C ?6 449D9?> 1>4 )E2DB13D9?>

7LR MOL?>?IMKLT PBSBOMDLMBOQEBRFQFRRQY/LRI>V KBSBE>SEBPQLMMBINLKABGOA 1; <0)<
<= LTi PVLR@E>K@BQERB@QMIRIIIRPEEBBCFKFQEEBMBO>QRIGSRAFQRIKAPR?QO>@QFLK
>KA QEB JLABIP VLRISB IB>OKBA QL BUMI>FK TEV QEBPB MOLMBOQFBP >OB >IT>VP QORB

&BOB >0OB QEB QEOBB MOLMBOQFBP VLRIll QEFKH >?LRQ

AAFQFLK LC TELIB KRJ?BOB5ER)<1>-
AAFQFLK LC TELIB KRJ?BORPER1>-
° 2EBKRJ?BO FPL#6<1<@LO >AAFQFLK LC TELIB KRJ?BOP

$LO B>@E LC QEB MOLMBOQFBPKTBALELKCRPB QEBPB QEOBB FAB>P

* TE>Q QEB MOLMBOQV FP @>IIBA >KA TE>Q FQ JB>KP QEB ABCFKFQFLK
PLJB BU>JMIBP QB%§<:)<- QEB MOLMBIORV
' >K BUMI>K>QFL2080QEB MOLMBOQV ELIAP

LQF@BE>@)584->KA@84)6)<1760BLM@EB>JB 'QP>IPLSBONIMLOQKK@L@LKCRPEB.161<176C>
MOLMBOQV TEQE®ER FP QORB

2EBPBIOLMBOSIFEFRKFSBOPSPQBIBK GR)>QBJIBKQEBLOICLC I gfBSBOYFJIB i3I T>VP BQ@E>Q
JB>KP QE>Q QL PELT QEBV >0OB QORB VLR BFQEBO E>SB QL @ER@IHP&SBEQURPE®BR BICFKA >

1FK @FEBOBBKCFKF@BV TELIBKRI?BOP@FIMLPPF?)R@ EB @SB Q& >PBLRIAKBSBCFKFREOLKIV
ELMBRULLHCL®G6-)4 -@84)6)<176 Bill TLOHR@EBUMI>K>QELREBFARDEBRE @ ORAVLRTFII
TLOH LK QEB LQEBOP
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449D9?>9C ?==EDI1D9F5

H1=@<5 ?==ED1D9F5 "1G

Property:
AAFQFLK LC TELIB KRJ?BOP FP @LJIJRQ>QFSB

What it Means (words):

5EBK'>AA QTL TELIB KRJ?BOP QEB LOABO ' >AA QEBB @(BBKB PRJ

What it Means (symbols):

$LO >KV QTL TELIB KRIPB®R
) * )




O#* #* ) %( "#$*(/ 0

,LT TB KBBA 2=;<1.1+)<1$®A FP >AAFQFLK LC TELIB KRJ?BOP @LJIJIRQ>QFSB

Why 1tOs True, Explanation 1:
*BQP QEFKH >?LRQ >AAFQFLK >P @LJ?FKFKD QTL NR>KQFQFBP LC ALQP

* 2L>AA * TB Q>HBALQP >KALQP >KA TB @LJ?FKB QEBJ FK.HBBMZEFKDP PQO>FOEQ IBQP
FJ>DFKB QER.QP >OB @LILOBA OBAAKRROEES @LILOBAL?FRBQEB ?LU TB B>GBA ALQP
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* 2]RB ALQP 3KA QLQ>I ALQP
C2L>AK ) IBE Q>HEPIRB ALQP 3K@BA ALQP >KA MRQ QEBJ >Il QLDBQEBEfSBMRE) !
ALQP OBA ALQP*KA QLQ>I ALQP

* RQ QEB QLQ>I KRJ?BO LC ALQP >OB QEB P>JB FEIJER. QBHKUBRE>@®B QEBOB)>0B
OBA ALQP FK B>@E ?LU PL TB @>K J>Q@E QEBPRB AEBPBXBB@E ?LU PL TB @>K|J>Q@E
QEBJRM 2E260 'C TB @>K J>Q@E RM QEB AKBPQEBURORPQ ?B QEB P>JB KRJ?BO|LC QEBJ

T

T 2E>Q JB>RP* * )

Why 1tOs True, Explanation 2:

5 B@>KIPIRPREBB>PROBJBK@BIQIBUMI>FEY) * * ) KLI>QQBE>&RJ?BOFB @ELLPB
CLO >KA* 'J>DFKB)>HFKPBDJIBKTIBKDQE>KA@LJI?FKFROFKB>OT¥QE PBDJBKE@IBKDGE
2E>@ ELT TB DBQ > IBKDRQE LC

RQFJ B GRPQQ>QBRBDJIBKFORMPFABTK TB PBR)EXE E>SB PBDJBHQBKDOEDLI?FKBA
TFQE > PBDJBKQ LC )BRER@&E J>HBP > IBKDQE LC

RQLO@LRORBQEB>JBPBDJBKG BGRRROKBRMPFABTK 1L QEBKDQERPQBQEB>JB2E>Q
FP) * * )

449D9?>9C CC?391D9F5
7LRO QRGKRIll >KPTBO QEB NRBPQFLK f5EV FP >AAFQFLK LC TELIB KRJ?BOP >PPL@F>QFSB g
#,89/,=B AAFQFLK LC TELIB KRJ?BOP FP >PPL@F>QFSB

)2+= 3=/+7< @8;.< 5EBK' >AAQEOBBLIBKRJI?BORK DFSBKOABQEB>V' DOLRYEBIQL-AAQTLSQ
> QFJB ALBOKEB@Q QEB PRJ

)2+=3= [+7< <B6,85< $LO >KV QEOBB TELIB KRJ?BBR+

) roa)

&B?2<5=

ILJB RM TFQE >Q IB>PQ@JE8BBQL ABJLKPQO>QB >PPL@F>QFSFQV LC >AAFQFLK
3PB LRO JLABIP LC >AAFQFLK QL @LJB®@4JERESEV ALBP >PPL@F>QFSFQ¥ELIA FK
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+);- 18=/ VLRO BUMI>K>QFLK PELRIA KLQ RPB PMB@ FEK@XRIBORMIB

9C 1> 45>D9DI 67B 449D97?7>
#,89/;,=B 2EB KRJ?BO FPL<1<@LO >AAFQFLK LC TELIB KRJ?BOP

)2+= 3=/+7< @8;.< 5EBK' >AA>KVTELIBKRJ?B@QL FKBFQHBODAB@EBRJFRQEBBON>JBTELIB
KRJ?BO ' >AABA QL

)2+=3= [+7< <B6,85< $LO >KV TELIB KRJ?80P

6 6 >KA 6 6
&B?2<5=

ILJB RM TFQE >Q IB>PQ@JE8BB0L ABIJLKPQO>QB QE>Q FP >K FABKQFQV CLO >AAFQFLK

3PB LRO JLABIP LC >AAFQFLK QL @LJB- @846 RQREMSEV ALBP QEFP MOLMBOQV LC ELJA FK
->-:A 87;;1%4- +);-

&B?@5BD95C ?6 )E2DB13D9?>

1FK @RAFQRHAPR?Q0> @QHRK®@ | L PBIFKHBA@IK>QRIT L KABEE®R?Q0>@EHPKIBLCQEB>JB
MOLMBOQFBP >P >AAFQFLK IFHB @LJJRQ>QFSFQV >KA >PPL@F>QFSFQV

H1=@<5 C CE2DB13D97?> 3?==ED1D9F5

(RPQPRHBRMEBMBO>QECRR?QO>@RPELKIRQ>QFEB T LRIAIB>K QESQERBFCBOBK@BTL
TELIB KRJ?BOP ALBR¥BMBKA LK QEB LOABO FK TEF@E VLR PR?QO>@Q QEBJ

'KPVJI?LIP.7: ->-:A +071+LC TELIB KRJ?BOKA TB TLRIAE>SHE* *E)

(>OBA P>VP QE>Q PR?QEI=@QBRQSMFSB PFK@B d 7RO K C>@Q d

1FK GEEBQ>QBIEKR? Q0> @FRKIIRQ>QFSBG61>-:;)4:<)<-5-6< LKB@LRKQBOBUFIBKBRRDE
QL PELT F®ILQ QORE>OBRI@LRKQBOBU>IMIB IBQP RP P>V TFQE @LKCFABK@B

1R?Q0>@ QF&K@PIJRQ>QFSB
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*89>; &19B )81B5

I>K VLR CFKA >KV BU>JMIBP LC TELIB KRIABOEBOBE * *E) FP QORB #UMI>FK VLRO >K

&B?2<5=

*VIB >PHBA FC QEB LMBO>QFLK LC PR?QO>@QFLK FP >PPL@F>QFSB

1Q>QB TE>Q FQ TLRIA JB>K CLO PR?Q0>@QFLK QR FELRPA @FBJESRP >KA PVJ?LIP

J>AB VLRO AB@FPFROR>>KA- 367? A7=J:1/0<

&B?2<5=

(BPP >PHBA FC QEB KRJ?BO FP >K FABKQFQV CLO PR?QO>@QFLK

VLR J>AB VLRO AB@FPBER ARA367? A7=J:1/0<

&B?@5BD95C ?6 #E<D9@<931D97?> 1>4 9F9C9?>

LT TBIOBLFKRIQRARCGQQBKEHCKIFIFAMDLMBOUERIFMIF@>GRAKSFPFIRQBEBL@RPAIK
BUMI>FKFKD TEV QEBPB MOLMBOQFBP >OB >IT>VP QORB

&BOB >0B QEB CLRO MOLMBOQFBP VLRIll QEFKH >?LRQ

' +RIQFMIF@>QFLK LC TELIB KRZZBSH<EP-

" +RIQFMIF@>QFLK LC TELIB KR,T?RBA FP

' +RIQFMIF@>QFLK LC TELIB,KRIPBOF>-: ),,1<176

* 2EBKRJ?BO FPL:#6<1<@LO JRIQFMIF@>QFLK LC TELIB KRJ?BOP

5E>Q TLRIA VLR P>VOIB *'B@FAB FC PR?QO>@QFLK FP >PPL@F>QFSB LO KLQ !>OBCRIIV BUMI

1Q>QB TE>Q FQ TLRIA JB>K CLO QL ?B >K FABKQFQWLGLRERRPQREEITIAAP >KA PVJIPLIP
5E>Q TLRIA VLR P>V QL (BPP "B@FAB FC FP >K FABKQFQV CLO PR?QO>@QFLK LO KLQ >OBC
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$LO B>@E LC QEB MOLMBOQFBP 0OBJBJ?BO QL HBBM PQO>FDEQ
© TE>Q QEB MOLMBOQV FP @>IIBA >KA TE>Q FQ JB>KP QEB ABCFKFQFLK

PLJB BU>JMIBP QEB$§<:)<- QEB MOLMBIOQV
* >K BUMI>K>QFL206Q08B MOLMBOQV ELIAP

-K@B>D>FF@FIMLOQSKAFPQFK DREDEBBI®)584-;>KA @84)6)<17@EB-OBLM@EBR>JB 1FK @EEBOB
>OBKCFKFQEY TELIBKRJ?BOF®iFIMLPPFTR@EB@BBO®@>PBLBU>JMIBPFII KBSBZBBKLRDEL
BUMI>FEVQEBREDLMBCEMFAH LRE>SEICFDRABY):76; CLQEBREDLMBOQIERRA ?>PBAKTE>YLR
HKLT >?LRQ QEB LMBO>QFLKP

9C 1> 45>D9DI 67B #E<D9@<931D9?>

5 Bill TLOH LRQ QEB BUMI>K>QFLK CLO QEB I>PQ LC QEBPB C>@QP >KA VLR TFII TLOH LK QEB LQEBC

H1=@<5 9C 1> 45>D9DI 67B =E<D9@<931D9?>

Property:
2EB KRJ?BO FP >K FABKQFQV CLO JRIQFMIF@>QFLK LC TELIB KRJ?BOP

What it Means (words):

5EBK ' JRIQFMIV > KRJ?BO ?V FK BFQEBO LOABO QEB MOLAR@Q FP QE>Q KRJ?BO

What it Means (symbols):
$LO >KV TELIB KRJBBO

5L 5 >KA L5 5
Examples:

k k >KA k

$0A ALBP QEB KRJ?BO >@Q QEFP T>V TFQE JRIQFMIF@>QFLK

WhyItOsTrue,Explanation.:
*BQP QEFKEFOPR.R@EBBCFKFQFLK LC JRIQFMIF@>QFLK >P OBMB>QBA >AAFQFLK

* 5k JB>KP QL >AA QEB KRJ?BO LKB QL FQPBIC J QFJBP
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T414--+1

m times

1LTBPBBQE¥Q 5 CLO >KV TELIB KR®BO
" -K QEB LQEBO E>KA JBR>KP QL >AA QEB KBJRRFQPBIC GRPQ KB QBJB >IPL

Why ItOs True, Explanation 2:

5 B@>KIPLRPBERRJ?BUT-KBLABIQL@OB>@RPQFCF @8SBAGE> @RI>QBPEBTFIIPQ>8D>KA
C>@EEBILPFQAEBB @ Q&R KFII QEBR>HB PQBIPOT>CAAEBTFIIALFGRPRBQFIB1L EBI>KAP
>® TEF@E JB>KP5k5

'C8BA@>I@RISBP EBPQ>0QP>KAC>@BERILPFQREBB@ QEBKEBQ>HBRBPQBBMOT>CKA
EB OBMB>QB QEJBPLL EB I>KAP5Q5 B PBB QE+Q 5

Why ItOs True, Explanation 3:

'K QEBOB3ILABI 5 k OBMOBPBICRHA FQEKBPNR>GREB>@ELT2E>Q>HBP QLQCS PNR>OBH
1L5k 5

1FJFI>0I\k 5 OBMOBPBKQP LKB G®INRXOBP ZE>{L > QLQSI BAR>0OBP 1L5 k5
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2EBBU>JMIBIOBPBKPB3BO&XFCBOBEQMI>K>QFKPY/LRQEFKHKBFRILOB@LKSFK GFREQER
LQEBOR JLOB @IB>0 >KA B>PFBO QL RKABOPQ>KA

#E<D9@<931D97?> 9C ?==ED1D9F5
#:89/;=B +RIQFMIF@>QFLK TELIB KRJ?BOP FP @LJJRQ>QFSB

)2+= 3=/+7< @8;.< 5EBK' JRIQFMQTLTELIBKRJ?BOPTFQ@EBEROABKKTEF@EIRIQFMRIEBJ
ALBP KLTB®Q QEB MOLAR@Q

)2+=3= /[+7< <B6,85< $LO >KV QTL TELIB KRIPBBR

yM* *M)

&B?2<5=

ILJB RM TFQE >Q IB>PQ@JE88B QL ABJLKPQO>QB QEB @LJIRQ>QFSFQV LC JRIQFMIF@>QFLK

3PB LRO JLABIP LC JRIQFMIF@>QFLK QL @LEBBR)M)REQEEXMKALBP @LJIRQ>QFSFQV ELIA FK
->-:A +);- 18=/ 7LRO BUMI>K>QFLK PELRIA KLQ RPB M>OQRAHRIKOERKMBORIMIB

#E<D9@<931D9?> 9C CC?391D9F5
#;89/,=B +RIQFMIF@>QFLK LC TELIB KRJ?BOP FP >PPL@F>QFSB

)2+= 3=/+7< @8;.< 5EBK' JRIQFMYEOBELIBKRJ?BOPK> DFSBKOABQEB>V' DOLR®EBJIQL
JRIQFMIV QTL >Q > QFJBQAEREQ QEB MOLAR@Q

)2+=3= /[+7< <B6,85< $LO >KV QEOBB TELIB KRJ?B®B®R+

YM* M+ )M *M +

&B?2<5=

ILJB RM TFQE >Q IB>PQ@E8BBQL ABJLKPQO>QB QEB >PPL@F>QFSFQV LC JRIQFMIF@>QFLK
3PB LRO JLABIP LC JRIQFMIF@>QFLK QL @L@BBR)4)REQEEMKALBP >PPL@F>QFSFQV ELIA FK
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> A +);_

#E<D9@<931D9?> 9CDB92EDSC ?F5B 449D97?7>
#,89/,=B +RIQFMIF@>QFLK AFPQOF?RQBP LSBO >AAFQFLK

)2+= 3=6/+7< 2EBAFPQOF?RJFSBIRIQFMIF@(FRGAAFQMR IFQEBOMLPQ>GRTLOARPLTBII
GRJIM PQO>FDEQ QL QEB PVJ?LIP $LO >KV QEORBATEAB KRJ?BOP

@M A B @MA @MB

A+695/< 5 B>@QRANAD>@RI>QFBRER@EFHREBU>JMIBF?LSBTEBKTB ILLHBAQQEBOBILABI
CLO JRIQFMIF@>QFLK
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&B?2<5=

S5EF@E LC QEB CLIILTFKD MF@QROBP ?BPQ OBMOBPBKQP QEB AFPQOF?RQFSB I>T FK QEB BNR>C
3.(244)=3-2+3-47
#UMI>FK VLRO @ELF@B
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&B?2<5=

3PBQEBFPQOF?RFOEE>PFI@LIMRBB @ECQEBHKVLREB>AKL @>I@RI>QLBBMI>FKLRO
PLIRQFLKP

45 x 11 63 x 101 172 x 1001.
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3PBLKBLCLRALABIPCLORIQFMIF@>Q@HAFQFRBUMI>AKEY QEBFPQOF?RFFBBOHBSBOV
QFJB

&B?@5BD95C ?6 9F9C9?>

'QPK>QRMHTILKABOEF@ECGKVLOQEBRBOLMBOSPHR IACLAFSFPFRRK @BRHKLTQEXQEBMBO>QFLKP
LC JRIQFMIF@>QFLK >KA AFSFPFLK >0OB @LKKB@QBA

H1=@<5 C 9F9C9?> CC?391D9F5

'C AFSFPFLK TBOB >PPL@F>QFSB QEBK CLO >KV @ELF@B Lt g9 BEBTHIRBAKRIZBOP
JK *K+ )K* K+

0BJBJ?BOQEB M>OBKQEBPBP QBII VLR TEF@E QTL KRJ?BOP QL AFSFAB CFOPQ
*BQ QOV QEB BUpJMIB  >KA + 2EBK TB E>SB

|

>SKA

i

1L FFFQORBEP AFSFPEIRPL@F>QFBH TB @>KPBPROBREFFFGRR®BBU>JMIB RQfAFSFPHER

>PPL@QF>@SBE1L>-1;)4,<)<-5-6< 'CFRQORBR>RILOKCLE>-:A 87;;1*4--@)584- +>V?BTB GRPQ
PQRJ?IBA LK > DLLA @ELF@B LC KRJ?BOR 2HQWQTTLIOH

*BQP HBBM ILLHFKIY 2 *  >KA +
|
>KA
i
2E>@ >l TB KBBA PFKDIB @LRKQBOBU>JMIB IBQP RP @LK@IRAB
"FSFPFLK/8R>PPL@F>QFSB

5E>Q >?LRQ QEB LQEBO MOLRNAGRIFBRCOBI QL AB@FAB



O#* #*) %( " # S (/ 0

&B?2<5=

1Q>QB TE>Q FQ TLRIA JB>K CLO AFSFPFLK QL ?B@LBERRMFHSEB TLOAP >KA PVJ?LIP

"B@FAB FC AFSFPFLK FP @LJIJRQ>QFSB LO KLQ '>OBCRIIV BUMI>FK ELT VL&¥3>AB VLRO AB@F
A7=367? A7=J:1/0<

&B?2<5=

1Q>QB TE>Q FQ TLRIA JB>K CLO AFSFPFLK QL AFPQOEFRABIFFQBAAFSRQIQL RPB
PVJ?LIP

"B@QFAB FC AFSFPFLK AFPQOF?RQBP LSBEOBRARDFBKIMDKKELT VLR J>AB VLRO AB@FPFLK
>KAD7? A7=367? A7=J:1/0<

&B?2<5=

1Q>QB TE>Q FQ TLRIA JB>K CLO QEB KRJ?BO QL ?B >K FABKRREVRILRRESHRFAR KA
PVJ?LIP

"B@QFAB FC FP >K FABKQFQV CLO AFSFBPERKV.BBUQRFK ELT VLR J>AB VLRO AB@FPKFLK >KA
07? A7=367? A7=J:1/0<

05B? &B?@5BDI 67B #E<D9@<931D9?> 1>4 9F9C9?>

&B?2<5=

7LR MOL?>?IV HKLT >KLQEBO MOLMBOQV LC JRIQFN)FRBER BBK QELKBENAND

'C' JRIQFMBKVKRJ?B@FJBP FKBFQEBOABGMERIOLAREPQ 2EFAFFPLIBQFJE®>IIBREBVBOL
MOLMBOQWRIQFMIF@>QFIKEBE>QEB-7 8:78-:<AFFSBOXFCBOBEQLDERIOLMBOCPABFKBK
FABKQFQV

5 OFQB TE>Q QEB WBOL MOLMBOQV JB>KP RPFKD ?LQE TLOAP >KA PVJ?LIP
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$LO BSBOV TELIB KRG?BO

%FSB >Q IB>PQ QEOBB BU>JMIBP LC QEB WBOL MOLMBOQV CLO JRIQFMIF@>QFLK
3PB LKB LC LRO JLABIP LC JRIQFMIF@>QFLK QL BUMI>FK TEV QEB WBOL MOLMBOQV E

LIAP

*89>; &19B )81B5

* $LO B>@E AFSFPFLK MOL?IBREZB(LAQ FKQL > JRIQFMIF@>QFLK MOL?IBJ 1LISB QELPE
@>K 'C VLR @>BUMI>FK TE>Q FP TOLKD

] j j j j
* 3PBVLRO TLOH QL BUMI>FK TEV TRLP:N TBBE>Q;=6,-.16-,

" 3PB LKB LC LRO JLABIP LC AFSFPFLK QL BUMLBA TEN-6,-.16-,

8 MOL?IBJF

?EB 13D 1=9<95C
'K BIBJBKQ>OV P@ELLI PQRABKQP >0OB LCQBK BK@LRO>DBA QL JBJLOFWB fCLRO C>@Q C
d
d
&BOBi> AEBOBKQ fCLRO C>@Q C>JFIVg
| ]

| ]

*89>; &19B )81B5

' 'K TE>Q PBKPB >OB QEBPB DOLRMP LC BNR>QFLKP fC>JFIFBPg
5 OFQB ALTK >Q IB>PQ QTL JLOB >AAFQFLK PR?QO>@QFLK CLRO C>@Q C>JFIFBP

>JFIFBP g

* 3PB MOLMBOQFBP LC >AAFQFLK >KA PR?QUBA@EBER QL RONI>EQ C>JFIFBP >OB B>@E OB>IIV

C>@Q
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° 5 0FQB ALTK >Q IB>PQ QTL JLOB JRIQFMIF@>QFLK AFSFPFLK CLRO C>@Q C>JFIFBP

* 3PB MOLMBOQFBP LC JRIQFMIF@>QFLK >KA A6SEFBRSQLROMI>@Q C>JFIFBP >0B B>@E OB>|
LKB C>@Q

&B?2<5=

&BOBi> QORB C>@Q FK23PB-PEY = 5., 5 OFQB QEB OBPQ LC QEFP CLRO C>@Q C>JFIV
&BOBi> QORB C>@Q FK PPRPB P, — 2... 5 OFQB QEB OBPQ LC QEFP CLRO C>@Q C>JFIV

?9>7 55@5B G9D8 9F9C9?>

1L C>DBiSB?BBIQEFKHBPRDRAFSFPRKIE>@@>IIBREB=7<)<157,-4 'K QERRLQ>QHSMBI TB T>KQ
QLI>HBDOLRMPEBNR5PFWB BHKLTQERLB-7. <0-/: 7=8 >KATB >PH)7? 5)6A /: 7=8; $LOBU>IMIBIB
QEFKHLC | >P

&LT J>KV DOLRMP LC >0B QEBOB FK > DOLRM LC

2EFKHFXPLRQLRC> @QJFIFEEL TBSBDB OB>IFWR@ >RRAERRBPQEK RKAQFG B@LRIAEFKALRQ
QEB):<1<157,-4 LCAFSFPFIKKQERI>OQFQFSHE TB T>K@LI>HB>KBNR>KRJ?BQCDOLRME BHKLT
07?7 5)6A /: 7=8; >KA TB >PH QEB 7. <0- /7=8 'K QEB M>OQFQFSB JLABI TB QEFKHLC | >P

FP DOLRMP LC TE>Q PFWB
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5EBKTB HKLTQEBOFDFKEILRKSKAQERRJI?BQOM>0QB RPBI>0OQFOFSEP KK FKAEBFWEB> @E>00Q

5EBK TB HKLTQEBOFDFK3ILRKQKAQEBFWEB>@K>0TB RPBIRLQ>QRESFPRUCFKAEBRJI?BQC

M>0QP

&BOB >0B PLJB BU>JMIBP FK TLOA MOL?IBJP

Partitive Quotative
number of groups known number in each group known
find the number in each group find the number of groups
A movie theater made $6450 A movie theater made $6450
in one night of ticket sales. in one night of ticket sales.
430 people purchased a ticket. Each ticket cost $12.50.
How much does one ticket cost? | How many people purchased a ticket?

*89>; &19B )81B5

$LO B>@E TLOA MOL?IBJ ?BILT

T "O>T > MF@QROB QL PELT TE>Q QEB MOL?IBJ FP >PHFKD

* 3PB VLRO MF@QROB QL EBIM VLR AB@FAB FC FQ FP > NRLQ>QFSB LO > M>OQFQFS

© 1LISB QEB MOL?IBJ RPFKD >KV JBQELA VLR IFHB

">SFAJ>AB @LLHFBP CLO QEB ?>HB P>IB &B M>@H>DBA QEB @LLHFBP FK ?LUBP

AFA EB RPB

B AFSFPFL

| C &LT J>

">SFAJ>AB @LLHFBP QL PE>OB TFQE EFP COEBRAB IGMRK@MBLMIB >Q EFP IRK@E Q>7?IB

FK@IRAFKD ">S&AT J>KV @LLHFBP AFA B>@E MBOPLK DBQ
*FW PMBKQ LKB PRJJBO EFHFKD QEB MMHEBAEHEKVITEIMEA

JFIBP LC QEB QO>FI >KA

>SBO>DBA JFIBP MB@APV>KV A>VP T>P PEB LRQ EFHFKD QE>Q PRJJBO
-K MOFI 2+</18;=87 ?B@>JB QEB CFOPQ MBOPLK QL EFHB QEB BKQFOB )LhL|

PFKDIB QOPRBPQLOV 'Q QLLH EFJ BFDEQ A>VP QL EFHB >l
PQB>AV M>@B ELT J>KV JFIBP AFA EB EFHB B>@E A>V

JFIBP COLJ PQ>0Q Q

>R PRIJFG
| CFKFPE
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5 OFQBROTK TLOAVOL?IBJB OFQRBVI>OQFAFSBPRIAL ?IBIKAKBNRLQ>QRSSFPRIRL ?IBJ
IELLPB VLRO KRJ?BOP @>0BCRIIV PL QE>Q QEB >KPTBBTRRBE QROIMSEBIRO MOL?IBIP

5EV QEFKIILRQEBRE LILABIPCLAFSFPFIZKRTLKIQ?BQB>@EGEBLOAB): <1<1>KA=7<)<1:QLVLRO
PQRABKRBOB@L DK FQERDLHFKARAFSFPRIRL ?IBIPKA?BFKE?IBQL@LIRRMIFQBU>IMIBRB>@E
TFIl J>HB VLR > ?BQQBO QB>@EBO

'QP FIMLOQSEM) RPQRABKQBUMLPEA?L QH>VPLCQEFKHBRDRAFSFPFEKAQLMOL?IBJEC?LQE
QVMBREBOTFREEBISV QEFKIILRAFSFPRKK>00L TRKAKLB>IRKABOPQEEKARDLFKDK 'CVLR
RKABOPQ>KA QEB QTL HFKAP LC MOL?IBJP VLR @>K JLOB B>PFIV AF>DKLREF®RIQBBBAV PQRABKQF

+LPQ QQEBFSFPRI@L ?IBJFBISBILLHBAQLC>E>SELIR RBSBKITFQELOBJI>FKABRDLCALROPE>Q
ALBPKPIT>VAE>MMBHLIBQFJBB TELIBKRJ?BOKPTBDHBRPBKPBKAQER LKQRUQEBIOL?IBRELRIA
QBII VLR TEF@E TELIB KRJ?BO FP QEB OFDEQ LKB QL @ELLPB

&B?2<5=

5E>QFP |

5 OFQB > MOL?IBJ QE>Q RPBP QEB @LIJMRQ>QFLK | >KADFSBP >P QEB @LOOB@Q >KPTBC
5 OFQB > MOL?IBJ QE>Q RPBP QEB @LIMRQ>QFLK>PjQERADIESBB@Q >KPTBO
5 OFQB > MOL?IBJ QE>Q RPBP QEB @LIJMRQ>QFLK j >KADFSBP  >P QEB @LOOB@Q >KPTB!

5 B@>REFKIALRAFSFPAIFQBBJI>FKABQBOIRPLIBLOLRALABIFCLOMBO>QFSKPBU>IMIB B @>K
@>I@RI>QBQE>Q | 9B @>KMF@QROB FQ QEFP T>V

23=95-4+3.
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* #UMI>FK ELT QEB MF@QROB >?LSB FIIRPQO>GEBOB AL VLR PBB QEB OBJ>FKABO LG FK QEB
MF@QROB

© #UMI>FK QEB @LKKB@QFLK ?BQTBBK QEBPB QTL BNR>QFLKP
j 0 >KA I

" &LT @LRIA VLR RPB QEB KRJ?BO IFKB JLABI QL PELT QEB @>I@RI>QFLK I 5E>Q ALBP >
fOBJ>FKABOg ILLH IFHB FK QEFP JLABI

© "O>T >0B> JLABIP CLO B>@E LC QEBPB AFSFBFKK REBNRI)FBKQ >KA OBJ>FKABO

j j j




9F9C9?7> H@<?B1D9?7>C

KR OBCRRBBEBHKVLKBEEFRLOHFKE> m  PVPQRIO>- m  PVPQRIC-K\L.QEBWPQBIEBI>HBP
BSBOVLKB @>IRQ@PVPQBJ ?RQ TLRBII >KVLKB TPSRKAP CLO

5 B HKLT QE>Q ?LUBP FK > m E>SB S>IRBP QE>Q >OB MLTBOP LC QBK c
KA ?LUBP FK > m PVPQBJ >OB MLTBOP LC CFSB c

1L KRiP PVPQBJ TE>QBSBO FQ FP JRPQ @IME:TBOREC? . ..

5EBK KR TOFQB3H6, PEB JRPQ JB>K

223 + 522 + 5z + 6.

KA TEBK PEB TOHQBRPEB JB>KP

158
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T+ 2.
KR AB@FABP QL @I20/RQB- 12,

1EB L?Q>FKP

(22% + 522 + 52+ 6) = (x +2) =222 + 2 + 3.

&B?2<5=

IEB@H KM AFSFPFLK ?V @LIMRQFKD QEB MOLAR@Q
(x +2)(22% + 2 + 3).
"FA FQ TLOH
3PB KRP JBQELA QL CBkKA+ 7z + 2) + (x + 2)
3PB KRP JBQELA QL €BkA+ 322 + 522 + 4 + 1) + (22 + 1)
3PB KRP JBQELA QL CEKA- 32° + 622 + 5z + 3) + (22 + x + 1)

KR 1>QBUBIIRPRERE®B>IIV>PQEFKHEKD M  PVPQRLQEGALBBNRXDBREBKEBBRI?BO
OB>IIV T>P QTL QELRP>KA CFSB ERKAOBA >KA CFCQV PFU >KA OB>IIV T>P QTBISB &BO PQ>QBJBK(

(22% +52° 452 +6) +~ (x+2) =22+ +3

FP>@QR>IIV |



O#* #*) %( " # S (/ 0

&B?2<5=

IEB@H QE>Q | FP @LOOB@Q FK ?>PB

)BBMFKD TFQE QEB m PVPQBJ TE>Q AFSFPFLK MOL?IBJP AFA VLR >@QR>IIV PLISH
A LC.OL?IBJ !'EB@H QE>Q VLRO >KPTBOP >0OB @LOOB@Q

FK M>0QF

3E-E KR E>P @E>KDBA EBO JFKA 1EB KLT P>VP PEB T>P QEFKMAXERIC > m
LT 2556, IB>KR2 - 112 +5-112 4+ 5 11 + 6 = 3328en
1FJFI>OIV2, IB>KPL - 11 4+ 2 = 134y >KAR213,IB>KR - 112 + 1 - 11 4+ 3 = 25640y,
1L KRiP @LIMRQ>QFhE, + 12, = 213, FP >@QR>IIVQEB ?>PB  PQ>QBJBKQ

j

&B?2<5=

IEB@H QE>Q | FP >IPL @LOOB@Q FK ?>PB QBK

)BBMFKD TFQE QEBPWPQBJ TE>Q AFSFPFLK MOL?IBJP AFA VLR >@QR>IIV PLISB FK N
A LC.OL?IBJ 'EB@H QE>Q QEBV >0OB @LOOB@Q

1>0QP ?

&B?2<5=

3PB KRP JBQELA QL PELT QE>Q ‘
(x4+4x5+6x2—|—4x+1)+(x—|—1) = (x5—|—3a:2—|—3x+1).

5E>Q FP QEFP P>VEXD CLEB@H QE>Q QEB AFSFPFLK FP @LOOB@Q

5E>Q FP QEFP P>VEXD!EB@H QE>Q QEB AFSFPFLK FP @LOOB@Q

SE>Q FP QEFP P>VEBDR:L B>@E LC >KAEB@H QE>Q B>@E AFSFPFLK
@LOOB@Q

5E>Q FP QEFP P>VEKD CLO

T
o




&B7?72<5= 15;

&B?2<5=

ILJIMRQB QEB CLIILTFKD RPFKD ALQP >KA ?LUBP

J
j
j
j

&B?2<5=

$FIl FK QEB PNR>OBP RPFKD QEB AFDFQP
MLPPF?IB PRJ
ooy

+0 00

$FIl FK QEB PNR>OBP RPFKD QEB AFDFQP

MLPPF?IB MLPFQEBBB¥@B
oo

—ggd

>KA BU>@QIV LKB QFDBBS@E QL

>KA BU>@QIV LKB QFJB B>@E QL

| J>HB QEE

| J>HB QER

161



O#* #*) %( " # S (/ 0
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+>HB > ?>PB PFU >AAFQFLK Q>7?I1B
+ H Osix ‘ 1Six | 2siX ‘ 3six | 4six ‘ 5Six

Osix

1SiX

1Osix

12Six

3PB QEB Q>?IB QL PLISB QEBPB PR?QO>@QFLK MOL?IBJP

13six - 5six 1zsix - 3six

]-OSiX -

4six .

&B?2<5=

-

"L QEBKB>|@RI>QHOKPELRA Ki QQO>KPIOQBPB
CLRO

33tour + 1lfour

123¢5ur + 22¢0ur

223tour — 131tour

112¢5ur — 33four

>KAQEB®>|@RI9EBOBQOYITLOHFK>PB

L

-

&B?2<5=

+>HB > ?>PB CFSB JRIQFMIF@>QFLK Q>?IB

L
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X H Oﬁve ‘ 1ﬁve ‘ 2ﬁve | 3ﬁve ‘ 4ﬁve

Oﬁve Oﬁve Oﬁve
1 five
2ﬁve
3ﬁve 11 five
4ﬁve 2 2ﬁve

3PB QEB Q>7?IB QL PLISB QEBPB AFSFPFLK MOL?IBJP
11ﬁve - 2ﬁve 22ﬁve - 3ﬁve 13ﬁve - 4ﬁve-

&B?2<5=

&BOB FP > QORB C>@Q FK ?>PB CFSB
2ﬁve : 3ﬁve - 11ﬁve

5 OFQB QEB OBPQ LC QEFP CLRO C>@Q C>JFIV

&BOB FP > QORB C>@Q FK ?>PB CFSB
13ﬁve - 2ﬁve = 4ﬁve

5 OFQB QEB OBPQ LC QEFP CLRO C>@Q C>JFIV

9B53D9?>C 6?B <@81#1D8 &B?2<5=C &B?2<5=C M

* *BQQBOP PQ>KA CLO AFDFQP d

' 'K > DFSBK MOL?IBJ QEB P>JB IBQQBO >IT>VP OBMOBPBKQP QEBEKQBBFOBQP>KAARCOBMOBPB
AFCBOBKQ AFDFQP

* 2EBOB FP KL OBI>QFLK ?BQTBBK MOL?IBJP PLfgFK M>0Q >KA fg FKOBSBRQJFDEQ ?B AFC
" 2TL QEOBB >KA CLRO AFDFQ KRJ?BOP KBSBO PQ>0Q TFQE > WBOL
* 7LRO GL? $FDROB LRQ TE>Q AFDFQ B>@E FRQ@EEQ PEKAPI@RI>QFLK PELTK FP @LOOB@Q
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&B?2<5=

I8=/< 'K M>0Q f-g OBMOBPBKQP QEB IBQQBO fLE g KLQ QEB AFDFQ WBOL

A
A
+A

HA

ONUE
+ONFE
TW O

ABC
+ACB
CBA

&B?2<5=

&BOBi>KLQEBO IME>+>QE MOL?IBJ
TEN

+NOT
NINE

1LISB QEFP IME>+>QE MOL?IBJ FK ?>PB
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@LKCRPERBK-VLRTBOBKBEL.QQEBRR@HKBHEL AFALPQORDIEBKB>OKFKELRQO>@ QMLIRP
MOL?>?IV E>A COFBKAP TEL AFA PQORDDIB

5 FQEM>OQKBOH?LRDEV QEFPSE>QF PLAFRCF @ RIQREKABOPQ>K2BKD QRMRPFREBLMF@
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1RMMLPB MFBP >0OB QL ?B PE>OBA BNR>IIV >JLKD @EFIAOBK 2EFP BFBDMOBVFBP MBO HFA 5
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2EBCO>@@AMNRFS>IBRQERFSFPAURL?IBS + 3 = 2 'QOBMOBPRIEBMRJI?BQCMFBEKB
TELIB @EFIA OB@BFSBP TEBK QEOBB HFAP PE>OB PFU MFBP BNR>IIV

'KQEBP>JBT>Vc
* 1E>OFKD MFBP >JLKD HFAF%&/EBL’Z\IVIFBP MBO HFA
° 1E>OFKD MFBP >JLKD @EFIA@&VFMRBP MBO @EFIA
" 1E>OFKD MFBP >JLKD HFA% VFBINFB MBO HFA
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2ERP PQRABKQP >0B Q>RDEQ QL >PPLGfpQBQEBMRETBRIB

'K QEB>JBT>V QEBIF@QROB FP>FALOBMOBREKERQEFOREHPE KA QERFFKABBPEBILRKQC
MFB >K FKAFSFAR>| @EFIA TLRIA OB@BFSB FC LKB MFB FP PE>OBA >JLKD QEOBB

2EBMF@QROB FR2>IIBIRKB CFC@EQFFFKAB%AQEBJLRKQCMFBKFKAFSFARB@BFIHQIEOBHFBFOB
PE>OBA >JLKD CFSB @EFIAOBK

KA QEBIF@QROB FRE>IIEQEOBB CFQUEEYOBEBRERILRKQAVIFBKFKAFSFABB@BRSBEOBBBP
>OB PE>0OBA >JLKD CFSB @EFIAOBK
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I>OBCRIBUMI>HEVQEFORB CFSBFAPE>QBEOBE EENR >8> @8 EF@B @BFIBRLRKQE>Q

ILLHP IFHB QEFP
7LRO BUMI>K>QFLK TFIl MOL?>?IV OBNRFOB ?LQE TLOAP >KA MF@QROBP
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"0>T > MF@QROB >PPL@F>QBA TFQE QEB CO>@QFLK

"0>T > MF@QRTUB. @ F>TIRMREEO>@GFIKVLRMF@QBBEIQEBILRKQCMFBK FKAFSFARCRIA
OB@BFSB FC QEOBB MFBP >0B PE>OBA >JLKD PBSBK HFAP B SBOV @IB>0 LK QEFP

*BQP TLOH ?>@HT>0OAPPSBEBFKPTBO QL > AFSFPFLK MOL?IBJ

2EF®BMOBPREBR.RKQOVFBKFKAFSFARSAD B @ BASBRPIBKRJ?BOQOMFEHPE>0OBALKDPLIBKRJ?BO
LC @EFIAOBK &LT J>KV MFBP &LT J>KV @EFIAOBK &LT @>K VLR GRPQFCV VLRO >KPTBOP

&BOB? >KLQEBO >KPTBO QL > AFSFPFLK MOL?IBJ

&LT J>KV MFBP &LT J>KV @QEFIAOBK &LT @>K VLR GRPQFCV VLRO >KPTBOP

&BOB FP >KLQEBO >KPTBO QL > AFSFPFLK MOL?IBJ
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&LT J>KV MFBP &LT J>KV @EFIAOBK &LT @>K VLR GRPQFCV VLRO >KPTBOP
*BFDE P>VP QESPIQEOBB QFJBP >P gRDQEFP OFDEQ #UMI>FK VLRO >KPTBO
"0>T > MF@QROB CLO QEB >KPTBO QL QEB AFBPRFOR NBOIERHERIVLR KLQF@B >?LRQ QEB >KPTBO
"0>T > MF@QROB CLO QEB >KPTBO QL QEB AFSEP@ERIBIEBQ VLR KLQF@B >?LRQ QEB >KPTBO
5E>Q ALBP QEB AFSFPFLK #OBMBBPBKQ &LT JR@E MFB ALBP >K FKAFSFAR>I @EFIA OB@BFSB
5E>Q ALBP QEB AFSFPFLK RIOBNEIBPBKQ &LT JR@E MFEFKABBSAR>| @EFIA OB@BFSB
SE>Q ALBP QEB AFSFPFLK HOBMBBPBKQ &LT JR@E MFB ALBP >K FKAFSFAR> @EFIA OB@BFSB

&BOB FP QEB >KPTBO QL >KLQEBO AFSFPFLK MOL?IBJ 2EFP FP QEB >JLRKQ LC MFB >K FKAFSFAR>

&LT JI>KVMFBBOBKQEBFSFPRIRL?IBRLT J>KVHFAPBOBKQEBFSFPRIE&L?IBJRPQRI\ROKPTBOP

&BOB FP QEB >KPTBO QL >KLQEBO AFSFPFLK MOL?IBJ 2EFP FP QEB >JLRKQ LC MFB >K FKAFSFAR>

&LT J>KVMFBIBOBKQEBFSFPRIRL?IBRLT J>KVHFAPBOBKQEBFSFPRIRL?IBJRPQRINRGKPTBOP

+>KV QB>@EB&HB/LRKPQRABKRESFABTB OBKREX MBAFBFKQCO>@ QMHLKBU>IMIB> EBU>DLK>I
MFB FP DLLA CLO FIIRPQO>QFKD QEB CO>@QFLKP
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1LJB OB@Q>KMHBEDBFPQOF2RIDBMBKRJI?BQCHFAREFIMF @ QRENOBPEEBR RKQOVIFBK
FKAFSFAR>| @EFIA OB@BESBORER+KDIB OBMOBPBKQP LKB TELIB MFB

&LT J>KV MFBP &LT J>KV HFAP !>OBCRIIV GRPQFCV VLRO >KPTBOP

&95C &5B 89<4 #7?745<

'K LRQLABI >co>@(§m1KMOBPeEQRRKQG\AFBKFKAFSFA@EF@B@Bme MFBFOBE>OBAIR>IIV
2Vb HFAP
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* 5E>Q FP 5E>Q FE 5E>Q FRY LT @>K VLR RPB QEB f.FBP .BO IEFIA +LABIg QL J>HB PBKPB LC
CLO >KV MLPFQFSB TELIB:KRJ?BO

* 5E>Q FP5E>Q FP 5E>Q FEET0 &1 T @>K VLR RPB QEB f.FBP .BO IEFIA +LABIg QL J>HB PBKPB LC
b CLO >KV MLPFQFSB TELIKRI?BO

* 5 OFQB QEB >KPTBO QL QEFP AFSFPFLK MOL?IBJ f E>SB KL MFBP QL PE>OB >JLKD QEFOQBBK
VLR DBKBO>IFWB QEFP AFSFPFLK MOL?IBJ QL J>HB > DBKBO>I PQ>QBJBKQ >?LRQ GO>@QFLK
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$LO>CO>@GFRERLMRI?BO TEF@EL®PFRERRI?BRCMFBIFR®>IIBAEB>6/;+=8; LOQEB
CO>@QFLK >KA QEB ?LQQLIIERIRBRI?BO LC HFAP FP @%8B2V@ER LC QEB CO>@QFLK

+LPQ MBLMIB FKPFPQ QE>Q QEB KRJBO>QLO >KA ABKLIJFK>QLO B>@E ?B TELIB KRJ?BOP ?RQ QEBV.
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DORBPLJB 'KPQB>A LC AFSFAFRDBNSBYB IBRAP &BOB FP LKB @EFIA

" 5E>Q TLRIA E>IC > HFA ILLH IFHB
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© 5E>Q TLRIA LKB QEFOA LC > HFA ILLH IFHB
" 5E>Q TLRIA QEOBB CFCQEP LC > @EFIA ILLH IFHB

1L TE>Q TLRIA
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OBMOBPBKQ

2EFRB>KP>PPFDKEKBVIFBIB>@IPOLRMEE>IC @EFIAL ELT JR@HBLRIA>TELIB@EF@B@BFSBII
TB TLRIA E>SB > MF@QROB IFHB QEFP

2EB TELIB @EFIA DBQP QTL MFBP PL TB E>SB
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"O>T MF@QQROBP CLO QEBPB MOL?IBJP FC FQ EBIMP

5E>Q ALBP
1

)

OBMOBPBKQ (RPQFCV VLRO >KPTBO RPFKD QEB f.FBP .BO 'EFIA +LABI g
5E>Q FP
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(RPQFCV VLRO >KPTBO

#UMI>FK TEV QEB CO>@QFLK
)

1
(2)
OBMOBPBKQP QEB KRJ?BO  &LT JR@E MFB FP DFSBK-QEBBIEIFPAIFA 2
5E>Q FP

1,

!
5)
(RPQFCV VLRO >KPTBO

2+55/71/ 2TL >KA > E>IC MFBP >0B QL ?B PE>OBA BNR>PKAJLEBICIREFIAOBK &LT JR@E
MFB ALBP >K FKAFSFAR>| TELIB @EFIA OB@BFSB (RPQFCV VLRO >KPTBO
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CO>@QFQE KRIBO>R.BIIBQE>RQMBKLIFK>QRD>IIBAKP @ELIFQEGHD K >8:78-: .:)+<176$LO
BU>JMIE2 FP fMOLBO

CO>@QFQERIBO>QbOBQE>RQRBKLIFK>@RD > IBAKP @ELLHQEGH K >K158:78-: .:)+<176$LO
BU>JMIE, FP fFIMOLYBOQEB iP QEBPB CO>@QFLKP FBOB: @+*HKRB76;

$LOPLJB OB>PLRIMOLMBO>@QBEDERLKPFABIBA 158:78-: ?V PLIB QB>@EROPQRABKQR.CQBK
>PHBALTOFEBMOLMBO>@ QFRK®LI?FK>QECKTELIBKRJ?BOKA> MOLMBO> @ QFLABE > BSFUBA
KRJ?BOP¢YBPMFQB QEBFO K>JB >KA QEBPB MOBGRAF@BP FIMOLMBO CO>@QFLKP >0OB RPBCRI KLK

5 FQEJFUBARJ?BO/LRE>SE DLLAPBKABQEBSBOSFWBQERRJI?BG> IFQQIBOBQE>KFSBLE> ?FQ
IBPP QE>K g RQ FQ FP LCQBK B>PFBO QL AL @>I@RI>QFLKP TFQE FIMOLMBO CO>@QFLKP TEV AL
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MFB QL PE>OB >JLKD QEB QEOBB @EFIAOBK

2ERPZ BNR>IPMIRE .BLMIB TOFQB

7 1
3 = 5

>KA @>Il QEB OBPR®D, 6=5*: -KB @>K >IPL TOFQB
1
2 _

TEF@E FP TE%’QB>IIV JB>KP RQ JLPQ MBLMIB @ELLPB QL LIFQ QEB MIRP PFDK
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'C @EFIA®BKXOB MFBPB @>RFSQEBB>@ETELIBMFBRE>@®PBP MFBPKAQEBSBB MFBBCQ
LSBO
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$LO CRK IBQ RP TOFQB QEBRRI?BE@QFLK TFQE ABKLIFK>QLO

10
2=—.
5
1L
1 10 1 11
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5 B E>SB TOFQQBK QEB JFUERKRIQE® FIMOLMBO &b>@QFLK
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* 5 OFQB B>@E LC QEB CLIILTFKD >P > JRUBKRHRIEBDVLR DLQ VLRO >KPTBO
17 8

100 200
3’ 5 3’ 199
* ILKSBOQ B>@E LC QEBPB JFUBA KRJ?BOP FKQL fFIMOLMBOg CO>@QFLKP #UMI>FK ELT VLR O
1 1 3 1
3 5— 1— 200 —.
4’ 6’ 11’ 200

J

L

1QRABKQBCQBRHBALBILOFWEER>IJBAMOLMBO>@ QFEIRIQLMBO>@ QF:KRIFUBARI?BOBL
QE>Q QEBV @>K CLIILT AFOB@QFLKP LK QBPQP >KA MOL?IBJ PBQP

RQ QL> J>QEBJ>QF @BERRE-JBP>OBLG Q| FIMLOQ>KEBOBRKL f@LOOBBYQRLBUMOBREKPTBO
>PPRJFKQEQEBKPTBER>QEBJ>QF @3EBFDERJI?BO5 BLCQBKPEIBUMORRKPTBEK> PFIMIBO

CLOJ ?RQ PLIBQFJBP QEB @LKQBUQ TFII QBIl VLR TE>Q CLOJ FP fPFIMIBg >KA TE>Q CLOJ FP JLOB @

P VLRTLOH.KMOL?IBIFKQER® E>MQB®@ FEBYLROPBIEF @BVMEXCO>@QERA?B?BPQLTLOHFQE
>P VLR AL VLRO Q>PH
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5 B HKLT Q%Q:’ QEB >KPTBO QL > AFSFPFLK MOL?IBJ

a

b

OBMOBPBKQP QEB >JLRKQ LC MFB >K FKAFSFAR>|(@EBR S8 BBESBBA BERIRRIEFAOBK

5E>QE>MMBRKE B ALR?IQEBRJ?BQCMFBKAALR?IQEBRJI?BQCHFAPLQEFKR2EB>JLRKQCMFRBO
@EFIA FP PQFII QEB P>JB

2a

“a _a
2% b

$LO BU>JMIB >P QEB MF@QRORABETRQE DFSB QTL MFBP CLO B>@E @EFIA
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KA QOFMIRKEBRJI?BQCMFBKAQEBRJI?BQC@EFIACBNALBK LR E>KNHEBFK>ILRKQCMFBRBO
@EFIA KLO ALBP NR>AORMIFKD BE@IEKBRIGBOFLK ?FIIFLK QRMIFKD QEB KRJ?BOP

6 12 18
3 6 9

= ... = two pies per child.

2EFP IB>AP RP QL T>KQ QL ?BIFBSB

151 B13D9?> (E<5

ra a

zb b’

>Q IB>PQ CLO MLPFQFSB TELiIB KRJ?BOP

5 B P>V QE>Q QEB CEb@XQf bKIB>37+5/7=
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H1=@<5 B13D9?>C 5AE9F1<5>D D?

$LO BU>JMIB

3
= (sharing three pies among five kids)

A3

VFBIAP QEB P>JB OBPRIQ >P

3-2 6
=5 T 10 (sharing six pies among ten kids)
>KA >P
3-100 300
=100 = 500 (sharing 300 pies among 500 kids).
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5 OFQB ALTK > ILQ LC BNRFS>IBKQ §C+@QFKAROCOD

H1=@<5 ?9>7 13;G1B4C

20
3 (sharing 20 pies among 32 kids)

FP QEB P>JB MOL?IBJ >P

P
5-4 5 . : : .
S 1 -3 (sharing five pies among eight kids).
+LPQ MBLMIB P>V TB-§6%884-,LO Q>HBK > @LJILK C>@QLO COLJ QEB KRJBO>QLO >KA A

+>QEBJ>QF @ESHPERROL @BRA-16/ QEBO>@QRILKBPQBOJR BE>SB>ABQERRJIBO>QHG
ABKLJIFK>QLO PJHIBO>@Q >P PJ>Il >P TB @>K J>HB QEBJ

2B>@ERIBKALP>\QEB >ORL5841. ALQEBO>@QFLRE>SRI>AIFQEALBRLLHPFIMIBIE>K
20

32

BKLJIFK>Q
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P >KLQEBO>IMIES) @>@BOQ>FBIVJMIFCRBALQF @OREEBOE @LJILKC>@QU0 FIRLQE
QEB KRJBO>QLO >KA QEB ABKLJIFK>QLO

280  28-10 28
350 35-10 35
5 B @>K DL CROQEB® AP >0OB ?LQE JRIQFMIBP LC
28 4.7 4
35 5.7 5
2ERP PE>OFKIMFBP >JLKD @EFIAOBK DFSBP QEB P>JB OBPRIQEBPPEH:RQERBEFIAOBK
280 4
350 5

1IFK@B-KA PE>08.@LJILKC>@ QIQHR>PC>0PTB @>RLTFQREBU>IMIBEFIBPQ>VFRBQE
TELIB KRJ?BOP

%> [?EB %G>

+FU>KA+>Q@EK QERLMOPLIBCO>@QBOEUR>SKL@PBBKRFIMIFCRBAQEBLQQLIOREBFIMIFCFBA
>KPTBOPREKO>KALLOABEEF@PFJIMIFCPBRTBDLBAFQEEF@EO>@QFLRF @BE>QEBOBEBTBO
>KPTBOP QE>K NRBPQFLKP

10 o0 24000 24 18 1
1. 20 2. - 3. 36000 4. 7 5. e 6. 10
2 9 12 1 1
a § b E C 7 d E e 5

*89>; &19B )81B5

3PBQEBFBP.BO!EFIA+LABIg QLBUMI>K&2BQEBIB\CO>@ @RHKELIAP2E>FPBUMI>HKEYV B>@E
FKAFSFAR>| @EFIA DBQP QEB P>JB >JLRKQ LC MFB FK QEBPB QTL PFQR>QFLKP




I

( * %$

(+

* FC VLR ExSHFBP >KAFAP LO
* FC VLR E=SBMFBP >KhHFAP




449>7 1>4 )E2DB13D9>7 B13D97>C

&BOB >OB QTL SBOV PFJFI>OCEABREL@RFDEQ FQ JB>K QL >AA QEBJ 'Q JFDEQ PBBJ OB>PLK>?IB QL

2
- represents 2 pies shared by 7 kids.

represents 3 pies shared by 7 kids.

1LJ>V?BZ + 2 OBMOBPBKBBRILKD HFABFSFKIEBKPTBE 'QFFSBOYBIMQRMB>\QEXQAAFKD
CO>@QFLKPg JB>KP f>AAFKD MFBP >KA >AAFKD HFAP g

2EBQOLRFBQE>CO>@PFHKKQ MFB-KA> CO>@ @FKKG @EFIAL >AAFKRIFBFKASAAFK@ EFIAGBK
KLG @QRAVAFKTO>@QFLEP>@ GRRKIBQEFKBCBOBKIBROBI>QBAFBAKAHFARPR@LIBQEFBIIDB
PR?QIB CO>@QF)B7EB=K. 81- 8-: +014,

-KB @>KKLQ >AA MFBP LKB @>KKLQ >AA @EFIAOBK -KB JRPQ >AA FKPQB>A QEB >JLRKQP FKAFSFAF

H1=@<5

*BQRFQ>HBRILTIV!LKPFABREBO>@ GF&ROBP> MF @ QRIEBILRKQKFKAFSFAREFBB@BFSBP
TEBK QTL MFBP >OB DFSBK QL PBSBK HFAP

!LKPFAH@EBO>@§F&BOBFQEB/IF@QHQEBJLRKQKFKAFSFP@EF(DB@BFBEFKQEOB(EB:BFOB
DFSBK QL PBSBK @EFIAOBK
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2EB PRE + 2 @LOOBPMLKAP QL QEB PRJ

2EB >KPTBTDLJ QEB MF@(%ROB FP

*89>; &19B )81B5

OBJBJ?BOQE>?QJB>KPfQEB>JLRKQ_CMFIBQE>Q(B@EFIIABQ'PEBKCFSBI FBPOBPE>OBN PBSBK
@EFIAOBK g >OBCRIIVEBAQEFR FP QEB P>JB >P QEB MF@QROB DFSBK ?V QEB PRJ >?L

92}
vy)

7LRO BUMI>K>QFLK PELRIA RPB ?LQE TLOAP >KA MF@QROBP

+LPQVIBLMIBB>@EFRPQTLPBSBKQERPEOBBSBK QIS BEF SEBSBKQERAQEFIQEQEBIOL ?IBBRGRPQ
>P B>PV >P P>VFKD fQTL >MMIBP MIRP QEOBB >MMIBP DFSBP CFSB >MMIBP g KA FK QEB BKA QEBV :



O#* #*) %( "#$*(/ * )
2EFIFFELT QEBAAFQRIX O>@ QFEHRIPER DEME QRABKAN-K OCO>@ QRERBEB>JBABKLIFK>@EBJIP
GRPQ >P B>PV >P >AAFKD >MMIBP
QBKQEP QBKQEPQBKQEP QBKQEP
4 N 3 N 8 15
10 10 10 10°

‘.

KA FC VLR IFHB = 23 —

w
[NJ[JY

ot

PFUQV CFCQEP  PFUQV GFEQEY CFCQEP

82+91 173
65 65 65

5 B >OB OB>IIV >A#8iD=< 9/; -235.KLQ >JLRKQP ?RQ QEB >KPTBOP J>Q@E QEB P>JB T>V

5 B@>RPBEBFBP.BOEFIA+LABIgQIBUMI>RRA>AAFKDO>@ QREQEHRBKLIFK>QIOBHPKQERRYV

H1=@<5

2EFKH >?LRQ QEB >AAFQFLK MGL?IBJ
amount of pie each kid gets when 7 kids share 2 pies

-+ amount of pie each kid gets when 7 kids share 3 pies

1FK@B¢?LQED>PBB E>SB HFAPE>OFREBIFBFB @>KJ>DFKBESFRQER>JB HFAPK?LQE
@>PBSFORQEBWE>OBMFBPEBKQEBRE>OBILOBVIFBREBQLQBF @B EFPBQR/ QEBFJBII QEB
MFB PE>OFKD FP ALKB FP QEB P>JB >P FC QEB HFAP E>A GRPQ PE>OBA MFBP QL ?BDFK TFQE 2

amount of pie each kid gets when 7 kids share 2 pies

+ amount of pie each kid gets when 7 kids share 3 pies

amount of pie each kid gets when 7 kids share 5 pies.

N
_I_
~|w
I
~ o

LT IBQ RP QEFKH >?LRQ QEB DBKBO>l @>PB -RO @I>FJ FP QE>Q
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a-+b
T

+

e
SHS

20>KPI>QFKQLRALABI TB E>SB] HFABFORQEBRE>QBMFBMBQTBEEBI>KA; OBMOBPBESALRKQ
B>@@EFDBQEEBKQEBWE>GBJLOBMFBPLQEBAAFQFL;!OHRKQOVIFB>@@EFDBQ’FI% 2EBQLQBP@E
HFA DBQP FrP%

RQF@LBRL@B>I1¥>QQEE >QE BIF ABF CPE> OBMF BFKAQEBRE>OUBMFBREB>JLRK B> @@ EF DB
QEB>JB>PFQEBE>APQ>0QBAEILOQEBIFBP >lla + b LOQEBE >KAPE>OREBBNR>IIZE>QJILRKQ
LC MFB FP OBMOBFBRQBA 2V

*89>; &19B )81B5

T &LT @>K VLR*<:)+<CO>@QFLKP TFQE QEB P>JB ABKLJFK>QLO $LO BU>JMIB TE>Q FP

400 170
903 903"
* 3PB QEB f.FBP .BO |EFIAg JLABI-GUA4A -@84)16 20A
a b B a—>b
d d d

JBQELASEBOB FP QE>Q C>@Q RPBA FK QEB BUMI>K>QFLKP

B13D9?7>C G9D8 9665B5>D 5>7=9>1D?BC

2EFPMMOL-QRAAFKID>@ QFRKRBKIB @ LJBPOF @EERBKLIFK>QERSLISBOBLQEB>JB@LIILK
S>IRB $LO BU>JMIB TE>@ RP

*BQ RP MEO>PB QEFP NRBPQFLK FK QBOJP LC MFBP >KA HFAP

"=887;- 1716,-@<-: 1; 8):< 7.) <-)5 7..1>- 31,; <0)< ;0); <?7 81-; #0-6 4)<-: 0- 1; 8):<7.)<-)5 7.
<0:- 31,; <0)< ;0):-; 76- 81- 77 5=+0 81- ,7-;1716,-@<-: : -+-1>- 16 <7<)4

© #UMI>FK TEV QEB C>@Q QE>Q QEB ABKLJIFK>QLEOBAPRQEHE PPIBNAIFQFLK >KA PR?QO>@QFLK
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*89>; &19B )81B5

2>|H>?LRQEBMEIRBPQFLROE M>0QRBOLAB>AFKK 'QFP>@QR>H$BOXFCF @RIQL?IBBE>Q
JFDE®PQRABKQFQEBALKLGIOB>AIKLT>?LREOAAFKID>@ QM. KF@ABTK>KV.CVLRQELRDEQP

"L VLR PBB QE>Q QEFP FP QEB P>JB MOL?IBE>P @LIMRQFKD
5E>Q JFDEQ ?B QEB ?BPQ >MMOL>@E QL >KPTBOFKD QEB MOL?IBJ

-KB T>VQIQEFKALREKPTBORBESRAAFQRRBPQFEBIT OF G K> PBOAREIQBOK>QESBRPFKIR®IBY

CO>@ URIEPIRIQFMOEERIBO>QUAMBKLIFK>@RE/ >KAQEBB>@E/ >KAQEBB>@R/
>KA PL LK >KA QL AL QEB P3JB CLO

2 4 1
5! 3
4 2
10 6
63
15 9
8 4
20 12
10 5)
25 15

5 BPBRE>QERIOL?IB] + 3 FR-@QR>QEB>JB>PL + 5 1L TB @>ICFKAEBKPTBRPFKQER>JB
ABKLJFK>QLO JBQELA
2 1 6 5} 11

573 T BT T 1


http://pressbooks-dev.oer.hawaii.edu/math111/chapter/the-key-fraction-rule/#KeyFracRule
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/the-key-fraction-rule/#KeyFracRule

$ $ )+ *$ (*%$) O

H1=@<5
&BOBF>KLQEBD>JMIBC>AAFK]ZO>@Q’F|E&RKIFH¢BBKLJFK>QLS§OP 1_30 'K QEF®@>P&>IBOFBM>0Q
LC DOLRMC HFAPEL PE>OBVIFBRP-QBREB-M>Q@Q@> DOLRMC HFAPEL PE>OBARCBOBWEBP
&LT JR@E QLQ>| MFB-f8®3HB DBQ

3 N 3
8 10
6 6
16 20
9 9
24 30
12 12
32 40
15 15
40 50
3 N 3 15 N 12 17
8 1 40 40 407

-C @LRORRRAL KLGKBBALIFPOII LCQEBNRFS>IEH®JIR CB>@EO>@ FRUOABQLCFKA @LJILK
ABKLJIFK>QUO/LR @>K PBB > ABKLJIFK>QLO OFDEQ >T>V LO QEFKH LC > C>PQBO JBQELA QE>Q >IT>V

*89>; &19B )81B5

I>PPFB PRDDBPQP QEB CLIILTFKD JBQELA CLO QEB BU>JMIB >?LSB

$0-6 <0-,-67516)<7:; ):- <0-;)5- 7?- 2=;9,, <0-6=5-)<7:; "7 ?0-6 <0-6=5-))<7:; ):- <0-
;)5- ;07=4,6J< ?- 2=;<),, <0- ,-67516)<7:; 13- <01;
3 3 3

st T &

5E>QALVLRQEFKI@>PPFBPRDDBPQALBP FQ>HBPBKPBE>QTLRIAVLRP>\FVLRTBOB>PPFBi
QB>@EBO




O#* #*) %( " # ST (/ 0
%> /?EB %G>
20\QEBPRIBO@ERBEPRQOTK $LB>@EAAFQRIBBO @FPBTOFQR TK>f.FBP.BOIEFIAgFKQBOMOBIE-QFLK
QEB MOL?IBUR7ZIJFDEQ >IPL T>KQ QL AO>T > MF@QROB

5E>Q FP+ 1

5E>Q F§>+ %

SE>Q FP+ 2

5E>Q F?%— %

SE>Q FP+ 1 + 1

SE>QFf + 25+ 35 T 5 T 30

LT QOV QEBPB PR?Q0>@QFLK BUBO@FPBP

5E>Q F% — %
5E>Q Fi% — 2—%
5E>Q F?— %



-81D 9C 1 B13D9?> (5F9C9D54

1L C>0B E>SBBBIQEFKHBRDRQCO>@QPQEBKPTBOL> AFSFPRIAL ?IBISLCBU>IMIE FROEBBPRIQ
PE>OFKD QTL MFBP >JLKD QEOBB @EFIAOBK

-C @LRORBBA_KLE>SE)I?BOLRKA B@>K>SPNR>OBBPCQOF>KDRBERPNRFDM¥BR>KWE>MB
VLR MIB>PB
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2EFR.FBP.BOIEFIA+LABIgE>FPBOSBAMBOCB @I ¥KQEFKHBRDRQEBB>KFKDCCO>@ QEN®FS>IBKQ
CO>@QFLKP >KA BSBK >AAFKD >KA PR?QO>@QFKD CO>@QFLKP

&LTBSB@EBOB FP KL T>V QL RPB QEFP JLABI QL J>HB PBKPB LC JRIQFMIVFKD CO>@QFLKP 5E>Q TLF

1L TE>Q: - CO>@QFX®>0OBPHBALIRIQFMQEBJIS B>OBLO@BRTFQ@RABIP>-KAQEFKRLRQO>@QFLKP
FK > KBT T>V

2EFPTFQ®ERKA>JBKQMBOQRO 2ERBH?LROQRABKPKFRERR. QEBFOPRIE BHBBMTFQ@EFKD
@LK@BMQBLABIP >KAPMBEOCO>@ QFKERA® >PBQEL RDE FAK>QROSFKHBAKAL?SFLRRKB LC
QERR_?SFLRP®P |1 >?PLIRQEBL KCRPPEBFFFGRREBLOQEBB>PLRIEXCD>@ QELKEBPR @EAFCF@RIQ
@LK@BMQ QL QB>@E >KA QL IB>OK FK BIBJBKQ>0OV P@ELLI

*89>; &19B )81B51DNC GB?>7 85B5

$LCB>@ECQEBLIILTFKBFPREBMOBPBK Q@D K® QREBBE- @ LOOBPMLRARKD= PVJ?LIF@
BUMOBPPFLK

* 5EV FP QEB PVJ?LIF@ OBMOBPBKQ>QFLK FK@LOOB@Q
* 5E>Q JFDEQ BIBJBKQ>0V PQRABKQP CFKA @LKCRPFKD FK QEBPB SFPR>I OBMOBPBKQ>QFLK

L J




- ) (rws () 0

Wl
wiro
N[V

+#£13

+>9DC 1>4 E>9D9J9>7

'K QEFKHBRDRQO>@ QFAGIFIMLOQEHQBIBI?BQEQEBOBBIT>VR-61<>QQ>@EBACO>@ BERIKC
QERKFQPEFAABICVLRPBRERRJI?BG FK>MOL?IBYLRPELRIAPH/LROPEESIACTE>Q @EB>KPTBQL
QE>Q NRBPQFLK FP VLRO RKFQ QEB >JLRKQ QE>Q BNR>IP

1L C>QRARKF@PSEBBKALKPFPQBEKREL By LORKF@>P> TELIBMFB-KACO>@ QFBREDBMOBPBKOBA
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MFB@REXQBNR>| PFWES @ BOQEFFGRPQLABI >KATB @>K>HEKVQEFIREGEKBNR> PFWES @BP

>KA Q>IH >?LRQ CO?@QRLNF 4-

-KB QEFKIE@>B>HBCO>@ QFK?|BFLAFCF @ RIQE>QEBO> @ QRIEBIOL ?1BI>V ?BDFSERKAFRCBOBKQ

=61<,QEBV J>V ?B fM>0QP¢BOBIKQ fTELIBPg

H1=@<5 F5BI?>59C B978DU

+0 *F PELTP QEFP MF@QROB QL EFP @I>PP >KA >PHP TE>Q KRJ?BO FP PELTK ?V QEB P

' )BKAO> P>VP QEB PE>ABA OBDFLK OBMOBPBKQP QEB KRJ?BO
" "VI>K P>VP FQ OBMQABPBKQP

* )F>K> P>VP FQ OBMYBPBKQP

' >QB P>VP FIIFP

+0 *F BU@I>FJP f#SBOVLKB FP OFDEQ g

=>ABA OBI

*89>; &19B )81B5

&LT @>K FQ ?B QE>Q BSBOVLKB FP OFDEQ (RPQFCV B>@E >KPTBO ?V BUMI>FKFKD
T>P QEB1£K +OFiP MF@QROB

LT ILLH >Q QEFP MF@QROB

' 'C QEB PE>ABA OBDFLK OB{/DBFRBROREB RKFQ

" $FKA QEOBB LQEBO KRJ?BOP QE>Q @LRIA ?B OBMOBPBKQBA ?V QEB PE>ABA OBDF
CLO B>@E >KPTBO

TE>Q B>@

LK >KA BL



- ) (%S () o

H1=@<5 )57=5>DC

2EFP MF@QROB

OBMOBPBKEBTELIBPBDIBKQEB61<FFPMIFKQREOBBIR-VIFB@BRERF@HOHP-KAQTLLC
QELPB QEOBB BNR>I MFB@BP >0B PE>ABA

*89>; &19B )81B5

$LO B>@E MF@QROGBYHIEFQ CO>@QFLK FQ OBMOBPBKQP >KA ELT VLR HKLT VLR >0OB QFDEQ

%B45B9>7 B13D9?7>C

'CTB QEFKHALRQO>@ QFENR. OQFLKPPBDJBKMEBKB @>R>IH?LRQEBE@>QFLKPKRJI?BIFKE B
@>RQ>QIROBSQ>@ QKRR I?BOK QEB>@HOLRAFKAPTB PELRI®BJIBJI?BQED>@ QFOBIFT>VP
OBI>QFSB QL PLJB RKFQ RQ LK > KRJ?BO IFKB QEB RKFQ FP @IB>0 FQ FP QEB AFPQ>K@B ?BQTBBE

2EFRB>PROBJBK@BI J>HBFFQR@ B>PFRID>@HNRBPQF-RERQEBBI>QFSBIECO>@ QF:RBAK
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TEBOBEB™WIMB:RQEERRJ?BOFKBS B @>K>OH.CARCBOBBQ>@ QFRPMPOQEQEBRKHEBDJIBKRPOP
TFQE TELIB KRJ?BOP CO>@QFLKP QE>Q >MMB>0 C>0OQEBO QL QEB OFDEQ >0OB I>0

>KA >0OB SBOV @ILPB ?RQ FP GRPQ > ?FQ ?FDDBO

*89>; &19B )81B5 %B45B9>7 6B13D9?>C

-OD>KFWB QEBPB CO>@QFLKP COLDBSSIIRPEEEISF® QLE 1 QL >KA DOB>QBO QE
(RPQFCV VLRO @ELF@BP

25 4 17 2 14
23’ 7’ 35’7 9’ 15
OO>KDB B>@E DOLRM LC CR=@QFLKR-FKBBM QO>@H LC VLRO QEFKHFKD >KA VLH
o7 4 12
17’ 17’ 17
7 4’ 8
2 7 3
6’ 8’ 4
.8 12 1
13’ 17 6
) 10 2
6’ 11’ 3

5E>Q NRF@H JBQELA @>K VLR RPB QL ABQBOJFKB FC > CO>@QFLK FP DOB>QBO QE>K
5E>Q NRF@H JBQELA @>K VLR RPB QL ABQBOJFKB FC > C§>@QFLK FP DOB>QBO QE>K

RO JBQELA

J

L

7LRMOL?>?@>JBRM FQEBK @EJ>O#HRFKQRFQBSELABIQEFKIILRQEBBI>QP$BVBECO>@QRIBTB

>0OB PLJB LC QEBPB JBQELAP "FA VLR @LJB RM TFQE LQEBOP



- ) (%S () o

B13D9?> >DE9D9?>

. 4=/, =247  CO>@GWDIOB>QEDK FEQRRJIBO>EMOB>QUED>KQRBKLIFK>QROT @>K

TB PBE)EFB BIl QEBBKLIFK>QBMOBPBKRP-KV MFB@HBPKBTELIB LKBRKFQEBKRJIBO>QL(
OBMOBPBKRP-KVMFB@B®LROILOQFLKFQERRJIBO>RFDDBYEIB>KPVLRE>SBLOBQE>K
QEB KRJ?BO LC MFB@BP KBBABA QL J>HB LKB TELIB

| [+=l, =2+7%  CO>@ GFRRB>QEDKFQERRIBO>@HRILOBQE>K>IQEBBKLIFK>QKDQEBO
T>VQL@EB@EF @E DEQB>KB>PFED-| @RI>QFIC0>@ GHRRB>QHOK FQTF @EERIBO>JHO
?FDDBO QE>K QEB ABKLJFK>QLO

SEV 5 Bll FOB ALR?IR)EBO>@QRAPBOLIBQEFREDDEIE>K QEBREBOFDFICO>@QREQB
?FDDBO GE>K

%+6/ ./78637+=8;< 'C QTLCO>@QELSBEP>JBABKLIFK>QERRALIM>TEEBKRIBO>QLLHB
CO>@QFEKPBFIQEBS- 7:,-1 ); <0-6=5-)<7:; $LCBU>IMIE < & 5EV 5 Bll QEBIFB@EMREB
P>JBPFWEK @EBBKLJIFK>QOBEB>JB'CVLRE>SBLOBVIFB@QEREB>JBPFW@_RE>SE ?FDDBO
KRJ?BO

%+6/ 7>6/:+=8:< 'CQEERJBO>QLOOTLCO>@ QFOKPFER>JB GRR@LIM>QERBKLIFK>QLZEB

CO>@QPEKRIRBFKQEB>-;;- 7:,: 7.<0-,-67516)<7:; $LOBU>JMIB} > 2 2EBGRPQFCF@LQR

QERKBFP> IFQQUIBF @ HEBBBKLIFK>QRBIPLRELT J>KV MFB@BPIBRM_KBTELIB 'CQEBOBB
JLOBVIFB@BPTELIB FQEBBKLJFK>@RFDDBQEBRERIFB@RP@BPJ>IIBOKA F&/LRQ>HBEB
P>JB KRJ?BO LC MFB@BP P>JB KRJBO>QLO QEBK QEB ?FDDBO MFB@B TFKP

|

LK
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I>6/;+=8; 178637+=8; —1 7LR@>B>PFI@LIM>QELCO>@QFEKPEKRJIBO>QLOBLQEKB
IBPR)E>REBRBKLIFK>QZHEBCO>@ QFEKPBFKQEB>JBLOABPQEBBKLIFK>QLZEHFKHCB>@E
CO>@QP:KFBFQEKBMFB@HB°PFKZEBDOB>@HRBBKLJIFK>QREBJ>11BQEBFPPFKIFB@BQEB

DOB>QBO QEB >JLRKQ OBJ>FKFKD $1-0 BURMI@E= 1 — 2 >KAY =1 — L

I>6/;+=8;  ./78637+=8; H-87<=+7=7LR@>RUQBREBBPQRLSKICO>@ QFEKPKRJIBO>QLOB
?LQBER>JB>JLRK(BPRE>REBRBKLIFK>QIZEBCO>@QFEKPD>FRBFKQEB>JBLOABMPQEB
ABKLIFK>QICMBU>@QIEB>JBOB>PLYLBU>IMIE < -L ?B@>RAREOELRDIFB@BBRRE>K

LKB TELIB >KA JEBIFB@BP >OB PJ>IIBOXEFRQEB

:>37+5/7= 0;+-=387<$FKBNRFS>| B @ QOBEYBQFLR@LIM>GRIBO>QLORBKLIFK>QLBRA
QEBK RPB LKB LC QEB >?LSB ORIBP

B9D8=5D93 )5AE5>35C
ILKPFABO QEB M>QQBOKP ?BILT
#e==7 5, 8, 11, 14, 17, 20, 23, 26,...

#+==/7 2, 9, 16, 23, 30, 37, 44, 51,...
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*89>; &19B )81B5

KPTBO QEBPB NRBPQFLKP >?LRQ B>@E LC QEB M>QQBOKP

© I>K VLR MOBAF@Q QEB KBUQ CFSB KRJ?BOP
© I>KVLR MOBAF@Q QEB QE KRJ?BO
" 5E>Q AL QEBPB PBNRBK@BP E>SB FK @LJJLK "BP@OF?B QEB M>QQBOK FK TLOAP

2EBM>QQBEKNSB>0R®>IIBA;3=26/=3-</:>/7-/< > PBNRBK@KXRJ?BOPEBORERFCBOBKEBRTBBK
@LKPB@RQFSB QBOJP FP > @LKPQ>KQ &BOB >OB PLJB LQEBO BU>JMIBP

#+==/7 1, 2, 3, 4, 5,...
(NP e g
+1 +1 +1 +1

#e==7 2. 4, 6, 8, 10,...
= =

#+==/;7

*89>; &19B )81B5

'CVLRE>SEKL@LKBPL>I0B>AUFKAER LIJILKARCBOBK:@B TBRIBOJBLO-QQBOKP >KA OB
QEBV OB>IIV >OFQEJBQF@ PBNRBK@BP

2EBKI>HBRWLRQTK >0OFQEJBRBNIR BKRME-KLCELIBKRIJ?BORU@E>KBBNRBK@BRE M>0QKBD
>KA @EB@H FC VLR(PRBORRBR@B FP OB>IIV >K >OFQEJBQF@ PBNRBK@B

&BOB >0B PBSBO>1 JLOB KRJ?BO M>QQBOKP

we==/7 1, 2, 4, 8 16, 32, 64, 128,...
#+==/7 1, 3, 6, 10, 15, 21, 28, 36,
2 7 13 8 19 11 5}
#+::/;7 = 1A 17 PR =R 1A = a)
5% 10 10 5% 10 5% 2
6 12 24 48 96

#+==/,7

I w
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-

$LO B>@E LC QEB PBNRBK@BP >?LSB AB@FAB FC FQ FP >K >OFQEJBQF@ PBNRBK@B L

O KLQ (RF

J

&B?2<5=

$FKA QTL CO>@QFLKPL28QGEBBK

OB QEB OBPRIQFKD CLRO CO>@QFLKP FK >K >OFQEJBQF@ PBNRBK@B (RPQFCV \

LRO >KPT

&B?2<5=

$FKA QTL CO>@QFLKPL2BQ¥ BRIQEB OBPRIQFKD CLRO KRJ?BOP >OB FK >K >OFQEJBQF(
1 1

D PBNRBK(

&B?2<5=

$FKA QEOBB CO>@QFLEPREPIBBEB OBPRIQFKD CLRO KRJ?BOP >OB FK >K >OFQEJBQR
2 5)

@ PBNRBFk
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>OFQEJBQF@ PBNRBK@B

#U@E>KDB VLRO PBNRBK@BP TFZRE>AUIQQKER VLRO M>0QKBO TEF@E FP TEF@E

5EBK VLRDBYLROI>OQIRBBNRBK @B FRBF GER>K>0 FQE.J BYENR B K@ BT EF GEKLQEB@RC
VLR >KA VLRO M>0QKBO >DOBB
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>0B> KRJ?BO LC k PNR>OBP LC> ?V OB@Q>KDIB

1L QEB MOLAR@Q LC QTL CO3@QEBERRIAIPL @LOOBPMLKA QL >K >0B> MOL?IBJ
H1=@<5 K
*BQ RP PQ>0Q TFQE > PBDJBKQ LC PLJB IBKDQE QE>Q TB @>Il RKFQ

,LT ?RFIA>PNR>0B QE>Q E>P LKB RKFQ LK B>@E PFAB
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2EB >OB> LC QEB PNR>0OB LA @LREPBANR>0B RKFQ

LT IBQRPAFSFABEBBDJIBK®E QLMKQREOBBIR>| PFWEBB@BEP B>@EFB@B, KA TBTFII
AFSFAB QEB PBDJBKQ LK QEB PFAB FKQL PBSBK BNR> PFWBAMFB@BP 1L B>@E MFB@B FP

5 B@>RPEBELFBOHBIAFSFAREBELIBPNR>GRQRI>II BNR>| PF\RBA Q>KBIB® OB @Q>KDM
LKB PFAB QE>Q JBIPRABRLQEBO PFAB QE>QHIB>PROBP
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5 B @>K KLT J>08 BCRO PBSBKQEP LK LKB PFAB >KA QTL QEFOAP LK QEB LQEBO PFAB

2EBOBPRIQREBRIQFMIF@>RELRIABQEBOBECQEBB@Q>RBEE LKLKBPFABKA LKQEBQEBO
5E>Q FP QE>Q >OB>
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0BJBJ?BOQEBELIBPNR>0BPLKBRKFQE>QKB RKPRR>GB\FSFABAQL BNR>| PFWIES @BRA

LRMB@Q>KPERKBTFQEFABP-KA @LKQ>BRPEQQELRBB@Q>KDFBRAEEBE>ABAOBSREB
>KPTBO QL LRO JRIQFMIF@>QFLK MOL?IBJ TB @LK@IRAB QE>Q
4 2 8

X = —.
7 3 21
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3PB >0OB JLABI QL @LIMRQB B>@E LC QEB CLIILTFKD MOLAR@QP "O>T QEB MF@QR
3 5 3 4 o 3
- X =, - X =, - X —.
4 6 8 5 8 7

2EB >OB> MOL#IBJ 2 VFBIABA > AF>DO>J] ¥7QBS PJ>Il OB@Q>KDIBP #UMI>FK TEV
>MMB>OP >P QEB QLQ>I KRJ?BO LC BNR>| PFWBA OB@Q>KDIBP

2EB >0B> MOL2IBJ 2 VFBIABA > AF>DO>J TFQE;0Rd>II0OB@Q>KDIBP #UMI>FK TEV >M
>P QEB KRJ?BO LC PE>ABA OB@Q>KDIBP

OB QL PBE

MB>OP
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&LT @>K VLR BUQBKA QEB >OB> JLABI CLO CO>@QFLE&F QDBSSBC QEEQROB CLO B>@E LC QEBP

3 3 2 4 3 5 5o 7
4 2’ 5 3’ 10 4’ 2 4
%> [?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

'LIMRQB QEB CLIILTFKD MOLAR@QP PFIMIFCVFKD B>@E LC QEB >KPTBRRERUQ ®EBAQILPPF?IE
AO>T MF@QROBP ?RQ VLR J>V @BOQ>FKIV @ELLPB QL AL PL FC FQ EBIMP

) 7 4 4 1 1 2 3 1 5
— X —, - X =, — X =, - X -, — X —.
11 12 7 8 2 3 1 1 |

ILJIMRQB QEB CLIILTFKD MOLAR@QP "L KQ TLOH QLL E>OA

2 o 7 38 541 77876 311

-, X —, — X —, X :
5 5 8 88 788 311 77876

20V QEFP LKB !>K VLR J>HB RPB LC QEB éD=@HOLIEGRIB/LR @>I@RI>QB &LT
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&LT >0OB QEBPB QTL MOLABIPBAT "O>T > MF@QROB LC B>@E

>JE>AZLC > @>HB FK EBO OBCEFDBER-QRE FQ &LT JR@E QLQ> @>HB AFA PEB B1Q

K +LKA>V >J >QBS LC > @>HB -RBPA>¥J >QB, LC > @>HB LQE @>HBP TBOB QEB P>[B PFWB
&LT JR@E QLQ>I @>HB AFA PEB B>Q
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TLOA MOL?IBJP
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7LR MOL?>?IV PFIMIFCFBA VLRO TLOH FK QEB BUBO@FPBP >?LSB ?V RPFKD > JRIQFMIF@>QFLK ORIE
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PFAB E>P IBKD®& QEB LQEBO PFAB E5FSIBHIIRIDQ TFQE > PNR>OB LKB RKFQ LK B>@E PFAB

" "FSFAB QEB QLM PBDJBKENREQRFWBA MFB@BPLCEMAEPB MFB@BP 2EFP TFIl ?B QEB PFAB LC QE|
OB@Q>KDIB TFQE IBKDQE

' "FSFAB QEB IBCQ PBDJBIBNRKRFWBA MFB@BPLCEMABPB MFB@BP 2EFP TFIl ?B QEB PFAB LC QE
OB@Q>KDIB TFQE;IBKDQE

* "FSFAB QEB TELIB OB@Q>KDIB >@@LOAFKD QL QEB QF@H J>OHP LK QEB PFABP J>HFKD BNR>I |
" 1E>AB QEB OB@Q>KDIB ?LRKABA ?V QEB PE>ABA PBDJBKQP
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' 2EB QLM PBDJBKQ T>P AFSEABMREKOEWBA MFB@BP 1Lh@HBREKFOBK QEB OB@Q>KDIB

' 2EB PFAB PBDJBKQ T>P AFSEABWEKGEWBA MFB@BP 1LIUHB®EKAER OB@Q>KDIB
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JRIQFMIF@>QFLK
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'CTB @LIMRQB 2 QEXB>KFTB ALR?IREBILRKQQVFB>@E-DBQP B@>KLQEFV/ALR?IFKDEB
KRJ?BQOVFBEL QEBKPTBEREB>JB>F QEBILRKQOVFB>@@EFPBQIEBK @EFIAGEBKIV
PE>OB MFBP

$FK>IIB @>K QEFKH FK QBOJP LC RKFQP >KA RKFQFWFKD
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2EB CO>@EWBHKKP QE>Q' E>SB BNR>| MFB@ERA/C>KA ' Q>HB LC QEBJ

1L2 - 2 IB>KPLQEXQIF@E Q>HBMFB@BRQEBKMFB@ERPFKDBQQLQEC MFB@EEBOBOB
PQFIl BNR>I MFB@BP FK QEB TELIB PLDEB >KPTBO FP
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3PB >Il QEOBB JBQELAP QL BUMI>FK ELT QL CFKA B>@E MOLAR@Q
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ILJIM>0B QEBPEBBBKQ T>VP LC QEFKHFKD >?LRQ CO>@QFLK JRIQFMIF@>QFLK OB >KV LC Q
K>QRO>I QL VLR "LBP LKB J>HB JLOB PBKPB QE>K QEB LQEBOP "L QEB M>OQF@RIJO KRJ?BOI
MOL?IBJ 6B@Q VLRO >KPTBO "LBP VLROGB®QKBO
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QLAFSFAR > CO>@ QRIQFMAY FQBB@FMOEESBORAIRIQFMIVERQ>PH/LROPESEV ALBR)EFDRIB
TLOH "LBP FQ OB>IIV J>HB PBKPB QL VLR !>K VLR BUMI>FK TEV FQ J>HBP PBKPB QL > QEFOA DO>AB(

5 B>OBLFKRL?RFIRMIIQEBKSBORAIRIQFMIORIPRGILKIQEB>V TBill CFKALIBJLOBIB>KFKDCRI
T>VRQIRKABOPQMKSFPREIK O>@ QELKRB>RBI>\FILKDY; /=/7. =2+88>.87G=5/+.B 478@=2/E3772/;=
+7. 6>5=395BF ;>5+KA PLISB QEB MOL?IBJP FK QEFP @E>MQBO TFQE LQEBO JBQELAP

B?E@C 7?6 AE1<)9J5

0BJBJ?BO QEB NRLQ>QFSB JLABI CLORAF SFRFHP

&LT J>KV DOLRMP LC @>K'CFKA FK

5 BPQ>TRRE ALQRO@>KAA*OPQILIB@RIBBRKATB J>HBDOLRNME ALQRO TE>QBSBGHB>PHELT
J>KV DOLRMP @>K TB J>HB
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ALQP PMIFQ FKQL DOLRMPIRK@BQEBOB >0OB DOLRMP jTB E>SB

2EFP P>JB FAB> >MMIFBP TEBK TB AFSFARCBLUENHBKP23 JB>KP

&LT J>KV DOLRMF%I@>K ' CFKA FK

H1=@<5L
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*BQP AO>T > MF@QRABLEFB >KA PBB ELT J>KV DGLFBV@:IC CFKA

2EBCFORR@QREBFE LC> MFE2EBPB@LKAF @ QFELB R TIBNR-DOLRME. FKPFAB: ?RQEB®BI
> IFQQIB ?FQ IBCRBE. BRB@IRAB
3

1 §:2—|— a tiny bit more.

RQ ELT JR@E JLOB !>K TB CFDROB FQ LRQ BU>@QIV

&BOB> JBQELAESFIIIBOYLRALQE® LIMRQ>@ELKA (B\Bill RPEB@Q>K HBEK AAFSFAEB RMFKQL
OLTP >KA @LIRJKP ?>PBA LK QEB ABKLJFK>QLOP LC QEB KRJ?BOP TBIiOB AFSFAFKD

H1=@<5 L

1Q>0YAO>TFKDTLFABKQREB@® Q>K BIBREFQE OLTPCOLIQEBBKLIFK>QUE >KA @LIRIKP
COLJ QEB ABKLIFK>QLO LC

1E>AE LOQEBFOPRI@ Q> QEEFBU>@ QEOBRTP >KAPE>ABLQEBB@LIOB@Q>HIIGE-RUKB
@LIRIK
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LT >PHELT J>KV@LMABE @>KCFKA 5 Bl 3 FIBNR-QICLROIQEBJI>IIBONR>ORR TB CFKA
DOLRMP BNR>I QL QE>Q

'K QEB MF@QRUB @K CFKA

" QTL DOLRMP LC CLRO PNR>OBP Q%TLHB(@LRMP LC
" LKB PNR>OB IBCQEF_IS@(Ei:E’C QEB DOLRM TBIiOB ILLHFKD CLO
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3 1
S - =215
4 3 4

*89>; &19B )81B5
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1LISB B>@E LC QEB CLIILTFKD CO>@QFLK AFSFPFLK MOL?IBJP RPFKD QEB fDOLRMP LC
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RP @LIJMRQB CO>@QFLK AFSFPFLK 1LJBQFJBP
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$LOB>@EFSFPRURL?IBIOBTORIEP> JFPPFKD>@ QRIQFMIF @ NFRRQRMKBKCFKAEBIRLQFBKQ
RPFKD TE>Q VLR HKLT >?LRQ JRIQFMIVFKD CO>@QFLKP
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2EB JFPPFKD>@ QIBRELAP> M>OQF @ RHF@B>V QLRKABOPQSRA@ QWESFPFIG?RFIAPK TE>QIB
HKLT>?LRQRIQFMIF @>@PRAKSFPFOBFKCLOGEKEBRRIBO>QR+SEEB>JBOBI>QF LK FEBRQEREB
KRJ?BOFOBELIBKRJI?BA0>@QEKRVQERKBPBQI>HBPBKPIRQTBISBPBBRERBLBPKR I T>VALOH
LRQ KF@BLO BU>JMIB

3 1
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@>K ?B OBTOFQQBK >P
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7LR T>KQ QL >PH

" $LO QEB KRJBO®QLO = 3 5 B @>K CFIl FK QEB ?I>KH TFQE >
' $LO QEB ABKLIFK3QLO = 4 5 B @>K CFIl FK QEB ?I>KH5SE\QELBP QE>Q TLOH
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7LR IB>OKBA >?LRQ CO>@QFLKP IFHB
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FKAFSFARSALKBTELIBHFADBQ7 LR@LRIAO>T MF@QREBINWLRCFDREBRQ RQTB @>KIPLRPEEB
HBV CO>@QFLK ORIB QL EBIM RP LRQ
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@IB>0POV QEFP LKB

wiro|oree
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B>@E ?V

(5)5 _ 3
4 20 °
(7)-5 %
,LT JRIQFMIV QEBJ B>@E ?V
3-7 21
(2)-7 20
"LKB 1L
3.4 21
57 20

H1=@<5 L

*BQP AL >KLQEBO ILKRRABS




O#* #*) %( "#$*(/ 0

5.8
90 11

|Oo|©|o1

—
—

*BQP JRIQFMIV KRIBO>QLO >KA ABKLIFK>QHARMIEQWEB P>JB QFJB 5EV KLQ
5 (3)-9-11 5-11
2= _

S (&)9-11 8.9

"L VLR PBB TE>Q E>XMMBKBA EBOB

1L TB E>SB
2 5.-11 55
? = - — = —,
5 8-9 72
%> [?EB %G>

ILIMRQB B>@E LC QEB CLIILTFKD RPFKD QEB PFIMIFCF@>QFLK QB@EKFNRB FK QEB BU>JMIBP >?LS

11 4 3 2 1 45 902 10 2
273 517 375 59 T 902 13~ 13

>F5BD 1>4 =E<D9@«lI

ILKPFABO QEB MOE2IBJL (>KFKB TOLQB

7 - 12-11 7-12 12

|~|5fer
_

1211 5-11 5 11
7
1

—_
—

1EBPQLMMEBCLABLIMIBQREEITFKAQBMABU@I>FJIBASFAFKIKBCO>@ WK LQEBEDEBR>JB>P
JRIQFMIVFKD QEB CFOPQ CO>@QFLK TFQE QEB PB@LKA CO>@QFLK RMPFAB ALTK g

*89>; &19B )81B5

$FORDE B @H@EQBM(>KFKBITLOHEBOBKAI>HBPROBEREB-R@LOOBI@E>PERFRMILQEFP
MLFKQ 2EBK >KPTBO QEBPB NRBPQFLKP

" "L VLR RKABOPQ>KA TE>Q (>KFKB FP P>VFKD #UMI>FK FQ SBOV @IB>0IV
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3 . .

' 5 LOH LRRRPFKD QEB PFIMIFCF@>QFLK JBQELA 'P QEB >KPTEO QEB P>JB >P
13
2

' 5 LOH LRRRPFKD QEB PFIMIFCF@>QFLK JBQELA 'P QEB >KPTB0 QEB P>JB >P

10

5 LOH LRCGRPFKD QEB PFIMIFCF@>QFLK JBQELA 'P QEB >KPFBO QEB P>JB >P
d

NRBPQFLK FC PLIBQEGKD<ER

'P (>KFKB OFDEQ 'P AFSFAFKD QTL CO>@QFLKP >IT>VP QEB P>JB >P JRIQFMIVFKD QEB QTL C(
PB@LKA LKB QROKBA RMPFAB ALTK 5E>Q AL VLR QEFKH "L KLQ GRPQ QEFKH >?LRQ BU>JMIE

)E==1BI

5 B KLT E>SB PBSBO>| JBQELAP CLO PLISFKD MOL?IBJP QE>Q OBNRFOB AFSFAFKD CO>@QFLKP

3?3.371 0;+-=387<

~

"O>T > MF@QROB RPFKD QEB OB@Q>KDIB JBQELA >KA RPB QE>Q QL PLISB QEB AF
$FKA > @LJILK ABKLIFK>QLO >KA AFSFAB QEB KRJBO>QLOP

* OBTOFQB QEB AFSFPFLK >P > JFPPFKD C>@QLO JRIQFMIF@>QFLK MOL?IBJ >KA PLI
* 1FIMIFCV >K RDIV CO>@QFLK

'KSBOQ QEB PB@LKA CO>@QFLK QEB AFSFABKA >KA QEBK JRIQFMIV

SFPFLK MC

5B QE>Q V

*89>; &19B )81B5

"FP@RPP VLRO LMFKFLKP >?LRQ LRO CLRO JBQELAP CLO PLISFKD CO>@QFLK AFSFPFLK MOL?IBJ

" 5EF@E JBQELA CLO AFSFPFLK LC CO>@QFLKB,FRBEBOB>RFBP] QL
" 5EF@E JBQELA CLO AFSFPFLK LC CO>@QFLKR ER -QBEB-BREBRQ QL

> 5E>Q >OB QEB ?BKBCFQP >KA AO>T?>@HP LC B>@E JBQELA 2EFKH ?LQE >P > CRQ
PLJBLKB PLISFKD J>QE MOL?IBJP EBOB

ROB QB>@




9F949>7 B13D9?7>C &B?2<5=C

5 BiSEPMBKIEE-P@LRMIB@E>MQBORFKPLRAFSFARBD> @ QELRR)LI>HBPBKAEQEBMBO>QELR
QIMF@ QROBIIDLFKIK >KAELT QIALQEBLIMRQ>QF BRI LAQEFFKAC’BDPERRBPQMEBK TLRIA
VLR BSBO T>KQ QL AFSFAB CO>@QBLRRALBRDQEAQ BSBK @LJB RM

'QP FIMLOQ4}EXQB > @ EBOE?IBQLE@ LIBRMIFQPFQR>QBFKKRIOL ?IBJIOEXIDABI M>OQF @RIBO>QFLKP
TEF@E JB>KP VLR E>SB QL OB>IIV RKABOPQ>KA TE>Q QEB LMBO>QFLKP JB>K >KA TEBK QEBV >OB RI

*89>; &19B )81B5

' 3PBLKB LC LRO JBQELAP AO>T > MF@QROB OB@Q>KDIBP @HRBEKBEXE@EXEQND
B . 1
@LIMRQB =+ 3

" ILJB RM TFQE > PFQR>QFLK TEBOB VLR TLRIA T>k& ©Li@2BMREB TOFQB > TLOA MOL?IBJ
QE>Q TLRIA OBNRFOB VLR QL AL QEFP @LIJMRQ>QFLK QL PLISB FQ

-85> D? #E<D9@<I -85> D? 9F945

@LJILK >KPTBO QL

ILJB RM TFQE > PFQR>QFLK TEBOB VLR TLRIA T>ﬂz§ QL@LJMRQB

'P PLIBQEFKD IFHB QEFP

+V OB@FMB @>]u§ @IRMP LC CPERD LKIV T>KQ QL J>HB E>IC >@AH@R@E CILRO PELRIA ' RPB

RQQE-OL ?IBALBPKPPH/LRQIAFSFAR>@QFRKPHRLRQL@RQ ROB@FWB>ICTEF @EB>KFAFSFAFKD
2V LOB=4<184AT8/3

230
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5EV FEE@LE>OB8L@LIJRM FQEFSFPRIAL?IBIBERPEO>@ QFERPBFG?B@>RE6>@ QFOBFROB>AV
QEBKPTBQL> AFSFPRURL ?IBPLVLRIORFSFARKOQEBKFSFARKDIBILOB +>V?BF@?B@>ROBBERPQ
J>HBFQLLHPL@LIMIF@>CQBAKV@>PB@TLOQEMBKARKDIBQF JREFKHBRDRAFSFPRURL ?IBIDE>Q
FKSLISB CO>@QFLKP >KA ELT QL OB@LDKFWB >KA PLISB QEBJ

-KB E>KAQOF@®DFOBIOL?IBQEKKSLISBESFPRIE ELIBKRI?BOPKAQEBRBE/LR@>ID E>KMEB
KRJ?BOP QL CO>@QFLKP FK > PBKPF?IB T>V

Hl1=@<5C

&BOB >0B PLJB AFSFPFLK MOL?IBJP FKSLISFKD TELIB KRJ?BOP

" "E>SB CBBQLC OF??LK &LT J>KV FK@E MFB@BP @>K' @RQ COLJ FQ

" "E>SB >C>K@V LIA @IL@H QE>Q OFKDP LK@B BSBOV JFKRQBP &LT J>KV QFJBP T|FIl FQ OFK
@LROPB LC ELROP JFKRQBP

* +V CFPE Q>KH KBBAP D>IILKP bRAIQBR@HBQ ELIAP D>IILKP &LT J>KV QFJBP TFII| KBBA
QL CFII JV 2R@HBQ FK LOABO QL CFIl QEB Q>KH

" OB@FMB @>1IP CLO @RMKRAJCIHEBPQ P@LLM JB>PROBP BU>@QIV @RMP &LT J>KV QFJIBF
PELRIA"'RPB FQ

* ' O>K JFIBP >KA TBKQ >OLRKA QEB QEB P>JB OLRQB QFJBP &LT ILKD T>P QEB OLROB

&BOB >0B PLJB SBOV PFJFI>0 MOL?IBJP OBTOFQQBK QL RPB CO>@QFLKP FKPQB>A

' 'E>SE 3 CBBQLC OF??LK &LT J>KV FK@E>QEEQi MFB@BP @>K' @RQ COLJ FQ

' +V T>Q@E >1>0J DLBMBSBOV E>IC BKROALKY HKLT ELT QL PERQ BRRLE>KV QFJBP TFIl
FQ DLCBROFKDI@ERRO JLSFB

" +V CFPE Q>KH KBBBRILKP LC T>QR® JV ?R@HBQ BUDAALK &LT J>KV QFJBP TFII ' KBBA
QL CFII JV 2R@HBQ FK LOABO QL CFIl QEB Q>KH

T 'T>KQ QL JB>PI§R§)@RMP LC CILRO CLO > OB@FMB ?F%(@IRK(I\IEEEE}K)’FKD @RM &LT J§
QFJBP PELRIA' CFIl FQ

" 'O>K 2 JFIBP ?BCLOB ' QTFPQBA JVI#IMIBFKFPEBA E>IC QEB @B T>P QEB O>@B
@LROPB

A4

KV

$LO B>@E LKB LC QEB CO>@QFLK AFSFPFLK NRBPQFLKP THB:@sHSRRABOMQERIBIEV FQi
' 'E>SBl2 CBBQLC OF?7LK &LT J>KV FK@E>QELQi MFB@BP @>K' @RQ COLJ FQ 2EFP JB>KP J>HF
BNR> DOLRMFOLCQ B>@E >KA >PHFKD ELT J>KV D@LRRIRQ2RFIB AFSFPFLK

' +V T>Q@E >>0J DLBMBISBOV E>IC EKROALKD HKLT ELT QL PERQ RQRT.G>KV QFJBP TFII FQ DL
LC AROFKDIGERRO JLSFB D>FK TBIOB J>HFKD BNR> BELREBL@E >KA >PHFKD ELT J>KV
DOLRMIRLQ>QFSB AFSFPFLK

© +V CFPE Q>KH KB%IAPIILKP LC T>QGRAJV ?R@HBQ %L[DCHHLK &LT J>KV QFJBP TFIl ' KBBA QL CFlI
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JV ?R@HBQ FK LOABO QL CFIl QEB Q>KH -K@B >D>FK TBiOB J%BK&KI‘B%@EC)HGM:H’I:{FKD
ELT J>KV DOLRMP ?R@HBQP

T 'T>KQ QL JB>PE§§@RMP LC CILRO CLO > OB@FMB ?I%(@IRMI\JHE%H:DFKD @RM &LT J>KV QFJBP
PELRIA' CFIl FQ 2EFP FP J>HFKD BNR%I@BNRN‘{RIE(PHFKD ELT J>KV DOLRMP

* ' O>K 2 JFIBP ?BCLOB ' QTFPQBA JVI4(MIBFKFPEBA E>IC QER @B T>P QEB O>@B @LROPB 2EFP
LKB FP > IFQ@B@BKQ 2EFP LKB FP SBQBNRATEB CO>@QFLK SBOPFLK LC M>OQFQFSB AFSFPFL}

0B@>Il TE>Q M>OQFQFSB AFSEPBIK>PHB >PH FP DOLRMP LC TE>Q PFWB

1L CLO? = 1 TB>PHL3 FP E>IC > DOLRM LC TE>Q PFWB

*89>; &19B )81B5

7LR QOV FQ

* $FOPQ TOFQB CBOBRB@FSFPFLK TLOA MOL?IBJP QE>Q RPBZIEVIBIKRIFRBR-Q IB>P(Q >
@LRMIB B>@E LC M>0OQFQFSB >KA NRLQ>QFSB AFSFPFLK MOL?IBJP

" 2EBK @E>KDB QEB MOL?IBJP PL QE>Q QEBV >0B CO>@QFLK AFBRRFIENGBBBIPLFKPQB>A 7
OBTOFQB QEB MOL?IBJ > ?FQ PL QE>Q FQ J>HBP PBKPB

* 1LISB VLRO MOL?IBJP
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05B7? 9> D85 $E=5B1D?B

*89>; &19B)81B5

"LBP QEB CO>@Q§I:IB PBKPB

' 5 OFQB > fMFBP MBO @EFIAg PQLOVEL QEEBCOHBEKPE &LT JR@E MFB ALBP B3@E
FKAFSFAR>| @EFIA OB@BFSB FK VLRO PQLOV

' 2EFKH & >P QEB >KPTBO QL > AFSFPFLK MOL?IBJ 5E>Q FP QE>QAk SERFRIN SBCHQIB)

'‘Q PBBJP MOBQQV @IB>0 QE>Q WBOL MFBP >JLKD BIBSBK HFAP DFSBP WBOL MFBP MBO @EFIA

0

— = 0.
11

2EB P>JB OB>PLKFKD TLRIA IB>A RP QL P>V

y = 0 for any positive number b.

2EBf.FBP.BOEFIA+LABIgLCBQRBBUMI>K>QFLBEBOBEBLMFBELARQIPE>0OBLLKEDBGIKWFBOALBP
KLQ J>QQBO ELT J>KV @EFIAOBK QEBOB >0OB ,L MFB FP KL MFB FP KL MFB

5B @>K >IPL GRPQFCV QEFP @I>FJ ?V QEFKHFKD >?LRQ > JFPPFKD C>@QLO JRIQFMIF@>QFLK MOL

0
b is asking us to fill in the blank: _ -b = 0.
2EB LKIV T>V QL CFIl QE>Q FK >KA J>HB > QORB PQ>RIBJBKQ BP TFQE

233
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5E>Q E>MMBKP FC QEFKDP >0OB CIFMMBA QEB LQEBO T>V OLRKA

*89>; &19B )81B5

"LBP QEB CO>@&QBHB PBKPB

* 5 OFQB > fMFBP MBO @EFIAg PQLOV%LU).EEB@(D#@CBBI{@B &LT JR@E MFB ALBP B3@E
FKAFSFAR>| @EFIA OB@BFSB FK VLRO PQLOV

" 2EFKH ¢ >P QEB >KPTBO QL > AFSFPFLK MOL?IBJ 5E>Q FP QE>Q#K SERFRI SBHQIB

1QRABHO@R)BE>0ORKP @ELQEfAFSFAFRD FFRKABCFKBR@QEBNE>ORERMP>
ORIBD>QEBB>REFKHBPRDRQEV FQ>HBAPBKPEELT F@LKKB@QPEBAB>FK

J>QEBJ>QF@PER®>PBEBLPQ>QRM@LKKB@ O JRIQFMIF @ XREEB/BOL
MOLMBOQV CLO JRIQFMIF@>QFLK

any number -0 = 0.
2E>Q P>VP TB @>K KBSBO CFKA PLIRQFLKP QL MOL?IBJP IFHB
_ 0 =5 _ -0 =17, _ -0 =1

3PFKRQE®LKKB@QBEQRBEIO>@ QFKARF SFPFKAQER L KK B @ QBQR BB SFPRIMAIRIQFMIF @>QELR
JB>KRQEBBEXLKRI?BE 2EBOBKLKRI?BGL KA QEBEEXLKRI?BG 2EB\>OBIIfRKABCFKBR@>RPB
QEBV >OB KLQ BNR>I QL >KV KRJ?BO >Q >I|

*89>; &19B )81B5

I>K TB DFSB JB>KFKPX @ IB>PQ CQBO >II > WBOL TLRIA >MMB>O LK ?LQE PFABP LC QE>Q BNR>QF

" IVOFI P>VP gE>Q 2 PFK@B2 = ()
" #QEBI P>VP PE>Q 17 PFK@B17 = ()
' 5 LKEF P>VP QE=Q 887231243 PFK@B 887231243 = 0

5EL FP OFDEQ '>K QEBV >l 2B @LOOB@Q 5E>Q AL VLR QEFKH

IVOFI P>VP C§E>Q 2 >KA EB ?BIFBSBP EB FP @LOOB@Q ?B@>RPB BQ ¥>RPPBP QEB @EB@H



( *%$) $%.$ 0(% O
RQ >IPIM>PPREBEB@HKAPLALBP 'KC>OQ@>RWELLPBRWKRI?BCL@ >KA) -z = 0
TFIl M>PP QEB @EB@H

2EBQOLRABQREBUMOBPRFIRQE KLQVBOEREXQEBEE7 5-)616/.=4 >)4=-QL>PPFIHF@EBQOLR?IB
TFQR FP AEBOBKGBOB >0 5)6A 87;;1%4- >)4=QL DFSB FQ

"FSFAFKIY WBGIEPFIMIQLIMOL ?1BI>QREBALKB'QFP?BPQL>SLFALFKBL>KAKBSBTFII TB >IILT WBOL
>P QEB ABKLJFK>QLO LC > CO>@QFLK RQ >Il FP CFKB TFQE >P > KRJBO>QLO



&B7?72<5= 15;

&B?2<5=

&>OO0OHRBYFQE DOLRMCFS@ EFIACEK PE>OCBLRMFBBCFPTFQE DOLRMPBSB® EFIAGHEK
PE>OB CLRO MFBP (B>K FP FK > DOLRM LC PBSBK @EFIAOBK TEL PE>OB PFU MFBP
5EL DBQP JLOB MFB &>OOEB(REQMEY VLRO >KPTBO
5EL DBQP JLOB MF8 (B{B>K (RPQFCV VLRO >KPTBO
5EL DBQP JLOB MFB &>0OO0OFBQ LO (B>K (RPQFCV VLRO >KPTBO

&B?2<5=

7BPQBOA>RBLBP?FOQEARAPEEE>A ?FIDB@Q>KERIHBLA>V 2 LOQE® >HBIBCQEB5/0=87/;
-+4/ FP PELTK EBOB

"O>T > MF@QROB LC QEB LOFDFK>| TELIB @>HB >KA BUMI>FK VLRO TLOH
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&B?2<5=

3PB?BK@EJ>OHRFKQRFQBSELARL>00>KOBBO>@ QFRKFFK-P @ BKAERBBAIMI>FKLT VLR
AB@FABA 2EB MLFKQ LC QEFP MOL?IBJ FP QL QEFKH JLOB >KA @LIJMRQB IBPP

2 1 5) 1 2 3 4

5 3’ 8’ 4’ 3’ 4’ 7

&B7?2<5=

5EF@E LC QEBPB CO>@QFLRBE-3>{EB (RPQFCV VLRO @ELF@B
10001 or 10000001
10002 10000002

&B?2<5=

1LISB B>@E AFSFPFLK MOL?IBJ *LLH CLO > PELOQ@RQ >KA BUMI>FK VLRO TLOH
251 + 251 + 251 + 251
4

377+ 377+ 377+ 377 + 377
)

123123 + 123123 + 123123 + 123123 + 123123 + 123123

B?2<5=

7LHL P>VP




O#* #*) %( " # S (/ 0

16 1
64 4

?B@>RPB PEB @>K@BIP QEB PFUBP
16 1
g4 4

RQ KLQB

16 1-16 1-16 1
64 4-16 4-16 4

1L FF7LHLOFDEQBP EB@>K@BI>QRIBIT>VPTLOH 'CFQLBKLGIT>VPTLOH@>KLRCFKAKV
LQEBO BU>JMIB TEBOB FQ TLOHP !>K VLR CFKA BSBOV BU>JMIB TEBOB FQ TLOHP

&B?2<5=

(FIIV P>VRESCO>@QEBKL@E>KBES>IREVLR>AAQEB>JB>JLRK@LIQEERJIBO>CQHAIQEB
ABKLJFK>QPEB OFDEQ 'C VLR TBOBR(EBY@EBDTLRIA VLR OBPMLKA

&B?2<5=

1EBIIV P>VP QEXQ€@d QEBK < & 'P 1EBINA @I>FJ >IT>VP QORB PLIBQFJBP QORB
QORB 'C VLR TBOB FEBB¥@EBSQ TLRIA VLR P>V QL EBO

0L? P>VP QEX@IFC bc QEBK < & 'P OL?iP @I>FJ >IT>VP QORB PLIBQFJBP QORB LO
'C VLR TBOB OPB>@EBSD TLRIA VLR P>V QL EFJ

LO KBSBC

KBSBO QC
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&B?2<5=

(FIl EBOOLQEBRA-KLQEBSOQKBR> MFWOBPQ>RRQL TKP: LOQEBBPQ>REKAEBOOLQEB(

LTKPL LC QEB OBPQ>RO>KQ TEABEMEB@EROA M>0QKBO LTK

&B?2<5=

(LEKPMBEKQIR>0OQBEFH-CBP>?LVDOLTFKIMLKB PFUQEFFCBKQLIIBDEKALKB E>ICCEFFFCB
>P > QB>@HEBPMBKQ EFP I>PQ PFU VB>OP FK OBQFOBJBKQ &LT LIA T>P EB TEBK EB AFH

&B?2<5=

>K> T>PMI>KKFKIJ>HB> OBATEFQBKA?IRENRFIKB QEFOAPQL?BOBAKAQTL CFCRERQL?B
TEFQB 'C QEB >0B> LC QEB NRFIQ T>P QL ?B PNR>OB CBBQ ELT J>KV PNR>OB CBBQ |

JRIR &>B ILE> +V BILSBA $I>D &>T>FF>K @LQQLK NRFIQ COLJ
5>FJB> ?BCLOB  &LKLIRIR @>ABJV LC OQP

A

LRIA ?B ?IF

r
L

'J>DB RPBA RKABO IOB>QFSB ILJJLKP ! 3KFSBOP>| .R?IF@ "LJ>FK "BAF@>QFLK
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&B?2<5=

0>C>BI >QB LKB CLROQE LC > MFWW> >KA OL@@L >QB LKB QEFOA LC FQ 5E>Q CO>@QKLK LC QEE

&B?2<5=

#, 8,5/6 2>KDO>JP2>KDO>JPOB PBSBK MFB@®\WRAQEBBSBMKMFB@®BPRB>PPBJ?IBRAKQL
> ?FD PNR>OB

'C QEB DEOPNR>0OB PELTK >?LSB FP LKB TELIB >PPFDK > CO>@QFLK S>IRB QL B>@H LC QEB PI

2>KDO>J FJ>DB COEHFJBAF> ILJILKP MR?IF@ ALJ>FK
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MFB@BP (RPQFCV VLRO >KPTBOP

2EB Q>KDO>J MRWWIB @LKQ>FKP > PJ>Il PNR>OB 'C QEB PJ>Il PNR>OB QEB PFKDIB Q>KDO>J
TELIB >PPFDK > CO>@QFLK S>IRB QL B>@E LC QEB PBSBK Q>KDO>J MFB@BP (RPQFCV VLRO

2EB Q>KDO>J PBQ @LKQ>BERQDR>KDIBP MB-QSB>KDIB QEB PFKDIB Q>KDO>J MFB@B FP LKB
TELIB >PPFDK > CO>@QFLK S>IRB QL B>@E LC QEB PBSBK Q>KDO>J MFB@BP (RPQFCV VLRO

2EB Q>KDO>J PBQ @LKQ>FKP LKB JBAFRJ QOF>KDIB 'C QEB JBAFRJ QOF>KDIB QEB PFKDIB Q
LKB TELIB >PPFDK > CO>@QFLK S>IRB QL B>@E LC QEB PBSBK Q>KDO>J MFB@BP (RPQFCV V

2EB Q>KDO>J PBQ @LKQ>FKP QTL PJ>Il QOF>KDIBP 'C > PJ>Il QOF>KDIB QEB PFKDIB Q>KDO>.
TELIB >PPFDK > CO>@QFLK S>IRB QL B>@E LC QEB PBSBK Q>KDO>J MFB@BP (RPQFCV VLRO

&B?2<5=

+FHFHP>FEBQ>JFIN>ABQTLPNR>OBEWWEELIB -KB LOQEBIFWW>P FK@EBFB>@FFABKA
QEBQEBOP FK@EBFB>@BFABFHFHEQR LAQEBI>II MFWYKAL LOQEB-OBVIFWWPER>FA
QE>Q PEB >QB

1 1 3 1 4 1

4 12 12 12 12 3

LC MFWW> VLR>DOBB-QEFH FHE@>I@RI>QIFIA@EEB>§ LC TELIBMFWWEOBCRIRPQVARO
>KPTBQEFP NRBPQFLK FP@ROR@LP#?1V > DLLA FAB> QL AO>T > MF@QROB

&B?2<5=

*LLH >@EBOF>KDIRR J?BOPEBOBOR QPOM>QQEEBBBFK API>KV>PVLR@>KK M>0QF @RIN
QL >KPTBO QEBPB NRBPQFLKP
5E>Q M>QQBOK ABP@OF?BP QEB CFOPQ KRJ?BO FK B>@E OLT
&LT FP B>@E CO>@QFLK OBI>QBA QL QEB QTL CO>@QFLKP ?BILT FQ
I>K VLR TOFQB ALTK QEB KBUQ QTL OLTP LC QEB QOF>KDIB
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&B?2<5=

+>OFB>AB> PEBR®>HBELJIB ?RPEP>SBRLIBQI?OFKDITLOK-KAPE>OB-QEB@L TLOHEIEB
KBUQ AXXPTBO QEBPB NRBPQFLKP >R > HEOFB>T > MF@QROB

1RMMLPB +>OF B B4SBAEB @>HB CLO EBO @L TLOHBOP >KA QER@QRERPIBESR SQB@QFLK
LC QEB BKQFOB @>HB AFA QEBV B>Q
5E>Q FC +>OFB P>ERRQB>A >KA QER\CQEFP

5E>Q FC PEB P3SB/QEB @>HB >KA GHEVQER

&B?2<5=

K BIBJBKQ>P@ELEBIA> f$>JFIV+>QEFDEQBSBKEKA PQRABREPTBRM2TL QEFOLEREB
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@EFIA FP QL OB@BFSB QERINRQKIEFRP\SKPTBO E>P IFQQIB FKQRFQFSB CBBI

1RMMLPB TB QLLH QEFP Q>PH >P > SBOV MO>@QF@>| MOL?IBJ &BOB >0OB QEB PBSBK N\

'P FQ MLPPF?IB QL DFSB B>@E LC QEB HFAP > TELIB MFB ,L

&LT >?LRQERBUZBPQEFKD @>R>@®EFDBE>IC MFB’ BP2EBOBOB) BOQ>FKEAIMFBRALIB
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IEB@H QE>Q @>I@RI>QFQIGRAQRBIFBSB FQ

IFBP

247



O#* #*) %( "#$*(/ 0
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&B?2<5=

1RMMLRBRT>K@IPE>AE-SBFBRILKDPF @ EFIACBXYLRT>K@>@® EF@IDBOPJI>II KRJ?BO
LCOBI>QFSB{DBVIFB @BREBE>EF SBFB@EPFWB $LILTFKIEBU>IMIB?LSBELT @LRMLR
AL FQ

3PFKD PFJFI>O FAB>P ELT @LRIA VLR PE>OB MFBP >JLKD HFAP
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2EB#DVMQFMBL?>?IVBOBLM>0QF @ RPBI® B OB MIFQGRWIF BRRQFKC> @UE BAF A >SB SBOV
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2EBOEFKA>MVORIRK>K @ FBH@D@ LRKEDVMQRSQEBJI>QKAFBA>CQBBU>KAB&BKOVEFKA
OEFKA T>P > 1@LQPJ>K TEL >@NRFOBA QEB >K@FBKQ M>MVADRIIEK  FK *RULO

2EBM>MVORRBEE@AL>0LRKA |  'QT>P@LMFBA>P@ORCBBAEJBP QEB>OIFBRQTK
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2EBLMBKFRRLQERQ>HBBOLJEJBP FKQOLAR@UPEREFKA>MVORP2EBM>MVORPSBQPMF@P
OBI>QFKD QL CO>@QFLKP SLIRJB >OB> MVO>JFAP >KA JLOB
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5 OFQB QEB CLIILTFKD >P > PRJ.LGBRRKFQ CO>@QFLKP B PROB QL @EB@H VLRO >KPT
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5 OFQEBLIILTFKEP> PRJLCAFPQFRIGRQO>@ QFLRIFQFK @BK FQEB O>@ QFRREE>SBFCBOBK(
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QL @EB@H VLRO >KPTBOP
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4 6’ 5’ 9’

I>K VLR CFKA > DBKBO>| MOL@BPP CLO CO>@QFLKP ?FDDBO QE>K
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I>K VLR CFKA > DBKBO>| >IDLOFQEJ QBAQ. JHIQRBKFKQL >K #DVMQF>K CO>@QFLK
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2Vz "L VLR PBB TEV QEFP FP > DLLA @BIR@SBFI6

(+1) 2 142z
(1) -z 3 7

>KAEL FP JR@E IBPP P@>OV

LQF@ QE>Q BUMOBPPFLKP IFHB
1

xr
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fIRQ QERRKE>IC glLIBQFJBPEP> NR>KQR®\BB>@BBQ LC> MFB gKA PLIBQFJBM T>K@LOOB>Q
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IDB?0> PHFIIP >OB BPPBKQF>| CLO VLRO CRQROB PQRABKQP 5EV &BOB >0B GRPQ > CBT OB>PLKP

© +>QEBJ>QF@P >KA BPMB@F>IIV >IDB?0> FP QEB I>KDR>DB LC P@FBKZEB KKHRKIDABOK QB@EKLI
>|DB?0>F@>IIV EBIMP VLR QL J>HB PBKPB LC QEB TLOIA QL RKABOPQ>KA >KA FKQBO>@Q TFQE
MOLAR@QB8BIQL PR@@BBA FK LQEBO CFBIAP

IDB?0> FP > QLLI CLO PLISFKD MOL?IBJP 2EFP J>V KLQ ?B VLRCPRONFRCFBR@BEPLCOAHMR >0B >?IB
QL f>IDB?0>QFWBg > MOL?IBJ QE>Q LCQBK EBIMP IB>A VLR QL > PLIRQFLK

IDB?0> EBIMP VLR QL QEFKH 3@FRFO>@QNCLO QEFKHFKD >?LRQ LMBO>QFLKP IFHB >AAFQFLK P
JRIQFMIF@>QFLK >KA AFSFPFLK PBM>0>QB COLJ ALFKD @>I@RI>QFLKP LK M>OQF@RI>0 KRJ?E
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5)618=4)<BUMOBPPFLKP QL PBB QEB ?FDDBO MF@QROB
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SKVT>VFK QEDO>ABKA?BVLKARQQER JILK  ILOB1Q>KA>CGAR@EL4>QEBJ>QFESFPQ>KA>BKP
f-MBO>QFLKP >KA IDB?0>F@ 2EFKHFKDg ?BDMRXFRBKEK HFKABO

#SBOVLKEEL PELTPRMQLP@ELIE>P>I0B>ANB>0KBA ILQ>?LRG?PQO>@EHARBKBO>IFWeQFQEB
CRKA>JBKBABSRSIDB?02EB\>0BII @>M>2UBB>0OKFRITLOJ>IFQBBFRB>PLRGL >P>KBIBIJBKQ>0V
P@ELQB>@EBD?BQIMOLSFARRGQRABKEEBSBKLOBBUMBOFBRI®BPQO> @BRDIBKBO>IFWFRFLK
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*BQP PQ>0Q TFQE > MOL?IBJ
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' @>K RPB CLRQL J>HB
44 — 44 = 0.
' @>K >IPL RPB CERQL J>HB QEB KRJ?BO

(4x4) —4—+4=10.
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* 5E>Q ALBP f>IDB?0>g JB>K QL VLR

* BE>Q ALBP .OL?IBJ E>SB QL AL TFQE f>IDB?0>g
* 5E>Q AL VLR FJ>DFKB TEBK VLR QEFKH >?LRQ RPFKD >IDB?0> QL PLISB MOL?IBJP FK P@ELLI
' &>SB VLR BSBO RPBA >IDB?0> QL PLISB MOL?IBJP LRQPFAB LC P@ELLI
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(RPQFK @>I@RI>QBA QEB KRJ?BO(IO PNRH>OBP 8B GRPQFCFBA EFP >KPTBO QEFP T>V
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© 5E>Q AL VLR QEFKH >?LR® RPRBKLK OB VLR @LKSER@HEMR E>SB BUMI>FKBA FQ JL
@IB>0lV

' 5>P (RPGFRLIRQFLKBEBKQ COLJ VLRO PLIRQFLK LO QEB P>JB
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QEB T>V EB AFA
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4>IBOFB @>I@R-QBA) + 8 + 8

>VI> @>I@RIDBA)

*FKA> @>I@RIGOBA 10) — (8 x 8)

+>0H @>I@RIQBA) + 4
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LT PRMMLRE>QLRE>SE [>08 X 6 PNR>OBQEERKFENR>O8PKDQEBLOABRDLILOBBA
A>MQ QTL LC QEB QB@EKFNRBP >?LSB QL @>I@RI>QB QEB KRJ?BO LC OBA RKFQ PNR>

$LCB>@BB@EKRNRBPBA OFQBBUMI>K>QHAK@IRABF@QREEKH?LRELT QIRPEILILQP
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LT PRMMLEBXQ RE>SBE I>OB25 X 25 PNR>OBQEERKFENR>CHPKIQEBLOAB@LILOBBA
A>MQ QTL LC QEB QB@EKFNRBP >?LSB QL @>I@RI>QB QEB KRJ?BO LC OBA RKFQ PNR
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KL TEV KLQ

5E>Q FC VLR E>SB OBA PNR=IBB¥YRBPQFLKP
5E>Q FC VLR E>SB OBA PNR>OBP 1>JB NRBPQFLKP
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* 'CVLR E>SB 0B X N PNR>0OB TFQE QEB ?LOABO PNR>OBP @LILOBA OBA ELT J>KV
QEBOB A1BRPQFCV VLRO >KPTBO TFQE TLOAP >KA > MF@QROB

* 'C VLR E>$BDBA PNR>OBP FP QEBOB > NRF@H QBPQ VLR @>K AL QL AB@FAB FC VL

OBA PNR>

R @>K RPE
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PNR>OBP QL J>HB QEB ?LOABPINR>0CHE) I>K VLR QBII ELT ?FD QEB PNR>OB TFII ?B




1B56E< +C5 ?6 "1>7E175 9> #1D85=1D93C

2EBKLQFLIKCBNR>IFERCRKA>JBKGKI>QEBJ>QF@RBPMB@FFKYIDB?03KA>IDB?0>0@FKHFREB
PVJ?LIfgi BUMOBPPB®<176;018FR7<KLMBO>QFKBEB>V QE>Q>KA>OR LMBO>QFQRELRIKLQ
2B OB>A IBCQ QL OFDEQ >KA FQ ABCFKFQBIV ALBP KLQ JB>K fc >KA QEB >KPTBO FP cg

$LOVLROLOHDI?B@ BB AB>PFRKABOPQV LQEBGBBPPBK@FEALRRPREBVI?LI >MMOLMOF>QBIV

KA CLOLRCRQRIBRABRFKABOPEES>KFKDOQEB PVJ?LI>KARPE@LOOBBERPPBKIFEMRR
>OB @IB>0 >KA MOB@FPB FK VLRO RPB LC FQ

*BQ PQ>0Q ?V TLOHFKD LK PLJB MOL?IBJP

&B?2<5=

HFO> TBKQ QL SFPFQ EFP DOSHOMPEBHEBESB EFJ QL ?RV > QOB>Q
&B TBKQ QL QEB PQLOB >KA ?LRDEQ >?LLHCLO  CQBO QE>Q EBE>A  IBCQ
&LT JR@E JLKBV AFA HFO> E>SB ?BCLOB EB SFPFQBA EFP DO>KAJLQEBO

&B?2<5=

#U>IFKBEELIILTFKBNR>QFLB®FAB QERQ>QBJBKRVRQORBLIBQFJEPOREOKBSBQORB
(RPQFCV VLRO >KPTBOP
2 1

(a) 5+3=8. (b)§+§=§. (©)5+3=y. (d)

5
.

ol e

(e) n+3=m. (f) 3x =2z + x. (9) bk = 5k + 1.
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&B?2<5=

ILKPFABO QEB BNR>QFLK
18 -7 =

$FIl FK QEB ?1>KH TFQE PLIJBQEFKD QE>Q J>HRP)AE8BNR>QFLK
$FIl FK QEB ?1>KH TFQE PLIJBQEFKD QE>Q J>HRP)AEBMBNR>QFLK
$FIl FK QEB ?I1>KH TFQE PLIJBQEFKD QE>Q J>HPB-QER BNRIQFIE-<15-; .)4;-

&B?2<5=

'C PLIBLKB >PHBA VIRIQOQEB BNR>QFLKP FK .OL?IBJ TE>Q TLRIA VLR AL FK B>@E @>PB >KA TEV

*89>; &19B )81B5

)FJ PLISBA .OL?IBJ QEFP T>V QEFP T>V

*BQP PBB
2.30 + 3.20 = 5.50 — 1.50 = 4,
PL QEB >KPTBO FP

5E>Q AL VLR QEFKH >?LRCPIHRQFLK "FA PEB DBQ QEB @LOOB@Q >KPTBO 'P EBO PLIRQFLK @IB>(
@LRIA FQ ?B ?2BQQBO

IQELRDE )FJ CLRKA QEB @LOOB@Q KRJEEBTRGHHERRIBQFLK OBIV>MBPKY PBKPB 'Q FP QORB QE>Q
2.30 4+ 3.20 = 5.50.

RQ FQ FP ABCRRQBRAB QE>Q
2.30 + 3.20 = 5.50 — 1.40.

1EB FP FK@LOOB@QIV RPFKD QEB PVJ7?LI f g >KA QE>Q J>HBP EBO @>I@RI>QFLK E>OA QL RKABOPQ
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*89>; &19B )81B5

" I>K VLR TOFQB > DLLA1<176C QEB PVJ?LI f g 5E>Q ALBP FQ JB>K >KA TE>Q ALBP FQ QBMOBPBK
' %FSB PLJB BU>JMIBP 5EBK PELRIA QEB PVJ?LI f gi ?B RPBA >KA TEBRBPEPBKA FQ

' "L QEBPB QTL BNR>QFLKP BUMOBPP QEB P>JB OBBOBKRREHAMPALBREEMP #UMI>FK|VLRO
>KPTBO

22— 1= (x+1)(z—1).
(x+1)(z—1)=2*—1.

2EFRMF@QREIF P SBORPFIMIFPQF@ M>F>1>K @Ea>IBR@E P@>IBILTPVLRQL+758): - QEBBFDHET
QTLL?GB@Q® BKBL?GBEB>@¥>KCLKEPFABRL TBADE>REBQEBQEBRERFABLIAFEB>SFBEGB@QP
'C QEB QTL PFABP >OB ?>I>K@BA QEBK QEB L?GB@QP LK B>@E PFAB TBFDE QEB P>JB

*89>; &19B )81B5

'K QEB MF@QROBP ?BILT

" 2EB LO>KDB QOF>KDIBP >Il TBFDE QEB P>JB
" 2EB DOBBK @FO@IBP >Il TBFDE QEB P>JB

* 2EB MROMIB PNR>OBP >Il TBFDE QEB P>JB

* 2EB PFISBO PQ>OP >Il TBFDE QEB P>JB

© 2EB P@>IB FP ?>I>K@BA

'K QEBIF@QMEBT TE>@\LVLRHKLT>?LRQEBBFDEQEQEROF>KDIRREBRFO@&BH ALVLR
HKLT FQ
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'K QEBIF@ QIR TE>Q@LVLRHKLT>?LRQEBBFDEQERER FO@MEBQ>CGRLT ALVLRHKLT
FQ

'K QEBIF@QMEIBT TE>Q\L VLRHKLT>?LRQEBBFDEQEQEBQ>0RAQEBNR>OBRT ALVLR
HKLT FQ

&B?2<5=

'K QEB MF@QROBP ?BILT

* 2EB LO>KDB QOF>KDIBP >Il TBFDE QEB P>JB
* 2EB DOBBK @FO@IBP >Il TBFDE QEB P>JB
* 2EB MROMIB PNR>OBP >|| TBFDE QEB P>JB




(+" 4) % "$+ $#x #) o

© 2EB P@>IB FP ?>I>K@BA

&LT J>KV MROMIB PNR>OBP TFIl ?>I>K@B TFQE LKB @FO@IB (RPQFCV VLRO >KPTBO

&B?2<5=

'K QEB MF@QROBP ?BILT

* 2EB LO>KDB QOF>KDIBP >Il TBFDE QEB P>JB
° 2EB DOBBK @FO@IBP >Il TBFDE QEB P>JB

* 2EB MROMIB PNR>OBP >|| TBFDE QEB P>JB

* 2EB PFISBO PQ>OP >Il TBFDE QEB P>JB

© 2EB P@>IB FP ?>I>K@BA
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&LT J>KV MROMIB PNR>OBP TFII ?>I>K@B QEB P@>IB FK B>@E @>PB (RPQFCV VLRO >K

PTBOP

&B?2<5=

'K QEB MF@QROBP ?BILT




(+" 4 % "$+ $#* #*) o

° 2EB LO>KDB QOF>KDIBP >Il TBFDE QEB P>JB
° 2EB DOBBK @FO@IBP >Il TBFDE QEB P>JB

° 2EB MROMIB PNR>OBP >l TBFDE QEB P>JB

© 2EB P@>IB FP ?>I>K@BA

5E>Q TFIl 2>I>K@B QEB I>PQ P@>IB !>K VLR CFKA JLOB QE>K LKB >KPTBO

&B?2<5=

'K QEB MF@QROBP ?BILT

* 2EB LO>KDB QOF>KDIBP >Il TBFDE QEB P>JB
* 2EB DOBBK @FO@IBP >1l TBFDE QEB P>JB

* 2EB MROMIB PNR>OBP >|| TBFDE QEB P>JB

© 2EB P@>IB FP ?>I>K@BA
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S5EF@E PE>MB TBFDEP QEB JLPQ QEB PNR>0OB QEB QOF>KDIB LO QEB @FO@IB 5H
(RPQFCV VLRO >KPTBOP

S5EF@E LC QEB QTL P@>IBP FP ELIAFKD QEB JLPQ QLQ>I TBFDEQ &LT AL VLR HKLT \{

*89>;, &19B )81B5

5E>Q AL .OL?IBJAd >?LSB E>SB QL AL TFQE QEB f g PVJ?LI

F@E PE>N

LRIOB OFL



B?G9>7 &1DD5B>C

&BOB FP > M>QQBOK J>AB COLJ PNR>OB QFIBP

*89>; &19B )81B5

"BP@OF7?B ELT VLR PBB QEFP M>QQBOR POIBI®KDF@ >P VORTAHKD QROBP >KA TOFQB >K
BUMI>K>QFLK QL J>HB VLRO >KPTBO @IB>0O

1>V >P JR@E >P VLR @>K >?LRQ QEFP DOLFRKDRIAQEBUK@QROBP QL BUQBKA QEB M>QQBO
5E>Q J>QEBJ>QF@>I NRBPQFLKP @>K VLR >PH >?LRQ/QEPRREEIDBOKLC QEBJ

&BOB >0B PLJB MF@QROBP QE>Q PQRABKQP AOBT QL ABP@OF?B ELT QEB M>QQBOK T>P DOLTFKD
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IFiP MF@QROB

+F@E>BIMF@QROB

)BIIFiP MF@QROB

*89>; &19B )81B5

"BP@OMELOAELT B>@EQRABKG QEBI>QQBOK TFKBPBQEBQRABKIR® QRABFBLOVLRO
LTK JBQELA LC PBBFKD QEB DOLTFKD M>QQBOK QL >KPTBO QEB CLIILTFKD NRBPQFLK]
> &LT J>KV QFIBP TLRIA VLR KBBA QL ?RFIA QEB QE CFDROB FK QEB M>QQBOK
> &LT J>KV QFIBP TLRIA VLR KBBA QL ?RFIA QEB QE CFDROB FK QEB M>QQBOK
* &LT @>K VLR @LIMRQB QEB KRJ?BO LC QFIBP FK >KV CFDROB FK QEB M>QQBOK

&B?2<5=

&V P>T QEB M>QQBOKBRBKXFT>V COLJ BSBOVLKB BIPB FR @GE>QFEBBOBIT




(%-$ &*($) O

&VIiP MF@QROB

"BP@OF?B FK TLOAP ELT &V P>T QEB M>QQBOK DOLT
&LT TLRIA &V @>I@RI>QB QEB KRJ?BO LC QFIBP KBBABA QL ?RFIA QEB QE CFDROB FK QEB M:
&LT TLRIA &V @>I@RI>QB QEB KRJ?BO LC QFIBP KBBABA QL ?RFIA QEB QE CFDROB FK QEB M
&LT TLRIA &V @>I@RI>QB QEB KRJ?BO LC QFIBP KBBABA QL ?RFIA >KV CFDROB FK QEB M>QQE

2EBKBUQBTMOL?IBIJAOBPBIBIB@MOLTFKRI>QQBBKRB TFQRFIBHLOB>@MOL?IBYLRTLOH.K ALQEB
CLIILTFKD
"BP@OF?B FK TLOAP >KA MF@QROBP ELT VLR PBB QEB M>QQBOK DOLTFKD

I>@RI>QB QEB KRJ?BO LC QFIBP VLR TLRIA KBBA QL ?RFIA QEB QE CFDROB FK QEB M>QQBOK (
?>PBA LK ELT QEB M>QQBOK DOLTP

I>@RI>QB QEB KRJ?BO LC QFIBP VLR TLRIA KBBA QL ?RFIA QEB QE CFDROB FK QEB M>QQBOK

"BP@OF?B ELT VLR @>K CFDROB LRQ QEB KRJ?BO LC QFIBP FK >KV CFDROB FK QEB M>QQBOK |
>KPTBO ?>PBA LK ELT QEB M>QQBOK DOLTP

ILRIA VLR J>HB LKB LC QEB CFDROBP FK QEB M>QQBOK RPFKD BU>@QIV FIBPTEWBP TEF@E
KLQ (RPQFCV VLRO >KPTBO

ILRIA VLR J>HB LKB LC QEB CFDROBP FK QEB M>QQBOK RPFKD BU>@QIV QEIBP TEVBP TEF@E
KLQ (RPQFCV VLRO >KPTBO
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#1D389>7 1=5

BILT VLRIlICFKN>QQBRBHRQOHKEE*»OFLRPVP QEOLRBSEPREIBMOBPBKQ>(IKP>B@OBPPHKKP
Q>?IBP LC KRJ?BOP >KA FK'TRQABL? FP QL J>Q@E QEBPB RM FK > T>V QE>Q J>HBP PBKPB

,LQB QEB@BY ?BJLOBQE>KKB>|DB?0H@I0BPRRLKQ @EDF SEW>QQROK OBQE>KKBVI>QQBOKQ@E
> DFSBK ABP@OREMQBIOB>AV QL GRPQFCV VLRO >KPTBOP

<752B193 H@B5CC9?>C

> t? ? 25 +1 @2k+ (k—1)+2k+ (k—1)
AbBn+5 Ba+ta c3—1)+3(¢—-1)+4
p3b+1 Ez+z+1 Fm?— (m—1)2

TRET H2x — 1 1 de — (e — 1)
J6f—2 k2 L 5(s+1)
,9CE1< &1DD5B>C

>QQBOK
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>Q0QBOK

*12<5C ?6 $E=25BC

&+,5/
'KMRQ
-RQOMRQ

&+,5/
'KMRQ
-RQMRQ

&+,5/
'KMRQ
-RQMRQ

&+,5/
'KMRQ
-RQMRQ

&+,5/
'KMRQ
-RQOMRQ

&+,5/
'KMRQ

-RQMRQ
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&5/
'KMRQ
-RQMRQ

5C3B9@D9?>C 9> -?B4C

ILRKQ ELOFWLKQ>| >KA SBOQF@>| QLLQEME@WR RGM>QEBBB/>0B QIQIQEMIB@HPETEBOB
FP QEB CFDROB KIEBBB >®BILOB LC QEBJ LK QEB SBOQREBISBOQF@>| QLLQEMF@HP >OB GRPC
P>JB 2EBOB >OB QTL @LIRGKRKO QEBOQF@> >0J >KA QIEEKLC QEBJ LK QEB ELOFWLKQ>I >0J

2L DBQ > CFDROB COLJ QEB MOBSFLRP LKB VLR >AA QEOBB QLLQEMF@HP FK > figi PESMB LK QE
CFDRQEB QLQ>I KRJ?BO LC QLLQEMF@HP FP QEOBB QF JBRRFEEX
PNR>OB LK QEB C>0 OFDEQ

2EBOB >0B CFSB PMFHBP O>AF>QFKD LR @BIRNFHB@BRQEB P>JB KRJ?BO LC QLLQEMF@HP >f
CFDROB KRI2BOE PMFHB FP @ EMMBRKRCGAAFQFLK>I QLLQEMF@H

#>@E >0J LC QEB f*g PE>MB E>P QEB P>JB KRJ?BO LC QFIBP >PRIEBEBORBIBKRIZBKQBA QEB
@LOKBO LC QEB f*g QTF@B PL TB E>SB QL PR?Q0>@Q LKB QL DBQ QEB QLQ>I KRJ?BO LC QFIBP

2EB PQ>0OP >0OB FK QTL BNR>I OLTP >KA B>@E OLT E>P QEB P>JB KRJ?BO LC PQ>0OP >P QEB CFDI

2L J>HB QEB KBUQ CFDROB VLR >IT>VP >AA CFSB J&@® B:0QEMF @KBILOB QE>K QEB CFDROB
KRJ?BO LC QLLQEMF@HP >KA QEBOB >0B CFSB >0JP

2EB PQ>0OP >0B FK > PNR>0B >KA QEB PFABP LC QEB PNR>0OB E>SB QEB P>JB KRJ?BO LC PQ>0OP

#>@E >0J LC QEB f4g PE>MB E>P QEB P>JB KRJ?BO LC PQ>OP >REHES TH-RBRBQRIABAKB
JLOB PQ>0 CLO QEB @LOKBO

2EBOB >0OB QEB P>JB KRJ?BO LC PNR>OBP >P QE& A BDRESHIRINBE RPBP CLRO RQLOEBKE @HP
'iSB ALR?IB @LRKQBA QEB QLLQEMF@HP TEBOB QEB PNR>OBP QLR@E PL TEBSSB-QBPR?Q0>@
LKB IBPP LC QELPB QE>K QEB CFDROB KRJ?BO

' @>K MF@QROB > PNR>0OB LC QFIBP CFIIBA FK 2EB PFAB IBKDQE LC QE>Q PNR>OBIFP QEB P>JE
QERi° RQ QEBK QEB PNROEBSHNICFIIBAFIKHBI' QLLH >T>V > PNR>OB LKB PFWB PJ>IIBO COLJ
QLM OFDEQ IB>SFKD GRPGBEB 2QOABST>V T>P > PNR>OB LKB PF(UB-PIHBO

#>@E QFJB ' DL COLJ LKB PE>MB QL QEB KBUQ ' >AA PFU KBT QLLQEMF@HP 2EOBB >OB >AABA ¢
PE>MB >KA QEOBB >OB >AABA QL QEB QLM FK > QLEBAFQHPERIEBO TFII ?B PFU QFJBP QEB CF
KRJ?BO MIRP LO JFKRP PLIB@ERK@EB@H QL PBB QE>Q QEB OFDEQ @LOOB@QFLK FP QL PR?QO




)DBE3DEB1< 1>4 &B?354EB1< <752B1

5EBK JLPQVBLMIBEFK+?PLRQIDB?CCOLP @ELLQEBYQEFKIPLRAPLISFKBLQ g 2EBVFI>DFKBQRC
BNR>QFIRRE>0OVFKE3BIPC@LIMIBUFRRQEBL>FRPIT>VREB>JB CFKAEBKHKLTKR>KQFZBFI-P
>8:7+-,=:)4 SFBT LC >IDB?0>

#SBKBIBJBKQ>PYRABIGRRBBUMLPBAFABSFKMVOL @ BARIDE?O2EFE>MMBKRVQF JREBYEFKIZLRQ
RKHKLTKR>KQFORARORIPLISELQEBJ $LOBU>JIMIBEBKCFOPQ>ABQRABKRPRL>AA>KAPR?Q0O>@Q
KRJ?BOP fTFQEFK ig QEBV PELRIA COBNRBKQIV Q>@HIB MOL?IBJP IFHB QEBPB

C 34 =7
* $FKA PBSBO>| M>FOP LC KRJ?BOP QE>Q >AA RM QL

IQELRDE MOL@BARO>| >IDB?0> FP PRILGDQEB QLFQIFIMLOQ>KQ PHEBO®ARKDV KLQ QEB TELIB PQLO!

7LR>IPLKBBRICLPQBEFKHBRDRG:=+<=:)34/-*) FKVLREQRABKIFEKEVJ?LIFQIBUMOBBBKFKBK
> PFQR>QEIBEBGB>K @LK VLR®>DB/LRPELRIAB>?IBQL>KPTBOTE>QALBROERIB>K 5E>QALBREQ
OBMOBPBKQ g

+LPQLCTE>Q/LRISBLKEPLC>BKQERRE>MBB=+<=:)34/-*)) 7LRISERPBABQQBERAPVJI?LIPKL@L
OBMOBPPRR&DRKHKLTKNR>KQRR®S >):A16/NR>KQRBQEBU>IMIBFKLB@QF LK RRPBIBQQRIFPBMOBPBKQ
QEBCFDRRRJ?BQ LO@>PRRJ?BOEK> DOLTFH®>QQERERIBQQRDIERIA>HEK ARCBOBRIRBPKAQEB
BUMOBPPBERE/LRFKCLOJ>QELR J>KVQFIBRPQLLQEMEEMP>UPR<BBABR?RFIQEN>OQF @RBDROB
FK QE>Q M>0QF@RI>0 M>QQBOK

*89>; &19B )81B5

" ILKPFABO QEB BUM@BPBF%&SB > OB>| TLOIA PFQR>QFLK QE>Q @LRIA ?B OBMOBPBKQBA ?V C
BUMOBPPEEKOB VLRO >KPTBO TFQE VLRODBSERBKBOVLR @LJB RM TFQE BSBK JLOB FAB>P

* 1RMMLPB QEB BUMBBRPFOBMOBPBKQP QEB KRJ?BO LC QFIBP RPBA >Q >KV PQ>DB LC > DOLT
M>QQBOK

0 #S>IR>QB QEB BUMORBPRFLK2>Qund 3 5E>Q AL QEB S>IRBP QBII VLR >?LRQ QEB M>QQBOK

283
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0 1>K VLR ABP@OF?B FK TLOAP ELT QEB M>QQBOK FP DOLTFKD
0 '>K VLR ABPFDK > M>QQBOK TFQE QFIBP QE>Q DOLTP >@@LOAFKD QL QEFP ORIB

0 5EBOB AL VLR PBB QEB f g FK VLRO M>QQBOK 5EBOB AL VLR PBB QEB f gi 5EBOB AL VLR PI
g

&B?2<5=

YOVPQ>| T>P ILLHFKD >Q QEFP M>QQBOK TEF@E J>V ?B C>JFIF>0 QL VLR COLJ QEB .OLPIBJ >KH

1EB TOLQB ALTK QEB BNR>QFLK
y=4x + 2.

'K)OVPQPIBNR>QFLK TE>Q ABWOBPBKQ 5E>@Q @BRROBPBKQ &LT AL VLR HKLT

&B?2<5=

I>SKAF@B T>P QEFKHFKD >?LRQ QEFP MOL?IBJ




P S &% +(" " (O

2LA>\FRBKKFGBZTFOQEARAPEBIQTF@HBLIA>PEBOOLQEBEBK TFIIPEBRBQTF@BLIA>PEFJ
>D>FK

1EBTOLQBRLTKQEBNR>QFMK = m 'K I>KAF@BBNR>QFILE>QALBR OBMOBPBESQALBR
OBMOBPBKQ &LT AL VLR HKLT

&B?2<5=

1>0>BKA'>SFA@LIIB@A @LFKRRMMLREB>0F> AP Q>KARQEBRJI?BQCALFKPO>E>FFK
EB@LIIB@QFKA PQ>KSPQERRJI?BQCALFKPSFAE>AFKEFRDLIIB@ QFEXKQTLRIAB>@EQEBPB
BNR>QFLKP P>V >?LRQ QEBFO @LFK @LIIB@QFLKP

@Wk=0+1 (k= ()3k=20 (d)k=(—11

&B?2<5=

2EBMF@QRBRH PELT?>I>K @B >IEPLKQ>FKE{IR-KA?IL@HREB?>DP-OB>0OHBAFQE f gi
?B@>RPB QEBV @LKQ>FK PLJB RKHKLTK KRJ?BO LC ?IL@HP 'K B>@E MF@QROB

T #>@E ?>D @LKQ>FKP QEB P>JB KRJ?BO LC ?IL@HP
© 2EB P@>IB FP ?>I>K@BA

$LO B>@E MF@QROB ABQBOJFKB ELT J>KV ?IL@HP >OB FK B>@E ?>D (RPQFCV VLRO >

KPTBOP
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&B?2<5=

5EBK EB T>P TLOHFKD LK .OL?IBJ )VIB TOLQB ALTK QEBPB QEOBB BNR>QFLKP
F2m =06

FF2x = x + 3

FFE +5=22+43

+>Q@B>@BNR>QFQK> MF@QRREGRPQNCR@ELF @BFBKPLISBYEBNR>QFLKRAP>V FK>
PBKQBK@B TE>Q QEB PLIRQFLK OBMOBPBKQP

&B?2<5=

"O>T > ?2>I1>K@B MRWWIB QE>Q OBMOBPBKQP QEB BNR>QFLK




(8 &% (" " ( 0

2h+3=h+8.

LT PLISB QEB ?>I>K@B MRWW!IB 5EBQB-RPVQEB MRVBEHR) ALBP FQ OBMOBPBKQ

&B?2<5=

"O>T > ?>I1>K@B MRWWIB QE>Q OBMOBPBKQP QEB BNR>QFLK
30+ 7=3b+2.

,LT PLISB QEB BNR>QFLK #UMI>FK TE>Q E>MMBKP

&B?2<5=

5EF@E BNR>QFLK ?BILT FP JLPQ IFHB QEB LKB FK .OL(RBRFEYM.EBRO @QELF@B

2 1 3 a 9
QO5+3-—8, w)§+§——g, u05+3——% (d)g—_E’
(e) n+ 3 =m, (f) 3x =2z + x, (g) bk = b5k + 1.

&B?2<5=

"O>T > ?2>I>K@B MRWWIB QE>Q OBMOBPBKQP QEB BNR>QFLK
40 +7 =40+ 7.

,LT PLISB QEB BNR>QFLK #UMI>FK TE>Q E>MMBKP
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&B?2<5=

5EF@E BNR>QFLK ?BILT FP JLPQ IFHB QEB LKB FK .OL(RBRFEYM ' EBRO @ELF@B

2 1 3 a 9
(a) 5+3 =8, (b) §+§ = g, (C) 5+3 =y, (d) g = E,
(e) n+ 3 =m, (f) 3z =2z + =, (g) 5k = 5k + 1.

&B?2<5=

I0B>QB?>I>K @BRWWIBBOBEPBLIRQFERKLQ TELIBKRI?BQC?IL@HP-K VLRPLISEQ#UMI>FK
VLRO >KPTBO

&B?2<5=

2EBOBOREOBEIBFOOL@HWFIB MFIB >KAVFIB .FIB E>RTLILOBOL@BE>MFIB .FIB! E>P
CLRO QFJBP >P J>KV OL@HP >P MFIB 2EB QLQ>I KRJ?BO LC OL@HP FK >l QEOBB MFIBP FP

3PB@QL OBMOBPBKQ QEB KRJ?BO LC OL@HP FK MFIB >KA TOFQB BNR>QFLKP QE>Q ABP@OF
2EBK CFKA QEB KRJ?BO LC OL@HP FK B>@E MFIB

3PB@QL OBMOBPBKQ QEB KRJ?BO LC OL@HP FK MFIB >KA TOFQB BNR>QFLKP QE>Q ABP@OF
2EBK CFKA QEB KRJ?BO LC OL@HP FK B>@E MFIB

3PB@QL OBMOBPBKQ QEB KRJ?BO LC OL@HP FK MFIB ! >KA TOFQB BNR>QFLKP QE>Q ABP@OF
2EBK CFKA QEB KRJ?BO LC OL@HP FK B>@E MFIB

*89>; &19B )81B5

*LLH ?>@HBQOL?IBJP d SEF@ECQEBXBI(FHB<:=+<=:)44/-*:)1+ <016316/SEF@EBIFHB
8:7+-,=:)4 )4/-*:)1+ <016316/'FA >KV LC QEB MOL?IBJP CBBI IFHB QEBV FKSLISBA ?LQE HFKAP LC QEFk




J(+*(" 8 &% +(" " (O
,1B912<5C 1>4 AE1D9?>C
7LR E>SB PBBK QE>Q FK >IDB?0> IBQQB@PKKZ»BEIBKQ JB>KFKDP ABMBKAFKD LK QEB @LKQBUG
PVJ?LI @LRIA PQ>KA CLG-BREB?6 9=)6<1<A
PVJ?LI @LRIA PQ>KA CLO PLJIB NR>KQFQ\KBEEB QEB QBOJ fS>0OF>?IBg QL ABP@OF?B QEBPB P\
'K JR@E QEB P>JB T94)<1761@>K OBMOBREBQBXECQEFKDP

© 2EBV @>K OBMOBPBKQ > MOL?IBJ QL ?B PLISBA 2EFP FP QEB QO>AFQFLK>I MOL@BARO>| >IDB?(

© 2EBV @>K OBMOBPBKQ > OBI>QFLKPEFM ?BQTBBK QTL LO JLOB NRiKéKDE%BﬂEKQBXJEHB
OBI>QFLKPEFM ?BQTBBK QEB >0OB> LC > PNR>0B >KA FQP PFAB IBKDQE

' 2EBV @>K OBMQRBEKQJ>QEBJ>QF@>| QORQEP $LO BU>JMIB
?—1=(z+1)(z—1)

FP>IT>VRQORBLBSBOS>IRB.Cr 2ZEBOBRKLQEFKIPLISECLO-KAKL OBI>QFLKPBENIBBE>OVFKD

NR>KQFQEBR RAL QOYIPLISECL® g VLRTFIIDBQEBNR>QKLK () JR@EFHB/LRP>TFKOL?IBJ
,LQ SBOV P>QFPCVFKD

*89>: &19B )81B5

%FSB >K BU>JMIB LC B>@E QVMB LB PRRSJIFLIR>V TE>Q QEB PVJ?LIP FK QEB BNR>QFLKP OBMOBF

&B?2<5=

KPTBO QEB CLIILTFKD NRBPQFLKP >?LRQ QEB BNR>QFLK
2 —1=(z+1)(z—1).

#S>IR>QB ?LQE PFABP LC QEB >?LSBBNR:IFIK €Land 5 5E>Q E>MMBKP

3PB QEB<:1*=<1>-78-:<ALC JRIQFMIF@>QFLK L SBQLBUMSKAQEB OFDEQ PFAB LC QEB BNR>QF
>KA PFIMIFCV FQ

3PB QEB BNR>QFLK QL @2 INREBHIFQELRQ RPFKD > @>K@RISBKELT VLR AFA FQ



http://pressbooks-dev.oer.hawaii.edu/math111/chapter/properties-of-operations/#DistributiveProp

&B7?72<5= 15;

OL?IBJP  >PH VLR QL PLISB MOL?IBJP >?LRQ > PQO>KDB SBQBOFK>OF>K TEL @OB>QBA QEOBB JV
+= +-237/ .I>@B > @>Q FK QEB FKMRQ ?FK LC QEFP J>@EFKB MOBPP QEB ?RQQLK >KA LRQ GRIM
81 +-237/ 2EFP J>@ERBBKSBOQP > ALD FKQL > @>Q >KA > JLRPB
8></ +-237/ 2EFP J>@EFKB @>K @LKSBOQ > JLRPB FKQL > @>Q >KA QEOBB ALDP

#>@HB>@EFKB>KIPLLMBO>G®BSBOSIEBU>IMIFVLRE>SE TLALDRKA> JLRPBVLR@>RPBEBFOPQ

J>@EFKB QL @LKSBOQ QEBJ FKQL > @>Q

&B?2<5=

2EBSBQBOFKERARLRQTL@>QKA>PHRLRQL@ LK SBIEB FKQRU>@ QIEOBBDPKL BUQ®AEDP
>KA KL LQEBO >KFJ>IP 1>K VLR AL FQ 'C VBP P>V TE>Q MOL@BEKVLR-TLREA REB

&B?2<5=

2EBSBQBOFKHKARLRLKBALD &B P>VEBLKIVT>KQ@>MREBALBPRI@>ER.T J>KV I>K VLR
EBIM EFJ&LT
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&B?2<5=

2EBSBQBOFKRARLR_KB@>®B P>VEBLKIVT>KQRLDP?REBALBPR@>ER T J>KV I>K VLR
EBIM EFJ&LT

.OL?IBJP MOBPBESIBMOLTFD>QQBBRB TFQRLLOEMF@HIB>@HOL?IBYLRTLOH.K ALQEB
CLIILTFKD
"BP@OF?B FK TLOAP >KA MF@QROBP ELT VLR PBB QEB M>QQBOK DOLTFKD

I>|@RI>QB QEB KRJ?BO LC QLLQEMF@HP VLR TLRIA KBBA QL ?RFIA QEB (@PQFORUBRRK QEB M>(
>KPTBO ?>PBA LK ELT QEB M>QQBOK DOLTP

I>@RI>QB QEB KRJ?BO LC QLLQEMF@HP VLR TLRIA KBBA QL ?RFIA QEB QE CFDROB FK QEB M>

"BP@OF?B ELT VLR @>K CFDROB LRQ QEB KRJ?BO LC QLLQEMF@HP FK >KV CFDROB FK QEB M>(
VLRO >KPTBO ?>PBA LK ELT QEB M>QQBOK DOLTP

ILRIA VLR J>HB LKB LC QEB CFDROBP FK QEB M>QQBOK RPFKD BUER QN F @ELCHDRIBHE KL
TEV KLQ (RPQFCV VLRO >KPTBO

ILRIA VLR J>HB LKB LC QEB CFDROBP FK QEB M>QQBOK RPFKD BOX8RI|VEFQH QENMROBIFC KL
TEV KLQ (RPQFCV VLRO >KPTBO



O#* #*)
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&B?2<5=




&B?2<5
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&B?2<5
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&B?2<5=

'K >57*14- QEBOJRRP@BMBOCB @K @ BAGQLE>KIMOLMBQIEB>0QHABY>KABOSIABA >PC>JLRP
CLO EFP >OQFPQF@QRL@EBBKFBT PLIB LC EFP >J>WERDHME@GHH f#UMILOBGHP g

.OL?IBJP MOBPBKQ VLR TFQE JL?FIB MRWWIBP 'K QEBPB MRWWIBP

' -2GB@QP QE>Q >0OB QEB P>JB PE>MB E>SB QEB P>JB TBFDEQ 1L >ll @FO@IBP TBFDE QEB P>JB
P>JB BQ@
PPRJB QEB PQOFKDP >KA OLAP QE>Q ELIA QEB L?GE2@P L PEQEREBINQ>| TBFDEQ

' #>@E >0J LC QEB JL?FIB JRPQ E>SB BU>@QIV QEB P>JB TBFDEQ

&B?2<5=

'K QEFP MRWWIB

* 2EB QLQ>I TBFDEQ FP DO>JP
' Il PE>MBP TBFDE IBPP QE>K DO>JP
Il LC QEB TBFDEQP >OB TELIB KRJ?BOP
' .KB @FO@IB TBFDEP JLOB QE>K LKB PNR>OB



http://calder.org/work/by-category/hanging-mobile

&%"# $I O

$FKA QEB TBFDEQ LC B>GEMBRE®BLOB QE>K LKB ¥{ATAROVLR HKLT VLR >OB OFDEQ

&B?2<5=

'K QEFP MRWWIB QEB QLQ>| TBFDEQ FP DO>JP

$FKA QEB TBFDEQ LC B>GEQMBE®BLOB QE>K LKB ¥{ATAROVLR HKLT VLR >OB OFDEQ







&<135 ,1<E5 1>4 539=1<C

' >|T>VAP>VIEBKVLRPBEESQA ?1>@H >KA TEEQBQ>DBQEBL @HBMEB-RK@&>AKAFE>IIP
LSBOKABUMILABPERIB@>RMBLMB>APIFABRIBR.Q E>SFKDEBB@FJMLFK® OBAO>T?>@H
7LR T>KQ QEB AB@FJ>l MLFKQ Q>HB FQ COLJ JB

FIl ,VB

2EBf"LQP>KALUBPgMMOL N> @E | RRPBAKQE RP>OKAQEOLRDEDRRP LH >KAQEBIFBRB@EFIAg
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>MMOL>@EO>@ QELKBEOLI>IBP2>KQLKEKA-ORPBAFQEFRBOJFPPRBEEFABSBILMIBKQDEBPB
>KA LQEBO FABSRXQ DA>VJ>QE @LJ


http://gdaymath.com/

(5F95G 7?6 ?DC ?H5C #?45<

*BAPPQ>TRDE NRF@BSFRTMI>@E>IRBAFCBOBKE®BPKALRG'LQP LUBPJILABICLQEFKHBPRDRQ
QEBPB FAB>P

*85  (E<5

5EBKBSBOEBOBBTLALQPKPFKDM.U QEBBUMILABAFP>MMBK®?B@LIBKBALFKQEBLUQL
QEB IBCQ

H1=@<%$9>54?DC 9> D85 CICD5=

5 B PQ>0Q ?V MI>@FKD KFKB ALQP FK QEB OFDEQJLPQ ?LU

2TL ALQP FK QE>Q ?LU BUMILAB >KA ?B@LJB LKB ALQ FK QEB ?LU QL QEB IBCQ

299
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-K@B >D>FK QTL ALQP FK QE>Q ?LU BUMILAB >KA ?B@LJB LKB ALQ FK QEB ?LU QL QEB [BCQ

5 B AL FQ >D>FK

&BVKLT TB E>SB JLOB QE>K QTL ALQP FK QEB PB@LKA ?LU PL QELPB @>K BUMILAB >KA JLSB

KA QEB OFDEQJLPQ ?LU PQFII E>P JLOB QE>K QTL ALQP




(, - % %%  %.) #% " O

)BBM DLFKD RKQFI KL ?LU E>P QTL ALQP

CQBSI QEFOB>AFEDLIBCQIOFDER>OMBCTFQEKBALQCLIILTBAVWBGLQRVBAILQPKALKB
CFK>I ALQ

%85>=387EB m @LAB CLO KFKB ALQP FP

*85  (E<5

5EBKBSBQEBOBREOBBQPKPFKDH.U QEBMBUMILABAFP>MMBKE?B@LIBKBALFKQEBLUQL
QEB IBCQ

H1=@<5 96D55> 4?DC 9> Oi§ED5=

&BOBi TE>Q E>MMBKP TFQE CFCQBBK ALQP




O#* #* ) %( "#$*(/ 0

%85>=382EBm @LAB CLO CFCQBBK ALQP FP




(, - % %%  %.) #% " O

569>9D9?>

0B@>I QE>Q KRJ?BOP TOFQQBK FK QEB m PVBDBB QB<@>@BKRI?BOP
RI?BOP TOFQQBK FK QEB m PVPQBJ,»@B- B/ IBRI?BOP

,RJI?BOP TOFQQBK FK QEB m PVPQBJ»0B&>KRA?BOP

,RJI?BOP TOFQQBK FiK ®E¥BQBJ >OB @>[#BA=/7 KRIJ?BOP

'K DBKBO>I KRJ?BOP TOFQQBK PK/PEBJmOB @*>HBBKRJ?BOP

'K > ?>PB KRJ?B®VPQBB>@HI>@BBMOBPBKQABQC* TEF@IB>KPH" CLOLIBTELIBKRI?B®
0BJBJ?BO QEFP JB>BRIQFMIFBA ?V EQHBIEP
' 2EB OFDEQ JLPQ MI>@B FP QEB RKFQP LO LKBP MI>@B 5EV FP QEFP > MLTBO LC
' 2EB PB@LKA PMLQRPMIE@B 'K ?>PB QBRER)QBKP MI>@B
' 2EB QEFOA PMLQIFg WEEFB 'K ?>PB QBR QERGRKAOBAP MI>@B 108B-QFK¥Q
" 2EB CLROQE PMLQWER IQE@B 'K ?>PB QBR QEBQELRP>KAP MI>@B PFK@B
KA PL LK

$?D1D9?>

5EBKBSBIBIORB>IFKIFQERJ?BOPOFQ@BKFCBOBXEPBH B RPE PR?P @ QEFIQ\F @9EB>PBL
QE>Q QEBOB @>K ?B KL @LKCRPFLK 1L

10241000 FP > ?>PB QEOBB KRJ?BO OB>A FQ >P fLKB WBOL ZHEP?FPRXEBOBBE QEOBE @LAB
CLO QEB KRJ?BO BIBSBK

* 9922 FP>?>PB CLRO KRJ?BO OB>A FQ >P fQTL QTL QZERPHP QEEI2-PB CLRO @LAB CLO
QEB KRJ?BO CLOQV QTL

© 94321 ¢en FP > ?>PB QBK KRIQBQAH QL P>V fCFCQV CLRO QELRP>KA QEOBB ERKAOBA >KA QTBk
S5EV

'C QEB ?>PB FP KLQ TOFQQBK TB?>PBRIBKQi
0BJBJ?BO TEBK VLR PBB QEB PR?P@OFMQ VLRS:0BPBBEKB KEEBO LC ALQP




O#* #* ) %( "#$*(/ 0

*89>; &19B )81B5

5 LOKQEOLRQEBTLBU>JMIBP?LSE®>OBCRIYBPROB.ROBJIBJI?BEKARKABOPEKPQEBLQP
LUBPg JLABI TLOHPREBK >KPTBO QEBPB NRBPQFLKP

' 5EBK TB TOFQB FK?>PB TEV AL THUORQBFKPQB>A LAGREQ
" 5EBK TB TOFQB FK?>PB TEV AL TBIDDFQR FKPQB>A LG GRRQ

" &LT J>KV ARTBOBKQ AFDFQP AL VLR KBBA FK > ?4PB ?PRBPQBYPQBK > ?>PB
PVPQBXLT AL VLR HKLT

%> |?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0OQKBO
'K ?>PB  CLRO ALQP FK LKB ?LU >OB TLOQE LKB ALQ FK QEB ?LU LKB MI>@B QL QEB IBCQ

> 5E>Q FP QEB S>IRB LC B>@E ?LU
? &LT AL VLR TOFISR.,, FK ?>PB
@&LT AL VLR TOFR,,,, FK ?>PB

'K LRO C>JFIF>0 ?>PB QBK PVPQBJ QBK ALQP FK LKB ?LU >0OB TLOQE LKB ALQ FK QEB ?LU LKB MI

> 5E>Q FP QEB S>IRB LC B>@E ?LU
? S5EBK TB TOFQB QEB ?>PB QBK KRJ?BO

fF 5E>Q NR>KQFQV ALBP QEB f g OBMOBPBKQ
i 2EB f g FP CLRO DOLRMP LC TE>Q S>IRB
i 2EB f g FP BFDEQ DOLRMP LC TE>Q S>IRB
i 2EB f g FP QTL DOLRMP LC TE>Q S>IRB
5 OFQB QEB CLIILTFKD KRJ?BOP LC ALQP FK ?>PB QTL ?>PB QEOBB ?4BBIGHSB fQP?>PB BFDEQ

LUBPg JLABI FC FQ EBIMP VLR OBJBJ?BO ELT QRELQESHB KRJ?BOP >0B >l TOFQQBK FK ?>PB QB
5EBK TB ALKQ P>V LQEBOTFPB VLR PELRIA >PPRJB ?>PB QBK

(a) 2 (b) 17 (c) 27 (d) 63.

ILKSBOQ QEBPB KRJ?BOP QL LRO JLOB C>JFIF>0 ?6PB [BR RMRRBEA ?LUBP >KA fRKBUMILABg QE
ALQP FC FQ EBIMP VLR OBJBJ?BO

(a) 1101¢wo (b) 102¢nree (€) 24fve (d) 24pine-



(, - % %%  %.) #% " O

*89>; &19B )81B5

/RF@HIV @LIMRQB B>@E LC QEB QHQBRKIRG >KPTBO FK QEB P>JB ?>PB >P QEB MOL?IBJ
" 131¢en QFIBP QBK
© 263207 ¢jgnt QFIBP BFDEQ

© 563872pine QFIBP KFKB

" 3PB QEB m PVPQBJ QL BUMI>FK TEV JRIQFMIVFKD > TELIB KRJ?BO FK ?>PB QBK ?V QBK OBPRI
PFIMIV >MMBKAFKD > WBOL QL QEB OFDEQ BKA LC QEB KRJ?BO

> 1RMMLPB VLR E>SB > TELIB KRJ?BO TOFQ @ ExFP>QBBERDQ LC JRIQFMIVFKD QE>Q|[KRJ?BO
?Vb (RPQFCV TE>Q VLR P>V




539=1<C

3MQIKLTLR@®LQP LUBPGLABIE>R®LKPFAQBAOLTLC?LUBBUQBKAFKDFKFQBOIQEBCBEV KLQ
E>SB ?LUBP BUQBKAFKD QL QEB OFDEQ >P TBII

*BQP TLOH PMB@FCF@>11V TFQRIB rKA PBB TE>Q ?LUBP QL QEB OFDEQ @LRIA JB>K

$?D1D9?>

'QE>P?B@LIB LKSBKQBIREM>030BBPLQEBFDEQREBKBMI>@B-QE AB@FJIMLFKQQ IB>PQ
QEFP FP TE>Q QEB MLFKQ FP @>IIBA FK QEB ?>PB QBK TLOIAc fAB@g JB>KP fQBKg >CQBO >lI

5E>QFRYEB>IRBOQEBFORQQIQEBFDEQRERB@FIMLFKE TB ABKLPEE>IRBP: TB E>SREQBHK:
iP FP BNRFS>IBK@BIBJ?BOTB >OB RPFKD®> ORIB

306
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$OLJ10x = 1 TB DBQ QE>Q -

I>Il QEB S>IRB LC QEB KBUQ ?LU QL. QEB OFDEQ

$OLI10y = - TBDB@ = 1=

'CTB HBBWLFKRQEFFB PBRE-QEBLUBRIQEBFDEQERB@FIMLFKIBMOBREEE@FMOL@HBILTBOP
LC QBK

H1=@<5

2EB AB@F 8B FP OBMOBPBKQBA ?V QEB MF@QROB




O#* #*) %( " # S (/ 0

'Q OBMOBPBKQP QEOBE-DQERYPR.C
3

H1=@<5

2EB AB@F8:())7 FP OBMOBPBKQBA ?V QEB MF@QROB

'Q OBMOBPBKQP PBSBK-BOLRMP LC

-C @LROPB PLJB AB@FJ>IP OBMOBPBKQ CO>@QFLKP QEB:Q BKIMBMIFCV CROQEBO

) 1
O.5—E—§.

1FJFI>OING CO>@ @F+KBOBTOFQMBKSE ABKLIFK>@BFP MLTBOOQBKEBREMB>PQL@ LK SBE.
> AB@FJ>l $LO BU>§|\F|B BNRFS>|B%Q>@A PL TB E>SB

3 6



#") O
H1=@<5

I>K VLR TOFQIB; >P > AB@FJ>B8
3 3
123 =12+ 3.
5 B @>K TOFQB QEB ABKLJFK>QLO >P > MLTBO LC QBK RPFKD QEB HBV CO>@QFLK ORIB
3 25 75
4 25  100°
1L TB PBB QE>Q

12+ 2 =124 {5 = 12.75.

*89>: &19B )81B5

T "O>T>f'LQP LUBPg MF@QROB CLO B>@E LC QEB CLIILTFKD AB@FJ>IP 2EBK P>V TE>Q CO>@
AB@FJ>1 OBMOBPBKQP

0.09, 0.003, 0.7, 0.0000003.
T "O>T>f'LQP LUBPg MF@QROB CLO B>@E LC QEB CLIILTFKD CO>@QFLKP 2EBK TOFQB QEB C
AB@FJ>I
1 7 9
1000’ 100° 10
* BE>Q CO>@QFLKP FK PFIMIBPQ QBOJP AL QEB CLIILTFKD AB@FJ>IP OBMOBPBKQ
0.05, 0.2, 0.8, 0.004.
* 3PB QEB HBV CO>@QFLK ORIB QL TOFQB QEB CLIILTFKD TER@QFLidP=R)AB@FJI>IP
) 1 1 1 1
5’ 25’ 20’ 200’ 1250°

* 1LJB MBLMIB OB#ALRQ ILRA >P fMLFKQ PFU g -QEBOP OB>A FQ LRQ ILRA >P fPFU QBKQEP g 5EF
EBIMCRI CLO RKABOPQ>KAFKD TE>Q QEB KRJ?BO OB>IIV FP 5EV AL VLR QEFKH PL




O#* #*) %( " # S (/ 0

H1=@<5

&BOB FP > JLOB FKQBOBPQFKD NRBPQFLK 5E>Q CO>@QFLK FP @BVMOBPBKQBA ?V QEB AB@FJ>

2EBOB >0OB QTL T>VP QL QEFKH >?LRQ QEFP

99: 8+-2
$OLJ QEB MF@QROB LC QEB f'LQP LUBPg JLABI TB PBB
0.31 = 5 + 1
T 10 0 1007

5 B @>K >AA QEBPB CO>@QFLKP ?V CFKAFKD > @LJJLK ABKLJFK>QLO
3 1 30 1 31

10 + 100 100 + 100 100°

1L
31
031 = —.
100
99; 8+-2

*BQP RKBUMILAB QEB QEOBB AL GPFKQBER QL MOLAR@B >K >AAFQFLK:- MILRFQFK IQEB

1L TB @>K PBB OFDEQ >T>V QE>Q

31
0.31 = Ral

%> |?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO



#m 0

OF>HFE>SFKARCF @ RRBBFKIEX47 OBMOBPBEBR>@GELKBP@ORIBRTL>MMOL>@QER@LRIA
RPB QL BUMI>FK QEFP QL EFJ

QB>@EBO >PHBA EFP PQRABKQP QL B>@E AO>T > 'LQP  LUBPg MEE@QROB LC QEB CO>@QFLK

(FK AOBT QEFP

1LKF> AOBT QEFP

2EB QB>@EBO J>OHBA ?LQE PQRABKQP >P @LOOB@Q

OB B>@E LC QEBPB PLIRQFLKP @LOOB@Q #UMI>FK VLRO QEFKHFKD

" (FK P>FA EB @LRIA DBRRLIRFLK ?V MBOCLOJFKD PLJB BUMILPFLKP 5E>Q AFA EB JB>K ?V QEFP
OFDEQ

IELLPB QEB ?BPQ >KPTBO >KA GRPQFCV VLRO @HELEBGBNFERAB@FJ>

923 23
it p) 22
(@) 75 ®) 100
923 23
d .
(c) 1,000 (d) 10, 000

IELLPB QEB ?BPQ >KPTBO >KA GRPQFCV VLRO @HELB@B) BERABQFJ>I

409 409
(@) T00 (%) 1500




O#* #*) %( "#$*(/ 0
409 409
(c) (d) :
10,000 100, 000

IELLPB QEB ?BPQ >KPTBO >KA GRPQFCV VLRO @HELB&IBBREE-IB@FJ>I

50 1
ik b) —

(@) Too () 55

(c) — (d) None of th

C 200 one o ese.

IELLPB QEB ?BPQ >KPTBO >KA GRPQFCV VLRO @ E)L.B@iB(ZEBMBGH-J>|

51 51
il b) 2
(@) 5e5 (%) 500
51 51
(c) (d) :
25000 250000

5E>Q CO>@QFLK FP OBMOBPBKQBA ?V B>@E LC QEB CLIILTFKD AB@FJ>IP
(a) 0.567 (b) 0.031
(c) 0.4077 (d) 0.101.

5 OFQB B>@E LC QEB CLIILTFKD CO>@QFLKR>FPEBaB IHPRIERILO

73 519
(@) 700 ) To00

71 7001
(€) ——= (d) ——.

1000 10000

5 OFQB B>@E LC QEB CLIILTFKD CO>@QFLKR):RPEB@H IHPFRILRILO

() 5 ) 5
(©) 5 () o (€ 3

5 OFQBB>@E LC QEB CLIILTFKD >P > CO>@QFLK LO JFUBA KRJ?BO

(a) 2.3 (b) 17.04 (¢) 1003.1003



#") O

5 OFQB B>@E LC QEB CLIILTFKD KRJ?BOP FK AB@FJ>I KLQ>QFLK

() 575 (b) 72 (c) 13 (d) 106
78 9 131
(e) oF (f) 1 (9) 0

*89>; &19B )81B5

"L ().19 >KA).190 OBMOBPBKQ QEB P>JB KRCEIBKQ ARJI?BOP
&BOB >0OB QTL ALQP >KA ?LUBP MF@QROBR.TL0 QEB AB@FJ>

KA EBOB >0B QTL ALQP >KA ?LUBP MF@QROB.CD0O QEB AB@FJ>I




O#* #*) %( "#$*(/ 0

* #UMI>FK ELT LKB fRKBUMILPFLKg BPQ>?IFPEBP QE>Q QEB EFBRERS@EERAELQEB AB@LKA
MF@QRQ@BAC

* #UMI>FK ELT PBSBO>| RKBUMILPFLKP BPQ>?IFPEBP QESQ (EBRBNRPEHEKQQRAFERL
PB@LKA MF@QROB LC

\

* 3PB BUMILPFLKP >KA RKBUMILPFLKP QL PELT QE>Q >l CLRO MF@QROBP >0OB BNRFS>IBKQ QL

* 1L c ALBP().19 OBMOBPBKQ QEB P>JB KR19BO >P




H=1<C

(RPQ IFHB FK ?>PB  TB @>K >AA ?LUBP QL QEB OFDEQ LC QEB AB@FJ>| MLFKQ FK LQEBO ?>PBP IFH

&LTBSB@ERIOBGAB@EKAB@FJIMLFKQB>KROBKLL TB OB>IIRELRIARD>FQ AB@FIMLFKEVILOB
+>V?B > fMBKQFJ>| MLFKQZr@Q QEB DBKBO>+GBOSFR=

*89>; &19B )81B5

* 3PB OB>PLKFKD IFHB VLR P>T LK M>DB CLO QEB ?>PB QBK PVPQBJ QL QEFKH >?LRQ LQEBO K

" $FDROB LRQ QEB SzREBRJLEK QEB MF@QROB LC QEB ?>PB PVPQBJ>?LSB B PROB|VLR @>K E
VLRO OB>PLKFKD

* "O>T>7>PB f'LQP LUBPgJLABI FK@IRAFKD > O>AFU MLFKQ >KA PLJB ?LUBP QL QEB OFDEQ
IB>PQ QEOBB ?LUBP QL QEB IBCQ LC QEB LKBP MI>@B >KA QEOBB ?LUBP QL QEB OFDEQ LC QI

"O>T>7?>PB f'LQP LUBPgJLABI FK@IRAFKD > O>AFU MLFKQ >KA PLJB ?LUBP QL QEB OFDEQ
IB>PQ QEOBB ?LUBP QL QEB IBCQ LC QEB LKBP MI>@B >KA QEOBB ?LUBP QL QEB OFDEQ LC QI

'K DBKBOFK> ?>PH) PVPQBQEBLUB®RLQEBCLCQERKBMI>@BBMOBRHEKFQNEBBACQER>PH
LUBP QL QEB OFDEQ LC QEB LKBP MI>@B OBMOBPBKQ OB@FMOL@>IP LC QELPB MLTBOP
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%> |?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

"O>T>f'LQP LUBPg MF@QROB LC B>@E KRJ?BO
(a) 0.03fve (b) 0.224ix
(¢) 0.103f0ur (d) 0.002¢hree-
$FKA > C>JFIF>0 ?>PB  CO>@QFLK S>IRB CLO B>@E KRJ?BO
(a) 0.04fye (D) 0.3six
(¢) 0.02f5ur (d) 0.03pine-

$FKA > C>JFIF>0 ?7>PB  CO>@QFLK S>IRB CLO BR@EERQITBRQ QL OBEEBZA>IMIK) 131
FK ?>PB @®OLJ QEB MOBSFLRP @E>MQBO

(a) 0.13fve (b) 0.25gix (¢) 0.101 4o

(d) 0.24seven (e) 0.55¢ight

*89>; &19B )81B5

2>JF >KAILROQKBEBOB LOHFKIK @LKSBOQFKD,,, QL> C>JFIFSOPB  CO>@QALROQKERAFA
QEFP

2EBMI>@BR?>PEFSBIQEBFDEQQEBILFK@EFHE >KAQEB  1FKGEERB-RQTLMI>@BPEB
>KPTBO PELRI4B



http://pressbooks-dev.oer.hawaii.edu/math111/chapter/decimals/#Example0.31
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/decimals/#Example0.31

#" 0

2>JF QELRDEQ >?LRQ TE>Q ILROQKBV P>FA >KA OBMIFBA

' ALKEHKLTTE>@EBFDEKPTBEP?RQHKLTQE>@>KPBOFDEZEBKRI?BO). 44, FRBPRE>K
LKBPFK @EBOBELKRJI?BORQEBKBRII>@EKALBUMILPFIGETB @>KL RQQEBO>@<§§LK
FP JLOB QE>K LKB>IQiPQ QTL 1L QEBQ@BKIEB P>JB KRJ?BO

° 5EL J>HBP QEB JLPQ PBKPB !LROQHBB\GEY AL VLR QEFKH PL

* $FKA QEB OFDEQ >KPTBO QL QEB MOL?IBIIRTEIBVLMARKD LK

&B?2<5=

$FKAQEB\B@FJ>PBMOBPBKQSDFKR>@ECQEBLIILTFKB-PBP B PROBE>( R@>IGRPQFIRO
>KPTBQJ LR JFDEQ T>KQ QL OBSEBT>IMIH28 FK QEB MOBSFLRP @E>MQBO

base 2 base 4 base 6

base 8 base 10 base 12



http://pressbooks-dev.oer.hawaii.edu/math111/chapter/decimals/#12.75
http://pressbooks-dev.oer.hawaii.edu/math111/chapter/decimals/#12.75

OF9C9?7> 1>4 539=1<C

5EBK VLRPQRARE?>@ QFILIRE>ALQPCARCBOBKYQIQEFKIILRQEBJ RQQEBFOPY >KAQEBKBTB
HBBM @LJFKD ?>@H QL FP QL QEFKH LC > CO>@QFLK >P QEB >KPTBO QL > AFSFPFLK MOL?IBJ

H1=@<5

1RMMLPB MFBP >0OB QL ?B PE>OBA BNR>IIV >JLKD @EFIAOBK 2EFP VIEBTAFFQBFBP MBO @EFIA 5
6

- =2
3

2EBCO>@ARNRFS>IBKQEBKPTBQIQEBFSFPRIEL?IBG -+ 3 = 2 "QOBMOBPRERRJI?BQC
MFBP LKB TELIB @EFIA OB@BFSBP

'K QEB P>JB T>Vc
PE>OFKD MFBP >JLKD HFAI%QVF—BWFBP MBO HFA
PE>OFKD MFBP >JLKD HFA%’#F*BMPBP MBO HFA

PE>OFKD MFBP >JLKD HFA%#FBMIFBP MBO HFA >KA

318
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QEB >KPTBO QL PE>OFKD MFBP >JLKD} @ERPOBE @l fLKB E>IC g
5 B >PPL@F>QB QEB KR(BOHB MF@QROB

'K QEB P>JB T-QEB MF@QROBBMOBPBKQP fLKB QEFGA g QE>Q FP

2EFP FP QEB >JLRKQ LC MFB >K FKAFSFAR>| @EFIA TLRIA OB@BFSB FC LKB MFB FP PE>OBA >JLKD Q

2EBMF@QROB FI@>IIBfAKBCFCQE@FH:KAB%AQEBJLRKQGVIFBKFKAFSFA@EF(DB@BFEEB’N_KB
MFB FP PE>OBA ?V CFSB HFAP

KA QEBIF@QROB FRE>IIBQEOEECQEEIBMOBEBREBILRKQAVIFBKFKAFSFABB@BASBEOBBBP
>OB PE>OBA ?V CFSB HFAP

5 B HKLT ELT QL AL AFSFPFLK FK LRO f'LQP LUBPg JLABI

H1=@<5 L

1RMMLPB VLR >0B >PHBA QIS@IMRBB T>V QL FKQBOMOBQ QEFP NRBPQFLK QEBOH >0OB LQEB
f&LT J>KV DOLRMP LC CFQFKQL g
'K LRO f'LQP LUBPg JLABI QEB AFSFABKA  ILLHP IFHB QEFP

>KA QEOBB ALQP ILLHP IFHB QEFP
1L TB >OB OB>IIV >PHFKD

f&LT J>KV DOLRMP LC CFQ FKQMRERROBLC ¢




O#* #*) %( " # S (/ 0

LQF@B TE>Q TB E>SB FK QEB MF@QROB

" -KBDOLRM LC FK QEB QELRP>KAP ?LU

" 2EOBB DOLRMP LC FK QEB ERKAOBAP ?LU
° 8BOL DOLRMP LC FK QEB QBKP ?LU

° 2TL DOLRMP LC FK QEB LKBP ?LU

2EFP PELTP QE>Q DLBP FKQL LKB QELRP>KA QEOBB ERKAOBAP >KA QTL LKBP QFJB
3906 - 3 = 1302.

-C @LROPB KLQ BSBOV AFSFPFLK MOL?IBJ TL&BPBRABBBIRIKQ BU>JMIB

H1=@<5 L

1RMMLPB VLR >0OB >PHBA QL FRAMRQEB T>V QL FKQBOMOBQ QEFP NRBPQFLK
f&LT J>KV DOLRMP LC CFQFKQL g
1L TBiOB ILLHFKD CLO DOLRMP LC QEOBB ALQP FK QEFP MF@QROB

-KB DOLRM LC QEOBB FP B>PV QL PMLQ

P 2E>Q FF



) %S $ #") o

2L CFKA JLOB DOLRMP LC QEOBB ALQP TB JRPQ fRKBUMILABg > ALQ

5 B KBBA QL RKBUMILAB >D>FK

2EFP IB>SBP LKB PQR??LOK ALQ OBJ>FKFKD FK QEB LKBP ?LU >KA KL JLOB DOLRM LC QEOBB 1L T
1024 +3 = 341 R1, meaning 1024 = 341 -3 + 1.
'K TLOAP DFSBP DOLRMPLC MIRP LKB BUQO> ALQ

5 B@>KRQEBRE LFAB>BLDBQEBOO>@QFPREBKPTBQL> AFSFPRUIRL?IBIKATE>QJ B HKLT>?LRQ
AFSFPAEKQEBLQP LUBPgILABle QLEBIMRPQEFKHOB>?LRQERLKKB@ QBRI BBBO>@QFKKP

AB@FJ>IP

H1=@<5

2EBCO>@%FFLFQEBPFLIQ3\FSFAFKD/ *BQP>@QRENV.IJMRQB- 8 FK>f'LQP  LUBPQILABI
J>HFKD RPB LC AB@%5 B P-KQ QL CFKA DOLRMP LC BFDEQ FK QEB CLIILTFKD MF@QROB

1IB>0OIV KLKB >0B QL ?B CLRKARKBIBIQILAB




O#* #*) %( "#$*(/ 0

5 BIOBBFKDWWKAKLQO>TFKI QEBLQPP VLRCLIILT>ILKDVLRIFDE@>K@LAO>TQEBLQP
O>QEBO QE>K QEB KRJ?BO LC ALQP FC FQ EBIMP VLR HBBM QO>@H

LT QEBGRKEDOLRM IB>SFKDTL?BEFK/A BTOFORF@H JBELMIHBBRO>@ERRI?BO
LC DOLRMP LC >KA IB>SB QTL ALQP ?BEFKA FK QEB ?LU

5 B @>K RKBUMILAB QEB QTL ALGREK QEB

2EFMFSBPTLDOLRNE 1B>SFKCLREBEFKABJIBI?BOQERTLQF @+OHP®BMOBRBHQOLRME
KA QEBOB >OB CLRO ALQP-BCTBK QEB




) %S $ #") o

3KBUMILAFKD QELPB CLRO OBJ>FKFKD ALQP

,LT TB E>SB CFSB DOLRMP LC >KA KL OBJ>FKABO

0BJBJ?BO QEB QF@H J>OHP HBMQ QO>@H LC ELT J>KV DOLRMP LC BFDESBEEESBB TBOB FK B>@E

' -KBDOLRMLC ALQP EK70EB
' 2TLDOLRMP LC ALQPflk QEB
' $FSBDOLRMP LC ALGREK7QEB

1L TB @LK@IRAB QE>Q

1
- = 1+8 = 0.125.
: 8 = 0.125

-C @LROP®P FQILLA E>?FQ QL @EB@H LRO >KPTBO
125 B-25 5.5 E 1

1000  3-200 3-40 3-8 &

%> [?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK L8 PROB QMPEOKBCRO TLOH

.BOCLOJ QEB AFSFPFLK FK > f'LQP LUBPg JLABI QLMRQ@FQH)EB
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.BOCLOJ QEB AFSFPFLK FK > f'LQP LUBPg JLABI CéLﬂEkRQ@FQ>().5P

.BOCLOJ QEB AFSFPFLK FK > f'LQP LUBPg JLABI éLMRQ@FQﬂ)JﬁP

.BOCLOJ QEB AFSFPFLK FK > f'LQP LUBPg JLABI q% PELT ABE®BJI>() HR7H

'K PFEIMIBPQ QBOJP TE>Q CO>@QFLK FP OBMOBPBKQBA ?V B>@E LC QEBPB AB@FJ>IP

0.75, 0.625, 0.16, 0.89, 0.0625.

(5@51D9>7 539=1<C

,LQ >l CO>@QFLKP IB>A QL PFIMIB AB@FJ>I OBMOBPBKQ>QFLKP

H1=@<5

ILKPFABO QEB Cd?@QPBBH DOLRMP LC QEOBB FK QEB CLIILTFKD MF@QROB

3KBUMILAFKD OBNRFOBP RP QL ILLH CLO DOLRMP LC FK

&BOB QEBOB >0OB QEOBB DOLRMP LC IB>SFKD LKB ?BEFKA

3KBUMILAFKD DFSBP




) %S $ #") o

5 B CFKA >KLQEBO QEOBB DOLRMP LC IB>SFKD LKB ?BEFKA

3KBUMILAFKD DFSBP

KA TB PBBJ QL ?B @>RDEQ FK >K FKCFKFQBIV OBMB>QFKD @V@IB

5 B>OBLT FK>MEFILPLMEFEKQBOBRQAIDFPKERJI>K?BFKDPB @>KK @) KARGEDEO-KV>@ QF SIKQV
FKCFKFQB KRJ?BO LGRQFEBPBBJP SBOV QBIMQFKD QL TOFQB

1
3 = 0.33333...,

3

TFQBEBIIFMPFP.g JB>KFKDHBBNDLFKBLOBSERDEERAR>QQBEKBI@>K5)/16- TE>QERB>KP?RQ
TB @>KKLQ >@QRxHV?6 QELPB FKCFKFQBI\PISEMO®BPBKQBA.2?V QEB



O#* #*) %( " # S (/ 0

$?D1D9?>

+>KVMBLMIB-HBRPRC>?37->5>6 ELOFWLKQSOQIOBMOBFBKBKFREBNOBMB>QMK@FJI>IHLO
BU>JMIB).3 JB>KP fOBMB>Q QEB CLOBSBOg

0.3 = 0.33333...,

>KA).296412 JB>KP fOBMB>Q QEB CLOBSBOg

0.296412 = 0.296412412412412. ..

LT TBiOB-K> MLPFQRURFSB MBOE>MPBP>QFPCWRRDBQLQEBIRBPQHRIR4 = 3 'K QEBU>JMIB
>?LSB TB CLRKA QEB >KPTBO QL 7B

1024 +~3 = 341 R1.

RQKLT TB HKLTTB @>KBBMFSFARRENOP@QR??LAKTV  0BJBJ?BOQE>QBMOBPBRERDIE. K
QEB LKBP MI>@B PL FC TB HBBM AFSFAFKD ?V QEOBB BQ TIBEHSEBMOBPBKQP

1024 +3 = 341 R1 = 3415 = 341.333333... = 341.3.

H1=@<5

P >KLQEBOOB@LIMIF@>@BAIMIEBOBREBLOHE-QLKSBQEBO>@ GRuEKFKCFKFQBIY
OBMB>QFKD AB@&FEPROB QL RKABOPQ>KA QEB PQBMP LKB IFKB QL QEB KBUQ




) %S $ #")
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5 FQREFPFKQEBFKSFDEQ JIZRQ TB E>SEBQROREZEBBOYBDFKKAKIDEBIOL?IBI "L VLR
PBB TEVOBJBJ?BOTB PQ>0QBA TFQE > PFU FK QEB LKBP ?LU

2EFRB>KRQE>IB TFIIPFIMIMBMBIEBLOH B E>SBA\LKB-KAL?Q>FPEB>JBPBNRBKI@BKPTBOP
857142 KA QEBK >D>FK >KA QEBK >D>FK >KA RBHK-SB>FK

g = 0.857142857142857142857142 . ..

= 0.857142.

%> |?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK L8 PRQB QMPEBUOKBORO TLOH

ILIMRQE >P >K FKCFKFQBIV ILKD OBMB>QFKD AB@FJ>|

ILIMRQE >P >K FKCFKFQBIV ILKD OBMB>QFKD AB@FJ>|

3PB >f'LQP LUBPg JLABI QL @LINIBRB 6 5 OFQB QEB >KPTBO >P > AB@FJ>!
3PB>f'LQP LUBPgJLABI QL @LIRK®B 11 5 OFQB QEB >KPTBO >P > AB@FJ>



#?B5 H =1<C

'QPELRI®LJB-PKLPROMAPFPHEB @>RPRERPB>PLKSRDRAFSFPAKOEBLQP  LUBPGLABIFKL.QEBO
2>PBP >P TBII

2EB CLIILTFKD MF@QROB PELTP QE>Q TLOHFKD FK ?>PB
14326ve =+ 136ve = 110gve R2fve, meaning 143246 = 110gve - 136ve + 2five.

*89>; &19B )81B5

I>OBCRIIV BUMI>FK QEB @LKKB@QFLK ?BQTBBK QEB MF@QROB >KA QEB BNR>QFLK PHLTK >?LSB
' 1ELT FK QEB MF@QROB TEBDBY} R EBRJ QEB BNR>QFLK
' S5EBOB AL VLR RBR,,

' SEBOB AL VLR ABBg, . KM%

329



O#* #*) %( " # S (/ 0

H1=@<5 e9rb 69r5

&BOBi TEBOB TB IBC@EB AFSFPFLK TFQE > OBJ>FKABO LC

LT TB@>RKBUMILKRE CQELRBTLOBJI>FKFKIIQREBKTBIOB?IBQLI>HB>KLQEBOLRMI 34,

-K@B >D>FK QEBOB >OB QTL AL&PQEGQ-KSEDOLRB@ RKBUMILAB LKB LC QEBJ

KA TB PQFII E>SB QTL ALQP IBEEYLSEDAL FQ >D>FK

'Q PBBJP IFHB TBIiOB DLFKD QL ?B ALFKD QEB P>JB QEFKD CLOBSBO

* 1Q>0Q TFQE QTL ALQP FK PLJB ?LU
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* 3KBUMILAB LKB LKB LC QEB ALQP PL VLR E>SB LKB ALQ FK VLRO LOFDFK>| ?LU >KA
OFDEQ

' $LOJ>DOLRM3&, 2E>Q RPBP QEB LKB ALQ FK VLRO LOFDFK>| ?LU >KA QEOBB ALQ
OFDEQ

" 1L VLR E>SB QTL ALQP IBCQ FK >?LU
* 3KBUMILAB LKB LC QEB ALQP PL VLR E>SB LKB ALQ FK VLRO LOFDFK>| ?LU >KA CFS
* 2EFP CBBIP C>JFIF>0Oc

5B @LK@IRAB
1432600 + 13600 = 110.111 . . .gve = 110.Tgve.

CFSB FK Q

PFKQEB"

B FK QEB ?

*89>; &19B )81B5

2EB BNR>QFLK
14326ve ~ 13ave = 110.1qve.
FP > PQ>QBJBKQ FK ?>PB CFSB 5E>Q FP FQ P>VFKD FK ?>PB QBK
£14324,.9 FP QEB KRJ?BO
1-1254+4-254+3-5+2-1=242¢,.
' 5E>Q FP3g,, FK ?>PB B PROB QL BUMI>FK VLRO >KPTBO

" BE>Q FP10.1, FK ?>PB  #UMI>FK ELT VLR DLQ VLRO >KPTBO
" 20>KPI>QB QEB BNR>QFLK >?LSB QL > PQ>QBJBKQ FK ?>PB QBK >KA @EB@H QE>Q

FQ FP @LC

&B?2<5=

"0>T MF@QROBP QL @LEIMRKRE ?>PB QBK PVPQBJ >KA PELT QEBGKPTBO FP

"O>T QEB MF@QROBP QB @LJMRQB, FK > ?>PB PVPQBJ >KA TOFQB QEB >KPTBO >
-0 FP FQ > fKLKFJ>Ig

P > AB@FJ:
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&B?2<5=

"0>T QEB MF@QROBP QIl @ LIMRQB?>PB QBK PVPQBJ >KA PELT QHROXPTBO FP

"O>T QEB ?>PB  MF@QROBP Ql@LIMRQB, .. >KA TOFQB QEB >KPTBO >P > AB@FJ>|
fQOFJ>lg KRJ?BO

"O>T QEB ?>PB CLRO MF@QROBP;Ql. @ 1IMRQBKA TOFQB QEB >KPTBO >P > AB@QFJ>|
fNR>AFJ>lg KRJ?BO

"O>T QEB ?>PB PFU MF@QROBR QL-@LIMRORA TOFQB QEB >KPTBO >P > AB@FJ>|
fEBUFJ>lg KRJ?BO

"BP@OF?B >KV M>QQBOKP VLR KLQF@B FK QEB @LIMRE>EHF LK@ LRGSB QROB LC >|DBKBO>|
ORIB!>K VLR MOLSB VLRO DBKBO>| ORIB FP QORB

&B?2<5=

0BJBJ?BO QE>Q QEB CHOBMBBRBKQP QEB AFSFPEFLEK MQREFRIFP >Il TOFQQBK FK ?>PB QBK

5E>Q FP QEB AB@FJ>I BUM>KPFLK FK ?>PB QBKE LC QEB CO>@QFLK
OBTOFQB QEB ?>PB QBKCE>@SFRICLRO AFSFPFLK REBICERKA QEB AB@FJ>l BUM>KPFLK CLO
QE>Q CO>@QFLK FK ?>PB CLRO

OBTOFQB QEB ?>PB QBKCO>@SFRICFSB AFSFPFLK MEBIREKA QEB AB@FJ>I BUM>KPFLK CLO
QE>Q CO>@QFLK FK ?>PB CFSB

OBTOFQB QEB ?>PB QBKCO>@SFRIPBSBK AFSFPFLK MERIRIEHKA QEB AB@FJ> BUMKPFLK
CLO QE>Q CO>@QFLK FK ?>PB PBSBK

>00V P>FA QE>Q FK ?>PB CFCQBBK QEBIRHSFFHIE MOL?IBJ
2ﬁfteen -~ 5ﬁfteen7

>KA QEB AB@FJ>1 OBMOBPBKQ>QHb&:ILRIEBBH >OBWKPTBR EB OFDEQ

&B?2<5=

#UM>KB>@IEQEBLIILTFKEP>fAB@FJ>KRJ?BEKQEB>PBFSBK2EBCO>@ GRLKSBRC>PEB)BK




4%( . #") O

1 1

(a) 9 in base 10 (b) 3 in base 3
1, L.

(¢) = in base 4 (d) - in base 5
3 4
1. 1.

(e) = in base 6 (f) g in base 7
1, L.

(9) - in base 8 (h) g in base 9.

"L VLR KLQF@B >KV M>QQBOKP KV @LKGB@QROBP

&B?2<5= 81<<5>75

5E>Q CO>@QFLK E>P AB@FJ>DBRMzKPRIKR AL VLR HKLT VLR >OB OFDEQ




*5B=9>1D9>7 7B (5@51D9>7

7LRiSB PBBK QE>Q TEBK VLR TOFQB > CO>@QFLK >P > AB@FJ> ®LIBE)EIBPHEER AB@FJ>|
1 33

&LTBSB®LJIB CO>@QFLKRAEESHE> OBMOBPBKQ>QFLKP QE>Q DL LK CLOBSBO FK > OBMB>QFKD M>QC(

1
3= 0.33333... and g = 0.857142857142857142857142 . . ..

'QPKL@LQ>I?SFLRPR-GRORELPEB-OREBKIVQTLQEFKREX®>KE>MMBIEBKVLRTOFGE O>@GPLK
> AB@FJ>I

-C @LRORBR@>K5)/16- ?RXBSBUIDFQRTK > AB@FJSIESD) B K CLOBSEIALBPKOBMBESQPBEGLO
BU>JMIB

0.101001000100001000001 ... and 7 = 3.14159265358979....

RQQEBRE&RJ?BOR>KBSBIBTOFQQBK KF @ED>@@FLEBOB >KA) >OBELIBKRI?BOREBV>OBD>IIBA
1:)<176)4=5*:; 2EBOB>PIBLQERJB $0>@QREKE >OBIPL@>IIBA<17; 'O0>QFLKRI?BOBR>KKLQ
2B BUMOBPPBA<HLC QTL TELIB KRJ?BOP

$LOKLT TBill QEFKIILRQERRBPQRAEF@EO>@ QELRRB@FJISBMOBPBKQOBRIBOIFKSPBTEF@E
CO>@QFLKP E>SB AB@FJ>| OBMOBPBKQ>QFLKB BE-Q) CRPE>REEL OBSRIV6:

569>9D9?>

>73:9:+-=38FP > CO>@QFLK QE>Q E>P FK QQBU{JRLBBIG#@LO PLJB TELIB KRJ2BO

334
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*89>; &19B )81B5

" S5EF@E LC QEB CLIILTFKD CO>@QFLKP E>SB FKCFKFQBIV ILKD AB@FJ>I OBMOBPBKQ>QFLKP >
1 1 1 1 1 1 1 1 1

2 3 4 ) 6 7 8 9 10°

© 20V PLJB JLOB BU>JMIBP LK VLRQ VIR E>SB > @LKGB@QROB

:)+<1767 0); )6 16.161<-4A 476/ -+15)4 -@8)6;176 1.
(@@

&B?2<5=

ILIMIBQEER>?IBBILT TEF @EEL TR)EBB@FJBUM>KPEIGRKFQD>@QFERPBEBBKLIFK>QHD
>MLTBOC  7LRJI>V T>K@IRPE @>@RI>QUA JMRQEBB@FJOBMOBPBKQ-XHEMIEF K0L
ILLH CLO >KA QEBK BUMI>FK > M>QQBOK O>QEBO QE>K QL @LIMRQB ?V E>KA
20\BSBKLOBBU>JMIBRKQVLR@>E>HB> @LKGB@GREGFFQEBB@FJSBMOBPBKQSQEBKFQ
CO>@@FLK

+-=387 178637+=8; 1-36+5
2 0.5
92 0.25
23 0.125

‘»—l g‘v—t S§|v—l %l»i 5|>—\ 0l | x| ol

N
Ut
=)
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&B?2<5=

ILIMIBQEYER>?IBBILT TEF@EEL TROEBB@FJBUM>KPEIIRKFQO>@ QFERPBEBBKLIFK>HRD
>MLTBOC 7LRJ>V T>K@IRPE @>|@RI>QUa JMRQEBB@FJSIBMOBPBKQXHEMIEF KEHOL
ILLH CLO >KA QEBK BUMI>FK > M>QQBOK O>QEBO QE>K QL @LIJMRQB ?V E>KA

20\BSBKLOBBU>JMIERKQVLR@>H>HB> @LKGB@GREGFFOEBB@FJOBMOBPBKQEQEBKFQ
CO>@QFLK

-+-=387 /78637+=8; /-36+5
1
= 5 0.2
1 2
5 5% 0.04
1 3
125 5
1
625
1
3125
_1
15625

+>0@RRQF @BA-QQBRFER>?IBOLIOL?IBJ ?RJ>PE>SFKDOLRBBMI>FKBKD @ QEAEBKLQF@BA
&BOBI TE>Q EB P>FA QL EFP DOLRM

D55 -, <0)< 20-6 ?- ?: 7<- ..)+<176;); ,~+15)4; *-. 7 ?- <:1-, <7 5)3- <O- ,-67516)<7: 16<7 )
877-:7.<-6 "7?-+)6,7 <01;

1 1 5 5

2= 25 10 2

1 1 25 25

== =c = — =10.25.

4 4 25 100 L

1 1 125 125
__§'ﬁ_1000_0'125'

$0-6 ?- 764A 0)>- J; ?- +)6 )4?)A; <=:6 <0-5 16<7 J*A), 16/-67=/0 J ;
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*89>; &19B )81B5

" 5 OFQB LRQ PBSBO>| JLOB BU>JMIBP LC TE>Q +>O@RP AFP@LSBOBA

' 'C +>0@RP E>A QEB RKFG-CTUBEIIRLRIA 7B EFP CFOPQ PQBM QL QROK FQ FKQL > At
QEB AB@FJ>| BUM>KPFLK ILLH IFHB >KA TEV
> LT QEFKH >?LRQ RKFQ CO>@QFLKP TFQE MLTBOP LC 'EKSE®RBHLIFIOEBLRKFQ C(

= TE>Q TLRIA ?B EFP CFOPQ PQBM QL QROK FQ FKQL > AB@FJ>| 5E>Q TLRIA QEB /
IFHB >KA TEV

B@FJ>| 5E:

D>@QFLK
\B@FJ>I Bl

+>0@RPA> OB>|IDLLAFKPFDERERAFAKBUMI>FSBOYBII &BALBPKDB>I1¥8>KQEB fQROKPFKQL

i P g KA EBP KLQ ALFKD >KV >AAFQFLK PL Q>IHFKD >?LRQ PHAPKDEXRRVEDLKCRPFKD
&B?2<5=

ILJIMIBQB QEB PQ>QBJBKQ ?BILT ?V CFIIFKD FK QEB KRIBO>QLO LC QEB CO>@QFLK

2EBRKF¢QO>@(§]%LIK>F>AB@FJBMOBPBK@E@QBIOJFK>C2IBEIBOBMOBPBKQFFQEM§B
1 AB@FJ>| AFDFQP >KA TFIl ?B BNRFS>IBKQ QL QEB CO>@QFLK

?
10

5 OFQB > ?BQQBO SBOPFLR BOMX@RPLK QL GRPQFCV TEV QEFP C>@Q FP QORB

&B?2<5=

5 OFQPQ>QBJIBRIRQEBB@FJSBMOBPBKQLGHIKED>@ Qi KRAGRPQBENQ REQ>QBIBRQ
@LOOBEB QEB PQ>QBJBKQ FK .OL?IBJ >P > JLABI




O#* #*) %( " # S (/ 0

&B?2<5=

#>@EOQQEBO>@QIFRJBRILTE>P> QBOJFK>QE@FJOBMOBPBK Q#QLKIKL T VLR@LRIAKLT
QEFP CLO PROB TFQELRQ >@QR>IIV @>I@RI>QFKD QEB AB@FJ> OBMOBPBKQ>QFLK

1 1 1 1 1 1
10 20 50 200 500 4000

*85 &5B974 76 1 (5@51D9>7 539=1<

'CQEBBKLJIFK>QIOS CO>@ @:RBC>@QLEBAERAP>KAI P VLR@>KIT>VRCLOPKBNRFS>IBGP @ QFLK
TEBOB QEB ABKLJFK>QLO FP > MLTBO LC QBK

$LO BU>JMIB FC TB PQ>0Q TFQE QEB CO>@QFLK

1
2050’

TB @>K CLOJ >K BNRFS>IBKQ CO>@QFLK

1 1 2b5 obga obga

2a5b - 2a5b'2b5a - 2a+bra+b - 10a+b"

2EBABKLJIFK>QIQERFD>@GP:KLTBOOQBHRLQEBB@FJBUM>KPRERFKFGREQLPQa + b MI>@BP

5E>Q>?LRQO>@QFERPBEBBKLIFK>@XR QEBIDFIB>@QRBIFFABIP>KAI P IBOQ>FKIB +)6XQROK

QEBBKLIFK>@IKMtMLTBOC ?B@>RMBTBAR E>SESRA®>KAi P>PQEBNMOFJIB>@QLOAFKQEFP

@>RBEBB@FJBUM>KPHIEKI DLLK CLOBSBRQTEV TFIIF@>SE :-8-)<16/ 8)<<-:6 KA FROEBORVQEFKD
BIPB FKQBOBPQFKD TB @>K P>V FK QEFP @>PB

569>9D9?>

2EBY/;38. LC > OBMB>QFKD AB@FJ>I FP QEB PJ>IIBPQ KRJ?BO LC AFDFQP QE>Q OBMB>Q

$LO BU>JMIB TB P>T QE>Q

1 —
5 = 0.33333.--=03.

2EB OBMB>QFKD M>0Q FP GRPQ QEB PFKDIB AFDFQ PL QEB MBOFLA LC QEFP OBMB>QFKD AB@FJ>
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1FJFI>OIVB HKLT QE>Q

g = 0.857142857142857142857142 ... = 0.857142.

2EB PJ>IIBPQ OBMB>QFKD M>O@®5PIGEBARDERRIBOFLA LC QEFP OBMB>QFKD AB@FJ>| FP

7LR@>REFKIGFQEAPV QEB-:17, FROEEBKDQEQEBQORKEFDFRIRPABDEBFK @RIRIEELOFWLIROSI
QE>Q FKAF@>QBP QEB OBMB>QFKD AFDFQP

&B?2<5=

ILIMIBQEEB>?IBBILT TEF @FEL TR)EBB @ FJBUM>KPERKFQD>@ QFERPBEBBKLIFK>@XP
MOFJB>@QPBFFABPKA  7LRJ>V T>K@IRPE @>I@RI>QUED IMRQEBB@FJOBMOBPBKQ>QFLKP
2EB MLFKQ FP QL ILLH CLO >KA QEBK BUMI>FK > M>QQBOK O>QEBO QE>K QL @LIMRQH ?V E>KA
20\BSBKILOBBU>JMIBRKQNWLR@>K>HB> @LKGB@@ESB@>K/LRP>\>?LRQERBOFLEQEB
CO>@GFIEBKN E>P MOFJB C>@QLOP ?BPFABP >KA

;+-=387 /-36+5 #/,38.

0.3

0.16

0.142857

ElH Cle'_\ E)|>—I :|>—l Ol | <~ | oo | Lol

'J>DFKB/LR>OBLFKREBLQP LUBPAAFSFPRMUDLIMRQEBRBB@FJOBMOBPBKQEQRKKGQO>@ QHHE

¢+ 7LR PQ>0Q TFQE > PFKDIB ALQ FK QEB LKBP ?LU



O#* #* ) %( "#$*(/ 0

2L CFKA QEB AB@FJ>I BUM>KPFLK VLR fRKBUMILABg ALQP CLOJ DOLRMP LC PFU PBB ELT J>KV ALQI
"O>T VLRO LTK MF@QROBP QL CLIILT >ILKD QEFP BUMI>K>QFLK

#3-=>] 5EBKVLRRKBUMILAEEBFORQ@NVLRDBQ ALQPKQE% ?LU TEF@EFSBKBDOLRMPFUOFQE
OBJ>FKABO LC

#3-=>] 5S5EBKVLRRKBUMILAELRE RELQF'LRDBQ ALQPIQE%—O ?LU TEF@EFSBFFDOLRMPFUFQE
OBJ>FKABO LC

#3-=>{ 3KBUMILAB QELPB ALQP QL DBQ FK QEB KBUQ ?LU QL QEB OFDEQ
#3-=>{ +>HB PFUDOLRMP LC ALQP TFQE OBJ>FKABO
1FK @EEBBJ>FKABBMB>QJBDL G OBJ>FKABD >D>FKTB @>RBREQEBIOL @ BPRKLT OBMBES(DBSBO

RKBUMILAB ALQP QL DBQ FK QEB KBUQ ?LU QL QEB OFDEQ
* J>HB PFU DOLRMP LC ALQP TFQE OBJ>FKABO

RKBUMILAB ALQP QL DBQ FK QEB KBUQ ?LU QL QEB OFDEQ
' J>HB PFU DOLRMP LC ALQP TFQE OBJ>FKABO
" >KA PL LK CLOBSBOC

%> |?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO
3PBf'LQP LUBPgAFSFPFLK QL @LIMRQB QEB AB@FJ>| q]l?MEDBHBKIQEQFI&KIRCHKLT CLO PROB
QEB MOL@BPP TFIl OBMB>Q CLOBSBO

3PBf'LQP LUBPg AFSFPFLK QL @LIMRQB QEB AB@FJ>I Q%MQBHBKQEQFMIRGKLT CLO PROB
QEB MOL@BPP TFIl OBMB>Q CLOBSBO

5E>Q >0B QEB MLRBHHAR:;; VLR @>K DBQ TEBK VLR RPB AFSFPFLK QL @LJI%IRQBT(@BICO>@QFLK
VLR ?B PROB QEB MOL@BPP TFIl BSBKQR>1IV OBMB>Q

5E>Q >0B QEB MLRBHHAR:;; VLR @>K DBQ TEBK VLR RPB AFSFPFLK QL @LJI.%IRQBT(@BICO>@QFLK
VLR ?B PROB QEB MOL@BPP TFIl BSBKQR>1IVY OBMB>Q

&B?2<5=

1IRMMLREEXQFP> TELIBKRJ?BCG-KAF@>HPLIBMOFJIB>@QRBIFABIP>KAI P 5 OFQBYLKSFK@FKD
>0ORJIBKQ QE>Q
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2EB AB@FJ>| OBMOBPBK%QFQFDK LK CLOBSBO FQ TFIl KLQ QBOJFK>QB
2EB AB@FJ>| OBMOBPBK%Q‘EQFBK £K FKCEKR3R6/ AB@FJ>|
2EB MBOFLA LC QEB AB@FJ> osmo#wsm&mn&q&m

&B?2<5=

$FKA QEB fAB@FJ>Ig BUM>%FFFI’LQEH&OLIILTFKD ?HBABROB QL PELT VLRO TLOH
two, three, four, five, six, seven.

+>HB > @LKGB@QROB 'C' TOFQB QEB AB@FEFKBYNBKEBKKTES QE>Q BUM>KPFLK 7B CFKFQB
>KA TEBK TFIl FQ ?B >K FKCFKFQB OBMB>QFKD AB@FJ>l BUM>KPFLK

I>K VLR MOLSB VLRO @LKGB@QROB FP QORB




#1D389>7 1=5

'K QEAPB@QRKRIIl CFKKRJ?BORBP@OFPRS>OFLRPVP >PCO>@QFRAALFKQR > KRI?BAFKB>P
AB@FJ>IP >KA FK > MA@ORE® FP QL J>Q@E QEBPB RM FK > T>V QE>Q J>HBP PBKPB

,LQB QEBOBV ?BJLOBQE>KKBCO>@ QRIXQ@EDFSBAB@FJQJILOBQE>KKBMF @ QROBQ@EDFSBK
MLFKQ LK QEB KRJ?BO IFKB 1L ?B OB>AV QL GRPQFCV VLRO >KPTBOP

B13D9?7>C
1 1 9
— ’) —_ —_
"5 3 93
9 15 25
A — B CcC——
8 °16 "100
3 33 3
D — E — F
4 100 "25
1 6,2
1 "5 s
4 9 1
J— K— L=

342
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LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

LFKQ

539=1<C

F1.20
Fs(.25
srA).7H

u1.125

UFFB.40

re0.6 FFH).33
s (0.5 sr().200
sFef).3 FUu().2

UF().12 UFr).04
urs().50 us0.9375
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&93DEBSC



F@QROB

F@QROB!

F@QROB

.F@QQROB "
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.F@QROB # .F@QROB $

.F@QROB % F@QROB &



F@QROB"

.F@QROB)

F@QROB (

F@QROB *
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F@QROB + F@QROB,

.F@QROB - F@QROB..



.F@QROB /

F@QROB 0




%@5B1D9?>C ?> 539=1<C

-C @LROPB@>KAAPR?QOIRIQFMIXKAAFSFAB@FJKRJ?BOPY OBTOFQBRBI>PCO>@ QFKKRPFKD
QEBIDLOFQHBHKLTQEBGB @LROPBIBQFJBRGP ILQLOBTLOHOL@LKSBDQO>@ QEE£RGRIGRPQ
TLOHAFOB@GIYDERBB@FJ>HPILKD>PVLRHKLTTE>Q/LRIOBLFKD 1L IBGIQEFKIZLR®II>@H>IRBKA
@LIMRQFKD TFQE AB@FJ>IP

449>7 1>4 )E2DB13D9>7 539=1<C

0BJBJ?BO QE>Q TEBK TB RPBA QEB f'LQP LUBPg JLABI QL >AA FQ ILLHBA IFHB QEFP

H1=@<5

5 B QEBK MBOCLOJ BUMILPFLKP RKQFI QEBOB >0OB CBTBO QE>K QBK ALQP FK B>@E ?LY >KA TB C
163 + 489 = 652.

1R?QO>@QFLK T>P > IFQQIB JLOB @LIMIF@>QBA

350



%& (*%$) %$ #") O

H1=@<5 M

5 B PQ>0Q TFQE QEB OBMOBPBKQ>QFLK LC

1IFK@B T>K@UQ>HBT>Vg  QEXB>KPTB Q>HBT>VCFSA QEOLDEBRKAOBAR) IB>SFKILRO
ALQP

LT TBT>K@IQ>HBI>VCFSBLQEOLDEBBKR.U ?RJB @>KALFQREBOBOBKIVQTLALQREBOB
5E>Q@>KB AL 5 Bl TB PQAE>SBPLIBERKAOBRETB @>IRKBUMILABERKAOBNERKAVIRQBK
ALQP FK QEB QBKP ?LU FKPQB>A 2EBK TBill ?B >?IB QL Q>HBSESERLCEEBJ >T>V

LQF@B QE>Q TB >IPL E>SB LKB IBPP ALQ FK QEB ERKAKIBAFERBB @EBOR)EBOB KLT
LT TB T>KQ QL Q>HB LKB ALQ COLJ QEB LKBP ?LU >KA QE>Q IB>SBP KL ALQP QEBOB

5 B @LK@IRABYE>0 551 = 370.

%> [?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0OQKBO
$LO B>@E @>I@RI>QFLK AO>T >f'LQP LUBPg JLABI >KA RPB FQ QL CFKA QEB OBPRIQ LC QEB @

3.56 + 7.95 1.452 + 32.27 3.0205 + 409.2019
15.225 — 7.209 14.793 — 8.95 12.5 — 3.0002.
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$LO B>@E @>I@RI>QFERAREB AB@FJ>IP NRARPHV TEV VLRO JBQELA FP C>PQBO QE>K @LKSBO
CO>@QFLKP >KA CFKAFKD > @LJJLK ABKLJFK>QLO

0.0066 + 0.9 0.25 + 0.0088 0.20 + 0.01.

*89>; &19B )81B5

* IEILB >AABA.2 >KA).02 >KA DLQ >K >KPTBQLLEE>Q T>P |EILBI IFHBIV JFPQ>PIEBO
QB>@HRJD @LRIA VLR EBIM 'EILB RKABOPQ>KA QEB LMBO>QFLK LC >AAFQFLK ?BQQBO

* 'K BIBJBKQ>OV P@ELLI PQRABKQP >0B Q>RDEQ QL >AA >KA PR?Q0>@Q AB@FJ>IP

PV fIFKFKD
MLFKQP g 3PB QEB f'LQP LUBPg JLABI QL BUMI>FK TEV QEFP PELOQE>KA J>HBP PH

KPB

H#HE<DI9@<I9>7 1>4 9F949>7 &?G5BC ?6

*BQPNRF@@IBSFEIEBLQP LUBPGLABICLORIQFMIF@*QFEKIBKRJ?BOFBCLOB DB@>@8IQ>IHFKD
>?LRQ AB@FJ>IP

H1=@<5

'CTBT>K@I@LIMRAB3192 x 4 FEBIMBIOBIBJ?BTE>QRIQFMIF@:5QBLK -KB FKQBOMOBQ;
FP ' T>KQ QL 343192 QL FQPBIC > QLQ>I LC CLRQEBOBFTFII 7B

* 2 X 4 ALQP FK QEB LKBP MI>@B
* 9 X 4 ALQP FK QEB QBKP MI>@B

* 1 X 4 ALQP FK QEB ERKAOBAP MI>@B
" >KAPLLK

bQFLK

&BOBiI QEB PQ>0Q LC QEB @LIMRQ>QFLK
243192 x4=8 | 16 | 12 | 4 | 36 | 8.

2L CFKFRE®LIMRQ>QR KBBAIALPLIBBUMILPFINPOF@EBBPRIB C>JFIFSOPB  KRJ?BO
243192 x 4 = 972768.

%> |?EB %G>
5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

"L B>@E @LIMRQ>QFLK RPFKD OB>PLKFKD IFHB FK QEB JRIQFMIF@>QFLK BU>JMIB >?LSB



%E& (* %$) %S #") O
(a) 2.3 x 10 (b) 3.56 x 10 (c) 1.452 x 100.
"L B>@E @LIMRQ>QFLK RPFKD OB>RLKEKBIHABIFK>KA "B@FJ>IPg BU>JMIBP

7.1+10 98.55 =+ 10 145.2 + 100.

7TLRHKLTQEXRIQFMIVEKE>PB QBELIBKRJ?BAV OBPRIRESMMBKARPKNBALQE®FDBRALCQEB
KRJ?BO7LRO TLOH >?LSB PELRIA @LKSFK@B VLR QE>Q QEFP ALBP KLQ TLOH CLO AB@FJ>IP

*89>; &19B )81B5

" 5 OFQB > KBT ORIB QE>Q TLOHP CLO ?LQE TELIB KRJ?BOP >KA AB@FJ>IP

'C"'JRIQFMIV > TELIB KRJ?BO LO > AB@FJ>I ?V > PFJMIB T>V QL CFKA QEB OBPRIQ FP

° (RPQFCV QEB @I>FJ VLR J>AB >?LSB

* KB @>K DL JR@E CROQEBO TFQE QEFP QEFKHB®@@ESQ 6P KIEFPBO TOFQQBK FK
AB@FJ>l KLQ>QFLK ?V QBB ERKAOB@RPQFCV TE>Q VLR P>V

#E<D9@<I9>7 539=1<C

7LRMOL?>?MKLT>K>IDLOFQEUORIQFMIVRE® FIJKRI?BOPVE>KA RQFVLRQEFK®>OBCRAMRQEB
>IDLOFQEWPELRIA+4/ </7</ ?>PBAK TE>QEBB@FJKRJ?BOBBMOBPBIDE>FQB>KPQLIRIQFMIV
*BQP PQ>0Q ?V RPFKD KRJ?BO PBKPB QL QEFKH >?LRQ JRIQFMIVFKD TELIB KRJ?BOP ?V AB@FJ>IP

*89>; &19B )81B5

ILKPFABO QEB BUMOBPPFLK
16 x .

$FIl FK QEB ?LU TFQE > TELIB KRJ?BO LO AB@FJ>I PL QE>Q QEB MOLAR@Q FP

© %0B>QBO QE>K

* %OB>QBO QE>K ?RQ IBPP QE>K
* QIB>PQ ?RQ IBPP QE>K

* #NR>I QL

* 9%0B>QBO QE>K ?RQ IBPP QE>K
* *BPP QE>K ?RQ DOB>QBO QE>K



http://pressbooks-dev.oer.hawaii.edu/math111/chapter/division-and-decimals/#DivisionReview

O#* #*) %( "#$*(/ 0

B PROBIGRPQWROKPTBOPLRPELRIRPE/LRERJ?BEBKRB>QEBE>@LIMRQPNE>KA OTFQE
> @>I@RI>QLO

#>OIFBEQER®E>MQOBBRIRIQFMIFER@FJKRJI?BOPY @ LKSBOQEENICO>@ QFKKPEBRPFKIE>YLR
HKLT>?LRQRIQFMIVFXD>@QR2EKBOBORQEBGVPQLQEFKI2LRQRIQFMIVREBDCL @RR KRI?BOBKPB
>KA MI>@B S>IRB O>QEBO QE>K LK QEB JB@E>KF@P LC @LIMRQ>QFLK

H1=@<5 K

1RMMLPEPQRABKEQBAL@LIMROBL x 0.4 ?REBAFAKHIOB>AKLTQEBQ>KASOBLOFQEJ
5E>Q JFDEQ PEB &BOB FP LKB FAB>

" HKLTQE=$21 X 4 = 1284 1FK@B>K@LURIQFMAY().4 >KAKLGV4 JV >KPTBPELRIA
?B- LC QEFP LKB

321 x 0.4 = 128.4.

7LR PELRIA KLQF@B QE>Q QEB PQRABKQ EP-RPFED=BLC JRIQFMIF@>QFLK

10

&B?2<5=

$LOB>@@LIMRQ>CHELKT QEBBPRIQQERLIMRQ>GHEELTK@LOOB@RWERB @ FIMLFKEP
JFPPFKBPBKRJ?BO®BKPEAOB>PLKND LOOBRIOMEEEB @ FIMLFKEKAOFBGRPQECWLR
HKLT VLRIOB OFDEQ

"LKi QRPB @>|@RI>SILKEI LOH.RQEBRIQFMIF @ RVEHKA>K A LKLRPBEBOFI@H® LRKQRMEB
KRJ?BO LC AB@FJ>| MISRBBALRO KRJ?BO PBKPB

4 1 1
321 x 04 = 321><1—0 = 321><(4><E) = (321 x4) x —.

(a) 855 x 1.7 = 14535 (b) 549 x 0.33 = 18117

(c) 2.03 x 1028 = 208684 (d) 999 x 0.53 = 52947

(e) 30.02 x 472 = 1416944 (f) 173 x 0.09 = 1557.
%> /?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

5 OFQB B>@E KRJ?BO DFSBK >P%5 OBQ@QEBK >P fFIMOLMBO CO>@QFLKP g KLQ fJFUBA KRJ?BOF


http://pressbooks-dev.oer.hawaii.edu/math111/chapter/properties-of-operations/#MultAssociative

%& (*%$) %$ #") O

(a) 15.2 (b) 3.43
(¢) 0.0021 (d) 13.02026.

'K BUBO@FPB >?LSB ELT ALBP QEB KRJ?BO LC AFDFQP QL QEB OFDEQ LC QEB AB@FJ>I MLFKQ
KRJ?BO LC WBOLP FK QEB ABREBRESQWLR HKLT >?LRQ MI>@B S>IRB QL BUMI>FK TEV VLRO >KP
>IT>VP QORB KLQ GRPQ CLO QEB BU>JMIBP >?LSB

$FKA B>@E MOLAR@Q
(a) 10 x 10000 (b) 100 x 1000
(¢) 100000 x 1000 (d) 10™ x 10™.

'K BUBO@FPB >?LSB ELT FP QEB KRJ?BO LC WBOLP FK QEB MOLAR@Q OBI>QBA QL QEB KRJ?B
C>@QLOP 3PB TE>Q VLR HKLT >?LRQ MI>@B S>IRB QL BUMI>FK TEV VLRO >KPTBO FP >IT>VP QOF
BU>JMIBP >?LSB
> 'C VLR TORQE7 >P > CO>@QFLK ELT J>KV WBOLP TLRIA ?B FK QEB ABKLJFK>QLO
? 5E>Q FC VLR TOF9B-P > CO>@QFLK ELT J>KV WBOLP TLRIA ?B FK QEB ABKLJFK>QLO
@&LT J>KV WBOLP TLRIA ?B FK QEB ABKLJFK>QLO LC QAR MBIMBRAQLE Q @LIMRQB QEB
MOLAR@Q QL >KPTBO QEFP NRBPQFLK

3PB QEB C>@B/QES0Q = 2183 >KA VLRO >KPTBOP QL QEB BUBO@FPBR37LSHEIGIICFKA
#UMI>FK ELT VLR DLQ VLRO >KPTBO

)D1>41B4 =E<D9@<931D9?> 1<7?B9D8=

2EB PQ>KA>0A >IDLOFQEJ CLO JRIQFMIVFKD AB@FJ>I KRJ?BOP @>K ?B ABP@OF?BA QEFP T>V
%=/9
ILIMRQB QEB MOLAR@Q >P FC QEB QTL C>@QLOP TEBRIBIQERREBER | MLFKQP
%=/9

ILRKQQERRJ?BQCAFDFQIPEBFDEQDERB @ FIML FHEB>@E> @ Qa»A/QEL RERJ?BOPLDBQEBD
1>l QEB OBPRIQ

%=/9

2EBPRJ 7, QEQ RCLRKAKLQBMTFII?BQEEBRJ?BQCAFDFQEYEBFDEQQEBB@FJIMLFKPQEB
MOLARG.MI>@EEBB @ FIMLFK@ @LOAM@LRKQBEEBMMOLMGRIIBOOMI>@BPLDEBFDEQ
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*89>; &19B )81B5

* 5 OFQB ALTK QTL BU>JMIBP LC JRIQFMIVFKD AB@FJ>1 KRJ?BOP RPFKD QEB PQ>KA>OA >IDLOF

' 3PB TE>Q VLR HKLT >?LRQ MI>@B S>IRB CO>@QFLKP >KA; JRiGEB/IWED:» QF GRIER.
PQ>KA>OA >IDLOFQEJ ABP@OF?BA >?LSB J>HBP PBKPB

9F949>7 539=1<C

P VLRIFDEGUMB@BESFAFKB@ FJ>FRILOB@LIMIF@>QIEBAIMI>FPE>KKVLCQEBQERMBO>QFIQP
E>O0LA>M@®RILQP  LUBPGLABICLAFSFPFIRMMLAB T>K@L@LIMRDB.37 — 0.013 5 B@>K
@BOQ>FKIV AO>T QEB ME@QRBRELD @LRIA TB J>HB DOURVIFBIALQP

*89>;, &19B )81B5

*BAPPQ>PE>OFRE>YLR>IOB>AKLT . BOCLOQER®LIMRQ>QRLE>KAKLJ FQE @>I@RI>QLD
PELTFKBII LCVLROLOHAUMI>FKLROBQEL®L> M>0QKB@APBHE&/LRM>0QKBIAOMRQBEB>JB
™V

0.0351 = 0.074.

%> I?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>OQKBO
#UMI>FK TEV QEBPB QTL CO>@QFLKP >0B BNRFS>IBKQ
12.33 123.3

w1

#UMI>FK TEV QEBPB QTL AFSFPFLK @LIJMRQ>QFLKP DFSB QEB P>JB OBPRIQ
12.33 ~+44.1 and 123.3 =441.
#UMI>FK TEV QEBPB QEOBB CO>@QFLKP >0B BNRFS>IBKQ

325.5 3259 and 32550
— — n .
75.133’ 751.33’ 7513.3

#UMI>FK TEV QEBPB QEOBB AFSFPFLK @LIJMRQ>QFLKP DFSB QEB P>JB OBPRIQ

325.5 + 75.133, 3255 +751.33, and 32550 + 7513.3.



%& (*%$) %$ #") O

$FIl FK QEB ?LU QL J>HB QEB BNRBFROBQRESRPQFCV VLRO >KPTBO
325.5 U]

75.133  75133°

)D1>41B4 49F9C9?> 1<7?B9D8=

2EBPQ>KA>MBLOFQENGFSFARKRI?BOBBMOBPBROEAK FIRA FJBUM>KPFERPLIBQEFKIHB
QEFP

%=/9
+LSB QEB AB@FJ>I MLFKQ LC QEB AFSFPLO QL QEB BKA LC QEB KRJ?BO
%=/9
+LSB QEB AB@FJ>I MLFKQ LC QEB AFSFABKA QEB P>JB KRJ?BO LC MLPFQFLKP QEB P>]B AFPQ>K
%=/9

"FSFAREBBTAB@FJAFSFABKAOLIQBM ?VQEBBTTELIBKRI?BAFSFPICDLIQBM 1FK@B
TBIOB AFSFAFKD ?V > TELIB KRD?BQ>KA>0OA JBQELAP J>HB PBKPB

2EFP FP > MOBQQV JB@E>KF@>| ABP@OBNMEEBI> HKQAIAL BRRROEEDERR>IDLOFQEJ TLOHP

*89>; &19B )81B5

5 OFQ@RTK >QB>PQTLBU>JMIBEC@LIMRQAKDEERIDLOFQEBP@OFSASB +>HB RMVLRO
LTK KRI?BOBLQBP@ PROBLPELTBSBCRQBEIB>0IV LR@>KL QEBFSFPFNKAO>TFKI'LQP

LUBPgMF@ QRU® >KLQEBBQELARQLKORPE @>I@RI>QREBK>KPTBQEBRBROBDBKBO>|
NRBPQFLKP

* 1RMMLPB VLR T>KQ QL @LIMRIEBOB >KA >OB AB@FJ>| KRJZBOBCRIIV BUMI>FK TE\
(10 -a) = (10 - b) TFIl DFSB QEB P>JB OBPRIQ

* 1RMMLPB VLR T>KQ QL @LIMREBOB >KA) >OB AB@FJ>I KRIZBOBCRIIV BUMI>FK TE\
(100 - a) = (100 - b) TFIl DFSB QEB P>JB OBPRIQ

* 1RMMLPB VLR T>KQ QL @LIMRIEBOB >KA) >OB AB@FJ> KRIZBOBCRIIV BUMI>FK TE\
(10% - @) + (10% - b) TFIl DFSB QEB P>JB OBPRIQ

1RMMLBE>P > CFKFQB AB@FJ>| BUMDEBERLK BUMI>FK TEV VLR @>K CFKA > MLTBO |C PL QE>
10F . b FP > TELIB KRJ?BO
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&B?2<5=

I>OBCRIIBUMI>R&2BQEBIDLOFQEBP @ OFSBS BFKQEOBR)BMPOHR L@ LIMRQFAES FPALE
AB@FJKRJ?BOF LRKBBALBUMI>HIE>@FFDLFKDK TEBKVLRILSB QEBB@FJMLFKGKLQBMP
>KA >KA TEV QEB OBPRIQ VLR @LIJMRQB FK 1QBM FP QEB P>JB >P QEB LOFDFK>| MOL?IBJ




%B45BC 7?6 #17>9DE45

&B?2<5=

&LT LIATBOB VLR TEBK VLR TBOB LKB JFIIFLK PB@LKAR LON0 28HQi

* BCLOB VLR CFDROB FQ LRQ TOFQB ALTHDRBAROERPQFK@Q ?LRQ >A>V TBH
JLKQE VB>O &>SB VLR >IOB>AV OB>@EBA QE>Q >DB -O BWEB\QESTKIKD

© ,LT CFDROB FQ LRQ 5EBK T>P TFII ?B VLRO JFIIFLK PB@LKA ?FOQEA>V

&B?2<5=

&LT LIATBOB VLR TEBK VLR TBOBAKBEB@LKAP LI2E>G1, 000, 000, 000

" D>FK ?BCLOB VLR CFDROB FQ LRQ TOFQB ALTK > DRBPP
° ,LT CFDROB FQ LRQ 5EBK T>P TFII ?B VLRO ?FIIFLK PB@LKA ?FOQEA>V

5 BOELRPROMOPRREBZEBEKPTBOBLMIBIJLPQMBLMIBKVT>VQBKALE>SB> SBOWLLAPBKPEBLE®J>II

H

BSBOVASRI?BOPRE@>SEBBOYAFKPQFK@MRFIKRI?BOFKB MOL?IBBRENB QBKAIQEFAH <1>-4A
>PFQKB?FIIFLEP>?LRQ JFIIFLKMIRP JFIIFLKILOB DFSROQ>HB RQTB KBBALQEFKI#41<841+)<1FKIA

PFQR>QFLKP IFHBBYEFIFLK FPO00 x a million

1L VLR@LRIE>SBGRRI>HBKLRGKPTBQLOL?IB]  >KAJRIQFMIFBRV1, 000 QLDBYLROKPTBQL

.OL?IBJ -C @LROPB VLR TLRIA MOL?>?IV PQFII KBBA QL AL PLIB @>I@RI>QFLKP QL J>HB PBKPB LC ¢

359
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*89>; &19B )81B5

5EBK FP VLRO LKB QOFIIFLK PB@LKA ?FOQEA>V 5E>Q TFII VLR AL QL @BIB?0>QB

*89>; &19B )81B5

2EB31 AB?GROLQ>ULRK@EBLSBOKJIBRSP?LOOLTBREFF?LOOLTFILSBQEB.1+1€ QEB
AFRCBOBK®BTBBKE>@EBLSBOKJBRQBKARATE>F@LIIBGRP>UBK PRIJBAC  QEBL
AB?@>P 76<0-7:,- 7. QOFIIRAIKI>OPE>QB>KRILOBQE>K QOFIIFR(BPP®E>K QOFIIFIK

VLRTBOBRITOFQBR@EBLQP >KA ?LWBHD QREBLQPLRIA?B>PC>@CEPQEBO, 000, 000, 000
MI>@B

© 'C QEB 31 M>VP ?>@H LKB MBKKV BSBOV PB@LKA TFIl QEB K>QHRK¥LRBAGCBQIIBA
#UMI>FK VLRO >KPTBO

QL M>V LC QEB QLQ>I K>QFLK>I AB?Q

&BOB >0B PLJB ?FD KRJ?BO MOL?IBJP QL QEFKH >?LRQ !>K VLR PLISB QEBJ

&B?2<5=

1RMMLPB VLR E>SB > JFIIFLK GBIV ?B>KP >KA VLR QFIB QEB CILLO TFQE QEBJ &LT
QEBV @LSBO 2EB @I>PPOLLJ CLLQ?>II CFBIA 1LIJBQEFKD ?FDDBO 5E>Q FC FQ T>

1RMMLPB VLR E>SB > JFIIFLK GBIV ?B>KP >KA VLR PQ>@H QEBJ RM &LT Q> TLRIA |
P>QOBB P >PHVP@O>MBO 5E>Q FC FQ T>P > ?FIIFLK GBIIV ?B>KP ?LRQ ELT J>K
L:,-: 7.5)/61<=,- TLRIA VLR KBBA QL PQ>@H RM QL OB>@E QEB JLLK #UMI>FK VLRO

LC

" EB>AIFKB COLJ MOFI  P>FA {31 QL .>V "LTK?FIIFLK FK/R>0QBO g 1RMMLPB QEB 81 M>VP
ALTK  ?FIIFLK ALII>&fA NR>OQBO PL CLRO QFJBP MBO VB>0O ?MBRERTIRKA/FQ Q>HB

?FD LC >K
P > ?FIIFLK

FQ?B PQ:
GBIV ?B>
>KPTBOP

5B=9 &B72<5=C

(>JBP LPTBII TOLQB

)KLTIBADB FP LC QTL HFIBARKET > PR?GB@Q LROPBISBP LO TB HKLT TEBOB TB @>K CFKA FKCLOJ>QFL|



W( () % # $*+ o

RQJ>QEMOLSEFEFFOLKI2EBOBP>@QR>HQEFGWKACHKLTIBADBKLTIBADBQES(LR.1/=- 7=<.7:
A7=:-4.'K C>@QUEFPTE>Q @FBKQRRAQREBJ>QF @REEPO IFSFKQEB®@ OBXEE HKLTIBADBQ>0OQFKD
TFQEE>QFP>I0B>AVKLTK QEBYPHTE>QFCcgNRBPQFLKR BSBKQR>(DEBZFDROBPLIBQEFKBT
PLIBQEFKD KL LKB BSBO HKBT ?BCLOB

#SBKCLOIKLTIBADBESQ.R+7=4,ILLHRMLO>PHPLIBLKB VLR@>KCQRIFDROBMEBKPTBQO> @ILPB
>MMOLUFJ>QFLK QL QEB >KPTBO LK RIKBBATRL RPB > IFQQIB HKLTIBADB >KA > IFQQIB FKDBKRFQV

$BOJMOL?IBIJR>JBACLQEBIEVPF @ROO@ROJFFKSLISRPFKI RBKLTIBADB>HFKBAR@>QRBPPBP
>KA ALFKD OB>PLK>?IB @>I@RI>QFLKP QL @LJB RM TFQE >K >KPTBO QE>Q JFDEQ >Q CFOPQ PBBJ R

H1=@<5

- =) +4);;1+ -:51 8: 7*4-5 7? 5)6A -4-5-6<):A ;+0774 <-)+0-;;): - <0-- 16 <0- ;<)<- 7. )?)11

7LRIFDEQEFK&LT @LRIAMLPPF2YPTBQE>GEV KLGRMEQLDIBQ RQPLIB$BOJIJMOL?IBIP
TB JBBQ TFIl E>SB e D>PM e KLK DLLDIB>?IB >KPTBOP

$FORB@ ABCFKEIROQBOJM Bill P>VQE>DB @>0?LR@I>PPOLQB>@EBQR>AIJFKFPQO>QLOP
PRMBOSFPOOPE B ELMBOPLKKHEIL E>SB MBOJ>KBWIPFQMIKY PR?>K>FAB OBPLRQELE
QB>@EBD> PQRABKQ QB>@EBO FK > DO>AB )d @I>PPOLLJ

RQIBEIPQLMKAQEFKH. VLRHKLTQEBILMRI>QECE>T>FFQP>?LR®, 000, 000 MBLMIRE>@

KL@U>@.0@LROABIQEM-KBUBO GFBBQF J>QBLBIOBOVFRIDBOMER:,-: 7. 5)/61<=,- LC
QEB >KPTBO

&LT J>KVLOQELRBBLMIBDBIBIBKQ>P@ELPQRABKRBI TE>@LVLRHKLT>?LRQEBILMRI>QFLK
LC&>T>FF-O TE>Q\L VLR:=:8-+<FRQORB OB>PLK>PIRBPARIA?BQE>QEBRILMRI>QFEBSBKIV
AFPQOF?RQBA >@OLPP >I| >DB DOLRMP 2E>Q TLRIA DFSB > MLMRI>QFLK QE>Q ILLHP PLJBQEFKD

+1/;+71/ 80 9/895/

o |laolalala|la|la]|a

5 Bill >PPRIBIBLMIE_KQFSBI>PQ -C @LRCEBBMBLMIE. RQTBIOBII>?LRQ>HFKPFIMIFCVFKD
>PPRIMQFLKP OF DEE»RLOFSBBRPEQB @>QBDLOFBP TFQE >?LRBLMIB FK B>@E @>QBDLOV

K BSBRBQQBRBPPFK@B E>SB I>DBRKFSBOREYED>TR QPCPQRABKHDEQEBOBI?RIMg
>OLRKALIIBDEB KA PLIBMBLMIBSBI>PQ ?REEBOBBIOL?>?MBTBRIBLMIEKQERIABODB
20>@HBQP +>V?B QEB ?0B>HALTK FP PLJBQEFKD IFHB QEFP 'C VLR E>SB ?BQQBO DRBPPBP RP
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+1/;+71/ 80 9/895/

a|lal|lalalalala

1L ELTJ>KV)d PQRABKQBK&>T>FF2E>@LSBOR.ROFYB>ARQER O>KDETB >OBQFI|
DLFKDFQBE?LRQEB>JBKRJ?BQOVIBLMIEB>@DBQEBGBELRIAB>?LRQ  FKB>@BO>AR.O
QLQ>I1Z 500 x 6 = 75,000 )d PQRABKQP

) ?RQB OB>IIV>KQBALHKLT>?LR@ <-)+0-; -KB KF@BEFKILRBIBIBKQ>P@ELLDEBOH
QBKAPL?BGRREBQB>@ EBW|>PPL TB KBBAKBPQFISNQELT J>KV @I>PPBRAQESTFIIQBIRP
ELT J>KV QB>@EBOP

1L ELT J>KV PQRABRER>@@|>PPQMOL?>?B50FBRPFQIFQPJ>IIBGIFKABSDQBN>PPBIFK @B
QEBYOBLOBD>J?RK@QBKRRBBALOB>QQBKQFKW>DBCOFCRE>AB |>PPBEBOBOBIPLPJ>IIBO
@1>PPBRVOFSFIBEL LHRA@E>OP@ELLIFRQ>-OB@|>PPBRVIR?IFGR ELLIP OB>PLK>28B0>DE
JFDEQ ?B PQRABKQP MBO @I>PP >@OLPP >l DO>ABP )d >KA >l P@ELLIP

1L QEXRHBF5, 000 = 25 = 3,000)d @I>PPOLIEKE>T>FFKA QERELRIABQER>JB>PQEB
KRJ?BO LC )d QB>@EBOP

&LT DLLA FP QEFP BPQFJ>QB '>K VLR QEFKH LC > T>V QL @EB@H >KA CFKA LRQ CLO PROB

1L KLT VLR PBB QEB MOL@BPP CLO Q>@HIFKD > $BOJF MOL?IBJ

" "BCFKB VLRO QBOJP

" 5 OFQB ALTK TE>Q VLR HKLT

* +>HB PLJB OB>PLK>?I1B DRBPPBP BPQFJ>QBP
© "L PLIB PFIMIB @>I@RI>QFLKP

20V VLRO E>KA >Q PLJB LC QEBPB

&B?2<5=

&LT JR@E JLKBV ALBP VLRO RKFSBOPFQV B>0OK FK M>0OHFKD OBSBKRB B>@E VB>0




-

W( () % # $*+ o

&B?2<5=

&LT J>KV QLROFPQP SFPFEBFK > VB>0

L

-

&B?2<5=

&LT JR@E D>P TLRIA ?B P>SBA FK &>T>FF FC LKB LRQ LC BSBOV QBK MBLMIB PTFQ@EB

A QL > @>C

L

~

&B?2<5=

&LT EFDE @>K > @IFJ?BO DL RM > JLRKQ>FER\L RKQBEBEBEEC@LI>QB ?>0

L

&B?2<5=

&LT JR@E MFWW> FP @LKPRJBA B>@E JLKQE ?V PQRABKQP >Q VLRO RKFSBOPFQV

&B?2<5=

&LT JR@E TLRIA FQ @LPQ QL MOLSFAB COBB A>V @BaBAEBSBBBLLRO




O#* #*) %( " # S (/ 0

&B?2<5=

&LT J>KV ?LLHP >0OB FK VLRO RKPSBER >0V

L

&B?2<5=

+>HB RM VLRO LTK $BOJF MOL?IBJc TE>Q TLRIA VLR ?B FKQBOBPQRABK @OW@R! PQFHEDH

L J




&B?2<5= 1>;

&B?2<5=

#UMOBPP QEB PE>ABA MLOQFLK LC B>@E CFDROB >P ?LQE > GRP@RIFLK RA >RETAB®FJ>|

&B?2<5=

SEF@E KRJ?BO FP ?rDOBA.A).14 (RPQFCV VLRO >KPTBO

&B?2<5=

OO>KDBEBFDFQP >KA FKQEBLUBRL@OBXHBJ>IIBPRLPPFRRBRJ 3PBB>@AFDBR>@QIY
LK@BRPQFCV QE>Q VLRO >KPTBO FP >P PJ>I| >P MLPPF?IB

365
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&B?2<5=

OO>KDBEBFDFQP >KA FKQEBLUBPL@OBIERBJI>IIBPQLPPF2MLPFQHSRCBOBK @HBB>@E
AFDFQ BU>@QIV LK@B (RPQFCV QE>Q VLRO >KPTBO FP >P PJ>Il >P MLPPF?IB

0O

O o

&B?2<5=

3PBQEBLQP LUBPGILABIQIPELTQE>Q= 0.1 2EBKRPE)ERP>@Q>KPTBQEBRERBPQFEKR
GRPQFCV VLRO >KPTBOP

5E>Q CO>@QFLK FP DESBK ?V

5E>Q CO>@QFLK FP DFSBK ?V

5E>Q CO>@QFLK FP DESBK ?V

5E>Q CO>@QFLK FP DRSBK ?V

5E>Q CO>@QFLK FP DEBBK ?V

&B?2<5=

'K QEFP MOL?IBJ VLR TFIl CL@RP LK QEB @>I@RI>QFLK
170 x .

7LRO DL>I FP QL DBQ > MOLAR@Q QE>Q FP @ILPB QL

5 FIl VLR JRIQFMIV 2V > KRJ?BO DOB>QBO LO #BEBIB® LO IBPP (RBGFCV VLRO




&%"# $I O

>KPTBOP

1RMMLPB VLR @>K RPB LKIV LKB AB@HRIMFKIREB?LU TFQE > KRJ?BO QE>Q DBQP >P
>P MLPPF?IB

1RMMLPB VLR @>K RPB LKIV QTL AB@$BHIFKI@BPLU TFQE > KRJ?BO QE>Q DBQP >
>P MLPPF?IB

1RMMLPB VLR @>K RPB LKIV QEOBB ABPRFEK QEEVBR) TFQE > KRJ?BO QE>Q DBQP 3
>P MLPPF?IB

@ILPB QL

> @ILPB QL

P @ILPB G

&B?2<5=

"L B>@E @LIMRQ>QFLK ?BILT TFQELRQ RPFKAIM@FKARRQIQEFKHFKD
(23 x 0.1) + (0.001 x 55)
18.45 + (0.63 = 0.7)
22.65 — (0.03 - 10)

&B?2<5=

5 FQELR@QR>@¢|@RI>QRKQEFKRAPE/LRBRI?BEBKPBLOABO y >KAz COLPJ>IIBPQL
I>OBP@UMI>FK VLRO LOABOFKD

x = 0.07 + 0.000001
y = 0.07 x 0.000001

z = 0.07 = 0.000001

&B?2<5=

$L(B>@MRBPQRBI.T @ELLFEBRLOOBE@RI>ORMBUMI>MKR@ELF @BBKBPQFJXQEBKPTBO
ALKQ @>I@RI>QB FQ BU>@QIV >KA BUMI>FK TEV VLRO BPQFJ>QB FP > DLLA LKB
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I>ODB MFWW> E>P BFDEQ PIF@BP >KA&IGLARE ALBP B>@E PIF@B LC MFWW> @LHAQ 1ELRIA
VLR @>I@RIS@B X 8LAL5.95 = &

2EBOB >0B  @BKQFJBQBOP FIPEI¢RK@IA PEBBQ LC KLQB?LISH MK@EBFFFAB >KA

FK@EBP IL&DT J>KV @BKQFJBQBOP TFAB FP QEB M>DB 1ELRRYIRI @RI>QB
11 X 2.54 L3B.5 +2.54 L0111 + 2.54

'K>JLABI QO>FK PBQ FK@EBP OBMOBPBKQP LKRER EBHBEIB>CIFKEIA O>AB
IBKQBO FK ,BT@H 'FQV FP  CBRI Q> TLRIA > P@>IB JLABI LC QEB ?RFIAFKD ?B 1ELRIA VLR
@>I@RI?OB x 1.38LOLT776 + 1.38

#FDEQ QBKQEP LC > GRIMOLMB FP  JQBOKDIEMDQEB TELIB OLMB 1ELRIA VLR @>|@RI>QB
0.8 x 1.75LA).8 = 1.75LAL.75 = 0.8

&B?2<5=

)>FIFE>ALILKBV>G I TEBKEB@>PEBARI>V@EB @ HBBOQEB>KHEB?L RDEMFB@ER >KASLO
> KF@HBDLY J>@EFKBQBEBOB>IFWEAQEBLKBVFKEFRL@HBPBNRQIQTF@BM>V@EB@H

CQBONRF@®|@RI>@EREFDRABRT E>E>MMBKEER BB @ FABKPHHY @ EEBLII>0PKA
@BKQP &LT JR@E T>P )>FJF PRMMLPBA QL ?B M>FA >KA TE>Q AFA (RER)OBIBQRESEKEFBO

&B?2<5=

&BOB >0B QEB ORIBP QL > @>0A D>JB 0B>A QEB ORIBP @>OBCRIIV >KA QEBK >KPTBO QEB NRBP(

* #>@E MI>VBO PQ>0QP TFQE MLFKQP 2EB DL>I FP QL P@LOB >P @ILPB QL MLFKQP >P MLP
DLFKD LSBO

* -KVLRO QROK AO>T QTL @>0AP TEF@E TFIl B>@E E>SB > AB@FJ>1 KRJ?BO LK QEBJ 3PFKD B
KL @LIMRQ>QFLK VLR @>K @ELLPB QL JRIQFMIV LO AFSFAB VLRO @ROOBKQ P@LOB ?V LKE
KRJ?BOP

CQBO VLR AB@FAB @LJMRQB VLRO KBT P@LOB BU>@ Q@ VEROKBF BBL@RIFPLSB(
VLR ILPB 'C KLQ QEB LQEBO MI>VBO Q>HBP > QROK

|\

Q QEB BKA LC VLRO QROK VLR @>K AB@FAB QL BKA QEB D>JB 'C VLR AL QEB LQEBO MI>VBC
QROK 2EBK QEB MI>VBO TFQE QEB P@LOB QE>Q FP @ILPBPQ QL TFQELRQ DLFKD LSBO TFI

&BOB >0B QEB NRBPQFLKP




&%"# $I O

-K VLRO QROK VLRO P@LUOBRFARO>T QEB @FDAIRAL.75 0BJBJ?BO QE>Q VLRO @ELF@BP >0B
divide by 0.2 multiply by 0.2

divide by 1.75 multiply by 1.75.
5E>Q FP VLRO ?BPQ JLSB >KA TEV
-K VLRO QROK VLRO P@LOBRARO>T.3 >KA).6 5E>Q FP VLRO ?BPQ JLSB >KA TEV

7LRO M>0OQKBO E>P > P@LOB LC >KA VLROEEDLOBGR VLRO M>0QKBC-KA>FP
1EB P>VP PEB T>KQP QL BKA QER/CROBCFK>I QROK VURALKAL.2 'C VLR ?LQE J>HB
QEB ?BPQ MLPPF?IB JLSB TEL TFII TFK (RIBQFNB VLRO >KPTBO







5?=5DBI

%BLIBQOV FP QEB >0Q LC DLLA OB>PLKFKD COLJ ?>A AO>TFKDP
d &BKOF .LFK@>0\

‘J>DB ?V 2JORBK -TKTLOH 9!l 71 EQQOMP @OB>QFSB@LIILK@BRPBP ?V P> ; $HFIBAF> ILJILKP
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2EB TLOAFDBLIBQO\@LIBREOLIQEE-K @FBKQBBHLOARDBLGJIB>KFKE>0QEKATIBQOLKJIB>KFKD
JB>PROBJBKIBROL ?>?QEBIABRGFBLACI>QEBJ>QFBE>REE QRPBCRIKBR®>| @ RI>GHIDEOB>P
>KA SLIRJBP LC BSBOVA>V L?GB@QP

2EBPQRAYDBLIBQE¥MBSLISBADOBAB>AROFREE-PQ VB>QRPL *FHB>II LCI>QEBJ>QF &R ®
OB>1IV FIMLOQ>KQ FK DBLIBQOV FP OB>PLKFKD J>HFKD PBKPB LC MOL?IBJP >KA GRPQFCVFKD VLR

2EB J>QEBJ>QF@F>K &BKOF .LFK@>0\ P>FA QE>Q

-75-<:A 1;<0- ):<7./77,:-);7616/ .: 75 %), ,:))?16/;

2EFFFKPFOEE) RIBDRFAR. ROQRAKQER®E>MQBRAPELRIKBSBQORPAD>TFKDLRIFDEQFKAESXB
IFKPBDJBKQMB>QIPBILKDBQE>KKLQERO>K>KDIB.LHRFHEQFDEQB ABDOBBRQ>MMB>QPBg
>KAfILLHPIFHB5OBFIMIKLMLLABKLRDE LRE>SELOB>PIGEOLROEBFQR>CGACFDROBIE>Q/LR
HKLT CLO PROB >KA TEV VLR HKLT FQ

*89>; &19B )81B5

0BCIB@KQVLRIB>OKFKCDBLIBQOWQEBI>PEE>QFFDBLIBQ@B>II¥?LRQIPL QEFKIZLRQEBPB
NRBPQFLKP

* 5E>Q FP > MLFKQ

" BE>Q FP >IFKB PBDJBKQ O>V
* BE>Q FP > MI>KB

' BE>Q FP > @FO@IB

* BE>Q FP >K >KDIB

* BEF@E LC QEBPB ?>PF@ L?GB@QP @>K ?B JB>PROBA &LT >0OB QEBV JB>PROBA 5E>Q HFKAP
RPBCRI
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2>KDO>JFOB PBSBK MFBELEBQORAV\V{B>QEP @ HQB>PQLQEBLKD'VK>PQRKEFK> >?LRQ
" BILT VLRTFIICFKAEBBSBHRWWIBB@BfHB>@>0B@RMY MELQL@LIMOFKJERBPQERM®RQ
QEB MRWWIB MFB@BP >KA QEBK RPB QEBJ QL PLISB QEB MOL?IBJP FK QEFP PB@QFLK

'J>DB LC Q>KDO>J MRWWIE-BBIBAF> ILJJILKP MR?IF@ ALJ>FK
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5EBKBSBCLRPLISE Q>KDOMRWWBRGLFRQL></ +55/?/7 93/-/< =808;6 =2/ <2+9/ 2EBWPELRISFQ
QLDBQEBO IFHB MRWWIB MFB@BP PFQQFRKE8PCH+QIK NEREBMF-B@BP FP >IILTBA

7LR @>K QO>@B >OLRKA VLRO PLIRQFLKP QL OBJBJ?BO TE>Q VLR E>SB ALKB >KA QL E>SB > OB@LO

&B?2<5=

3PB VLRO Q>KDO>J MFB@BP QL ?RFIA QEB CLELTRKBNABRPHOWER J>HB

2EBPB-OBI PBM>O@IB>IBKDEP@EKBOBNRFOBPBSBMFB@BR@B/LRPLISB.KB QO>@HRO
PLIRQFLK 2EBK QOV QL PLISB >KLQEBO LKB

&B?2<5=

3PB VLRO Q>KDO>J MFB@BP QL ?RFIA QEB CLELTRKBMABRPHOYWER J>HB

2>KDO>J MRWWIBP EBEJBAF> ILJILKP MR?IF@ ALJ>FK
2>KDO>J MRWWIBP COLJ MBPLB?3O8>0QFSB LJILKP


https://pixabay.com/en/service/terms/#usage
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2EBPE-OBII PBM>O@B>|I BKDEP@EKBOBNRFOBPBSBMFB@BR@B/LRPLISBKB QO>@ERO
PLIRQFLK 2EBK QOV QL PLISB >KLQEBO LKB

*89>; &19B )81B5

' BEF@E Q>KDO>J MOL?IBJP TBOB B>PFBO >KA TEF@E TBOB E>OABO J>HFKD fOB>! |
MBLMIB LO MROBIV J>QEBJ>QF@>| L?GB@QP IFHB QEB OB@Q>KDIB

" 5E>Q AL VLR QEFKH J>AB LKB HFKA LC MOL?IBJ B>PFBO LO E>OABO

“CBg L?GB




*$(#) o
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*89>; &19B )81B5

$LIILT QEBPB AFOB@QFLKP LK VLRO LTK

© "O>T >KV QOF>KDIB LK VLRO M>MBO

* "O>T > PB@LKA QOF>KDIB QBSBK® FKELJIB T>V COLJ VLRO CHIFEALKRE 5 PBKQBK@B LO
QTL QL P>V ELT FQUBOBRQ

* "O>T > QEFOA QOF>KDIB QESBKP @BCJ ?LQE LC VLRO LQEBO QTL "BP@BBBKELT FQ FP AFC
* "O>T QTL JLOB QOF>KDEBOBRQ COLJ >Il QEB LKBP QE>Q @>JB ?BCLOB

ILIM>0B/LRQOF>KDIBR\BP @ OFMIFLER>0QKRO>HBIAFCBOBKIMF>K DVBRE>SBL@E>KDH
PLJB CB>QROB LC QEB QOF>KDIB +>HB > IFPQ LC QEB CB>QROBP QE>Q VLR LO VLRO M>OQKBO @

20F>KDBPE|>PPFGRBE LOABIABCB OBHUQLMBOQEBMLFKE@IB>OKFRBLIBQOWKL@LB>0KILQC
SL@>?RI>ZREGRPBCRIRPEER LOOBEIIEL 0?GB@RPEB @>0LIIRKF@E)B>0RBOB> NRF@H
AF@QFLK>0V LC PLJB QVMBP LC QOF>KDIBP
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<1CC96931D9?> 2| 1>7<5C
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0BJBJ?BOQEQBLIBQGVQEBORCDLLAOB>PLKRKDLP>AAO>TFKDPEP @B>KPVLR@>KPIT>VRQORPQ
VLRBVBFCVLRLLH>Q MF@ QRSB OF>KEKBLKEPFARLHRFHB®ILKDBQE>KKLQEBEISV GRBEB>K
QEB AO>TFKD T>P ALKB > ?FQ PILMMFIV

$?D1D9?> *93; =1B;C

+>QEBJ>QF @BFREBUF Q@R TKJB>PROBJBKQRPRF @+-DHRIFKAF @FERKPFABKA>KDIBFOB
PRMMLPBA QL ?B BNR>|

'CQTLPFAERSEBEB>JBIB>PROBJBKIDEB>JBKRI?BQOQF @+HOHR/LRIRP@BIFBSEEBYOBNR>|
>KA TLOH LRQ QEB MOL?IBJ >@@{8JAEKDIV6I4773 <0)< ?)A <7 A7=: -A-;
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7LR@>RBMBU>JMIBFOQEBFBPLJBLOQEBIF@QRAEFB KLQEBBU>IMIBROEBFFQRBR>BBBAL
FKAF@>QB > OFDEQ >KDIB FK QEB MF@QROB LC QEB OFDEQ QOF>KDIB

%> |?EB %G>

5 LOH LK QEB CLIILTFKD BUBO@FPBP LK VLRO LTK LO TFQE > M>0QKBO

'K QEBIF@ QIS TEF GEFABDBKABOPQRIZ SEEB>JBIBKDQESBIFE@LBPKILLHQESVFKOEB
AO>TFKD

'K QEBIF@ QIS TEF@HKDIBFORKABOPQRIZY SREB>JBIB>PROBSBIFE@LBPKILLHQESTVFK
QEB AO>TFKD

&BOBP> P@>I1BR®F>KDHBBQ@ELILOBP @>1B KB F>K DEBIECT EF @QEAFCBOBBQLIREBKBPELTK
EBOB FK PLJB T>V
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&BOBP-K>@RQBF>KDHBQ@ELILOB>@RQBF>KDEBRIECT EF @HEAFRCBOBBQLIEBKBPELTKEBOB
FK PLIB T>V

&BOBP-KL?QRREOF>KDHBQ@ELILOBL?QRREOF>K DESROECT EF @ERAFCBOBEQL DEBKBPELTK
EBOB FK PLJB T>V

&BOBP OFDEQF>KRHBQ@FELILOBOFDEQF>K DESRIECT EF GERAFCBOBBQLDEBKEPEL TKEBOBK
PLJB T>V B PROB QL FKAF@>QB TEF@E >KDIB FP ~
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&BOBP-KFPLP @ E)BFF>KDHBQ@ELILOB-PLP @ E)BH>K DBERIECT EF GHAFCBOBBQLIDEBKBPELTK
EBOB FK PLJB BRB QF@H J>OHP QL FKAF@>QB TEF@E PFABP >0OB BNR>I

>7<5 )E=

*89>; &19B )81B5

V KLT VLRE>SBO>TRBSBG¥CBOBYQF>KDBA RGI>MBBLLPBLKA.CV/LRQOF>KDIBRCLIILT
QEBPB AFOB@QFLKP
' 3PFKD P@FPPLOP @RQ QEB QOF>KDIB LRQ

* 2B>0 AL KLQ @RQEE@LOKBOP >KA MI>@B QEB QEOBH SROGEGMR B8-5BOEMEDEFKD
QE>Q ILLHP > ?FQ IFHB QEFP MF@QROB
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5E>Q AL VLR KLQF@B 5E>Q ALBP QEFP PRDDBPQ >?LRQ QEB >KDIBP FK > QOF>KDIB

7LRJ>V OBJBJ?BIB>OKFREQEBRJILOQEBKDIBPCKVQOF>KERB 'K VLR@I>PPLRKLT E>SBLQPC
BU>JMIBEOQOF>KOIBBOBEBRJLOQEBKDIBPBBJ®I?B ~ RQOBJBJ?BQRAO>TFKBOBLBU>@Q
&LT @>KB?BPROBEXR@VBPOEL@AB@BFSRRRLT @>KB ?BPROBEQEBRILOQEBKDIBPK QOF>KDIB
FPK) ~LO  ?RQFEB>IIV LK QEBKLPB FK BSBOV @>PB

*89>; &19B )81B5

S5E>QTLRIA@LKSFK@RB?BVLKAII ALR?QE>QEPRJLCQEBKDIBPK>KVQOF>KBB” 5 LRIA
QBPQFKD ILQP LC @>PBP ?B BKLRDE &LT J>KV FP BKLRDE !LRIA VLR BSBO QBPQ BSBOY MLPPF?II

9CD?Bl E3<94NC 1H9?7=C

-CQBEFDP@ELDBLIBQ@B>@EROPSBEBRJLOQEBKDIBPK> QOF>KEWB" RPR>IIRPFKELIBC>@QP
>?LR@>0>IIBKBFRQ J>V?BPROMOFPFRIFSRPEDLLAQIQ>HBEFRP>K)@175>P>DFSBE>@QLRELT
DBLJBQONOHPKADLCOLDEBOBOE>MFEFMBPP>QFPCUESMOLSFROGOL PLIBLQEB®>QBIBHA

FC VLRIOB @ROFLRP VLR @>K @BOQ>FKIV CFKA > MOLLC LO VLRO FKPQOR@QLO @>K PE>OB LKB T

'K >?LRQ ! #R@IFAB>QFSBJILKP QQOF?RQFLK 'KQBOK>QRE@BKPB>P QEBCFOP
J>QEBJ>QF @FPE>0OPTB HKLT TEL QOFBATOFQR TK @>0OBESHFLIPKAQEBRRFIAOLIELPB
>UFLJP OFDLOLRP MOLLCP LC J>QEBJ>QF@>| QORQEP

.LOQO>FQ LC #R@IFAIGRIBIG-> ILJILKP IF@BKPBA RKABO QEB


https://en.wikipedia.org/wiki/en:Creative_Commons
https://creativecommons.org/licenses/by/4.0/deed.en

#R@IFA

#R@|F2>ACFSBUFLIJFEL®BLIBQMERFOBROCTEF @EBBIBAMOBQRSFLRBL
J>QEBJ>QF @FBKWIECBIQEBVBOBB>PLK>¥BPRIMQFCKR JTEF @EL?RFIRM

DBLIJBQOF@ QORQEP
%FSBK QTL MLFKQP VLR @>K @LKKB@Q QEBJ TFQE > PQO>FDEQ IFKB PBDJBKQ
%FSBK > IFKB PBDJBKQ VLR @>K BUQBKA FQ >P C>0 >P VLR IFHB FK BFQEBO AFOB@QFLK J>HFKD
%FSBK > IFKB PBDJBKQ VLR @>K AO>T > @FO@IB E>SFKD QE>Q PBDJBKQ >P > O>AFRP
Il OFDEQ >KDIBP >0OB @LKDORBKQ

2EBCFC®EPQRISQBEBORBBLMIB?FQLOB 'QT>P LOFDFKMY>QBRAILOBCILTBOMKDR>DBREJ >P
BNRFS>IBKQ QL QEFP PQ>QBJBKQ

2EB PRJ LC QEB >KDIBP FK > QOF>KDIB FP *

'QPB>PQIPBHE EV QEREFCEIEFLI@>RPBR@EOR@HRG>QEBJ>QF @FBBJIBAR @EBPR?SFLRPE>REB
LQEBILROKAI>QEBJ>QF @EBKPHREBVBOBLIBELT@EB>QFKIEBSRPOPRIBA@>QEBB>KIOLSFKD
FE>AQL?BQORB>KV J>QEBJ>QF @PMERIOKV J>KV VB>APOVFRMOL SBEREFCSIEFLICOLDEBQEBO
>UFLIJP?RQEB®LRIABAL FQKA TFQBLLAOB>PLREBOBORQEBT-KAFCDBLIBQOFBBOBEBFOBIQRO
>UFLJP >0B QORB ?RQ QEB CFCQE LKB FP KLQ

$LCBU>JMIB-/LRAL DBLJBQON> PMEBOBIFHB ?>PHBQL-WLOBFIMLOQ>KRIYEBROCH@BEB>OQE


https://commons.wikimedia.org/wiki/File%3APortrait_of_Euclid_Wellcome_L0019815.jpg
https://commons.wikimedia.org/wiki/File%3APortrait_of_Euclid_Wellcome_L0019815.jpg
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e O>QEBB>KK>CI>WII>KBEEBFOBREUFLIFPOBRORRQQOF>KDIBB IFQBO>HBEEBROCHGBEB
B>0OGSBOYOF>KILR@>KO>TKQEBROC@BEB>0GERP-K>KDIPRIPQOF@Q¥/: <0)6 ~ 'K C>@Q
VLR@>KO>P QOF>KDHEEB>0QBE-E>FQEOBEDERDIB®B>QFEEILKP QQOF?RQFLK 1EHBB
3KMLOQRIZHFKD >K >KDIB PRJLC 7

20F>KDIB TFQE QEOBB OFDEQ >KDIBP LK > PMEBOB

K >PMEBGBIREB>0QBEBKDIPRIFKLE@ LKPQ>KED>I QOF>KDIEPDBQOF>KHBSZFDDEEDIB
PRJIP>KAPJ>IIBQOF>KEBSB J>IIBOKDIBPRIP?RBSBIQFKYOF>KEESEKDIPRJIFQESQ®BOB>QESK

N

2EBDBLJBQUVRPQRAKP @ELER®>IIBA+41,-)6 /-75-<:A FEREBBLJIBQQE> CI>RII>KB.C>CI>DLOIA

'QP>MOB@QVA-MMOLUFJ>QEQEBF-QQIEB @B EB>OQEESIB PBEQK\DFSBRFJBPREOKL@EBKIV
DBLJBQOV LRQ QEBOB

*B91>7<5 >5AE1<9DI

+>HB> @LMOQEBPROEXIA>MB®A®@RIEBLRQ@EBVE>SBBKDQEPLJ RKFQL RKFQRRI>V T>K@L
@LILO QEB PQOFMP TOFQB KRJ?BOP LK QEBJ LO AL PLIBQEFKD QE>Q J>HBP EBBBRQ (BRKBEEW QO>

'J>DB ?V ILV>R 5 FHFIBAF> ILJILKP SFFBFIBAF> ILJILKFF@BKPBA RKABO


https://en.wikipedia.org/wiki/en:Creative_Commons
https://creativecommons.org/licenses/by-sa/3.0/deed.en
https://creativecommons.org/licenses/by-sa/3.0/deed.en
https://commons.wikimedia.org/wiki/File%3ATriangle_trirectangle.svg
https://commons.wikimedia.org/wiki/File%3ATriangle_trirectangle.svg
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&B?2<5=

0BMB>QEELIILTFKBIOL@ BBESBOYFIBPQB>PQ >KAHBBIQO>@EQEBBPRISR)>?IE>P?BBK
PQ>0QBA CLO VLR
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* F@H QEOBB PQOFMPES \BKDBEP AL KLQ E>SB QLCAOBKAFCOL) B>@E LOEEY QE>
VLR E>SB JRIQFMIB @LMFBP LC B>@E IBKDQE

© 20V QL J>HB > QOF>KDIB TFQE QELPB QEOBB PQOFMP >KA AB@FAB FC VLR QEFKH

LSBOI>M QEB PQOFMP @RQ QEBJ LO CLIA QEBJ 2EB IBKDQE LC QEB PQOFMP PELF
QEB QOF>KDIB

[71=2 [71=2 [71=2 &;3+715/

VBP

KL

7TLR@L>FL@LIRMFQE ;>5/ =2+=/<-;3,/< @2/7 =2}/ 5/71=2<@33%+4/ + =;3+715FKATEBK
QEBV TFII KLQFQB ALTK QEB ORIB FK VLRO LTK TLOAP

Di

FQ FP MLF
IA 2B QEB

*89>; &19B )81B5

ILJIM>OBVLR@RIBFQEQEERNDRABKEBKRPB/LRORIBL>KPTBQEBLIILTFKERBPQF)EBMFK
JFKA QEB DL>I FP KLQ QL QOV QL ?RFIA QEB:Q®E=KRDE=BE @tPBA LK VLRO ORIB

~

1RMMLPB VLR TBOB >PHBA QL J>HB > QOF>KDIB TFQE PFABP RKFQP RKFQP >KA
QEFKH VLR @LRIA AL FQ #UMI>FK VLRO >KPTBO

~

QEFKH VLR @LRIA AL FQ #UMI>FK VLRO >KPTBO

7LR MOL?>?IV @>JB RM TFQE PLJB SBOPFLK LC QEFP PQ>QBJBKQ

*85?B5= *B91>7<5 >5AE1<9DI

-C @LROFB HKLTQER)DOBLIBQOB PELRIKLBIFBSIR@VBH LRKBBALULLHCLOK-@84)6)<176EV
ALBP VLRO PQ>QBJBKQ J>HB PBKPB

RKFQP

1RMMLPB VLR TBOB >PHBA QL J>HB > QOF>KDIB TFQE PFABP RKFQP RKFQP >KA RKFQP

2EB PRJ LC QEB IBKDQEP LC QTL PFABP FK > QOF>KDIB FP DOB>QBO QE>K QEB IBKDQE |LC QEB QE
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0BJBJ?BOQEXQBLIBQEVQEBOLCDLLAOB>PLKRKDLP>AAO>TFKDRPI>QBOFFBOBREBOMOB@FPB

PLELT @>K TB ?B PROB QEFP ORIB TBiSB @LJB RM TFQE FP FP @LOOB@Q

5 BIIFKQER®>PBEBRIBROB>|IGREEB>JB>PQEB>VFKQE B ELOQBPRR>REBT BEX LMLFKE® PQO>FDEQ

IFKB g'K C>@Q QEFP FP BU>@QIV TE>Q TB JB=K170<QEB-KLDRRBQOV

))) ?>7BE5>35

5 BP>\QEQILQOF>KDIBPK\QTLDBLIBQQRPGB @B 76/:=-6<FQEBYOBU>@ Q&B>JBPE>MBAQEB
P>JBPFWEE>QB>KPQEVLR@LRIMFQHKBLCQEBRM-KAILSB FQLMRALTKLK QEBQEBQEBYLRIA

BU>@QIV LSBOI>M

&B?2<5=

0BMB>Q QEB CLIILTFKD MOL@BPP PBSBO>| QFJBP >KA HBBM QO>@H LC QEB OBPRIQP

* .F@H QEOBB PQOFMP LC M>MBO QE>Q TFIl ABCFKFQBIV CLOJ > QOF>KDIB

VLR TBOB >?IB QL AL PL

&B?2<5=

0BMB>Q QEB CLIILTFKD MOL@BPP PBSBO>| QFJBP >KA HBBM QO>@H LC QEB OBPRIQP
* .F@H CLRO PQOFMP LC M>MBO >KA CLOJ > NR>AOFI>QBO>| TEQE QEBJ 'C VLRO CL
NR>AOFI>QBO> MF@H >KLQEBO CLRO PQOFMP

" 20V QL J>HB QIL::-6< KLK @LKDORBKQ NR>AOFI>QBO>IP TFQE QEB P>JB GRE@Q®A]
FC VLR TBOB >?IB QL AL PL

*89>; &19B )81B5

5E>QALVLRKLQF@BLIOL?IBJP >KA !>K VLRI>HB> DBKB(PQ>QBJBKEBP@OFRBEDLFKD
LK !>K VLR BUMI>FK TEV VLRO PQ>QBJBKQ J>HBP PBKPB

* 20V QL J>HB QIL::-6< KLK @LKDORBKQ QOF>KDIBP TFQE QEB P>JB QEERBLEPIFMA LC M>MB(

RO PQOFM

FMP LC M:
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7LR MOL?>?IV @>JB RM TFQE PLJB SBOPFLK LC QEFP PQ>QBJBKQ

*857B5= ))) C945 C945 C945 ?>7BE5>35

'C QTL QOF>KDIBP E>SB QEB P>JB PFAB IBKDQEP QEBK QEB QOF>KDIBP >OB @LKDORBKQ

J

L

2EFBLPQ@BOQ>FRIMDORR NR>AOFI>QBOBR>IMIE-V LR ELLEER RPQOMEBIIQEB>JBIBKDQE
VLR @>K J>HB > PNR>0OB

RQ VLR @>K >IPL PNRFPE QE>Q PNR>OB FKQL > KLKBNRSOB OELJ?RP 2
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‘CVLRALKQ@ELLRR RBKDQEEMBII QEB>JB FK-AAFQRUPNRFPEFREBE>MBLR@>KB>00>KEB
PFABP QL J>HBBGBBKQ KLK @LKDORBKQORESQIBP 2

&2/</ =@8 :>+.;35+=/;+5< 2+?/ =2/ <+6/ 08>; <3./ 5/71=2< 37 =2/ <+6/ 8;./;



O#* #*) %( "#$*(/ 0

&2/</ =@8 :>+.;35+=/;+5< 2+?/ =2/ <+6/ 08>; <3./ 5/71=2< +< =2/ =@8 +,8?/
,>==2/<3./< +{ 37 + .300/[7= 8;./;

RQQER®>KE>MMBKQBOF>KDEEN KLQ5 Bll @BOQ>VKRA>KDB>00>REBEOBBABEE>JLRIA?B
GRPQ QEB P>JB >P OLQ>QFKD QEB QOF>KDIBRQ KIIEMMARRIFO KBBOE>MB

5EV @>KREBOF>KIMBARFPEEB>V>NR>AOFI>QHO%IQE BE>MB@®>K&BOBLKBT >V QIRKABOPEHEA
'J>DFKB VLR MF@H QTL LC VLRO QEOBB IBKDQEP >KA >V QEBJHFKQBM £Q BXB®@&LQEBO

2EFP PELTP > ILKDBO MROMIB A>PEBA PBDJBKQ >KA > PELOQBO DOBBK PBDJBKQ
2EB QTL PBDJBKQP >OB EFKDBA >Q QEB OBA ALQ LK QEB IBCQ

,LT FJ>DFKB LMBKFKD RM QEB EFKDB > IFQQIB >Q > QFJB
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P QEBFKDBVIBKRMQEBTLKLK EFKDBKAMLFIOBR>0QERAC>0QERORE>QBSRORQEFM®XDJP
>PPRJFKILR>0B@QRRIBQLI>HB> QOF>KDFRFLRQEOBKDQEREBGBA+-=58B7/ 98<3=3870QEB
EFKDB TEBOB FQ TFIl GRPQ BU>@QIY QEB QRFEKPIB LC LQEBO MLPFQFLK TFII TLOH



&?<I77?>C

'Q@>RBBJFHBREBQRAYDBLIBQEKBIBIBKQ>P® ELEKLQEFBDOBQE>B>0OKFKRRK@HEABCFKFQFLKP

>KAQEB®|>PPFCY/F&B@RRERR>0QLRilIBUMILGBIBMOL?IBPLISFKEKAOB>PLKEK@QF SFIIESPB
2>PBA FK DBLJBRQWBCFKFQFLKP >OB PQFII FIMPOQ>ID TE@EOQEFP LKB
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FPI>KAP TBOBPBQQIBAIB EFPQLOFRHEFP QRO @FCR@®KABTRFIBABIF?BO>GRIVRKAER>@FCF@
-@B>KOBIL@>QfRKB @BPP>@XPBQQIEMEPI>K AFEQEIROMLAEAMI> KK FKL EBOFK PFP QEEARR @E
K>SFD>QFEKASLV>DFKIBST>PFIMLPPFRELRP>HANB>ODL ?BCLAROLMBPKFILOPRIAIB>SBEB
PFDEQ>KA>KAP>AFKQREBMBK @B>REBPEFPQLORBKFBSEEUER |VKBPF&>KLBBOR>RDEFK
PQLOJP QLPPBA >KA QROKBA >KA BSBKQR>IIV T>PEBA RM LK QEB PELOBP LC C>0>T>V FPIBP

*89>; &19B )81B5

&LT @LRIA PR@E > AB?>QB BSBO ?B PBQQIBA LKBOBSBIOQEERITEEGOR> @H FK QFJB QL
CFKA LRQ TE>Q E>MMBKBA

5E>Q HFKAP LC BSFABK@B TLRIA PRMMLOQ QEB FAB> LC fFKQBKQFLK>I SLV>DBPg [5E>Q HFK/
TLRIA PRMMLOQ QEB FAB> LC f>@@FABKQ>I AOFCQg

5E>Q AL VLR >I0B>AV HKLT >?LRQ ELT QEFP AB?>QB T>P BSBKQR>IIV PBQQIBA
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R:T<51

2EB.LIVKBPF# V>DFKD@FB@Y T>PCLRKABK CLO@FBKE@RCIREROREBFPQLBVEBOFQROB
&>T>FVRLT AFAQERIVKBPF>KPP@LSEEPBQ@BBIRI>KABLT AFAEBK>SFDSTIRELRRPQORJIBKQP
DRFAFKD QEBJPBISBP >@O0OLPP L@B>K AFPQ>K@BP LC  JFIBP LO JLOB

'K d 41 ?RFIROBMIA@>K>K@FBKR?IB ERIIBAV>DFKI>>KIBI@ LKARKRBUMBOFJIBRD¥+DB
COL&>T>FvRI2>EFQFEB@>KLB>-PABPFDKBACLRKABBOI>T>FKRIgKB >KAK>JBA&sHtIBv>f1Q>QC

%I>AKBPPg

K +>0@EE &sHUIBV>T>PI>RK@EBAR .F>FIRD> J>PQBO>SFD>@@ QEBPI>KACL>Q>TK
+F@OLKBPF> K>SFD>QB/EEBG RPFKD QO>AFQFLK>| K>SFD>QFLK QB@EKFNRBP KL JLABOK FKPQOF

*89>; &19B )81B5

© 5E>Q >0OB PLJB J>QEBJ>QF@>| NRBPQFLKP VLR @>K >PH >?LRQ SLV>DFKD LK &sHtIBv>

* 5E>Q HFKAP LC MOL?IBJP BPMB@F>IIV J>QEBJ>QF@P MOL?IBJP AFA QEB @OBT E>SB QL PLIS
LC LK QEB SLV>DBERQE

* 5E>Q >0OB VLR @ROFLRP >?LRQ TFQE OBPMB@Q QL SLV>DFKD LK &sHtIBv>

5EBKVLRQB>@BJIBKQ>P®ELMLRTFIIILPQIVFHBIYBQB>@EFKPR?GB @IPPROQRABKKEP QEFKDR
PELRIQEFK{2LROP> QB>@ERT @>NLR@LKKB@EEBFCBOBRRYGB@IFBQEBIB@FCF@ET@>NLR
PBB J>QEBJ>QF@P FK LQEBO CFEKAPHELT RIDRAVLR AO>T LRQ QE>Q J>QEBJI>QF@> @LKQBKQ

'K QER®RE>MQREIIIBUMILCRPQFKNFQOQEB>QEBJI>QFASELISBASLV>DFKE> QO>AFQRKKLBLR
TFII>MMIVLRBIKLTIBADEDBLJIBQQVE@ OB:RIB>0>TFKBDRAI>HB> PQX@LIM>PRA VLRIllRPB/LRO
HKLTIBADELMBO>QFKS| DB ?O>FEF K HEXRI>QEBRMMIFRRYEBLV>DREBCL@EBOBR K>MMIVFKD
VLRO J>QEBJ>QF@>! HKLTIBADB QL > KBT PFQR>QFLK

-KB LC QEECFOP@FKIRHKLT >?LR@sHtIBv> FPTE>QPEBILLHPIFHB7LR @>KCFKALOBMF@QROBP
>@EQQM ELHRIB> @LJ

&LHRIB> ELIB@LJFKD MF@QROB ?V +F@EBIIB +>KBP
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&BOBPLIBFKCLOJ>QFUKRQEBFJIBKPFLKR:SsHtIBv>7 LRGLFRIAO>F DLLA @>IBABILOQEB
@>KLB IFHB > CILLO MI>K

N

&sHtIBv>FP CBBQ FK@EBP ILKD 2EFP FP f* g LO fIBKDQE LSBO>Illg FK K>SFD>QFL
QEB J>UFJRJ IBKDQE JB>PROBA M>0>1IBI QL QEB T>QBOIFKB

&sHtIBv> FP CBBQ FK@EBP TFAB 2EFP FP >Q ?B>Jg JB>KFKD >Q QEB TFABPQ ML
" 7LR @>K PBB COLJ QEB MF@QROB QE>Q &sHtIBv> E>P QTL ERIIP @LKKB@QBA ?V >
FP>?LRQ CBBQILKD >KA CBBQ TFAB
'J>DFKB/LR>0OB?LSEE®>KLUBLHFKALTK>FQO>T >P@>MBABILOQEBRIIPKAQEBB@H. KLQ
FK@IRAB QEB P>FIP LO >KV ABQ>FIP VLR >0B >FJFKD Q)% LIKSBP @EBLEBEHAKD

7LRTFIIRPREFR®>MO>TFHIBSBMF JBPQEBBROQEMRKFOL?BPROBIAL> DLLAGL2KAHBBFQ
PLIJBTEBOB QE>Q VLR @>K CFKA FQ I>QBO

,LOB 7LRALKE>SE || QEBKCLOJ>QALRKBBALL VLRBFQBEREB®ICFKIRQEBFPPFKIXCLOJ>QFI

LO J>HB PLJB OB>PLK>?IB BPQFJ>QBP ?>PBA LK TE>Q VLR AL HKLT

K QBOJP '

:KQ
OB@Q>KD

K

&B?2<5=

IOBT CLG SLV>DBRRPR>II\d MBLMIEROFKDB>| QFIBREBELIB@OBAR-K QEBB@BLDBQEB
?LRQ ELT JR@E PM>@B ALBP B>@E MBOPLK DBQ TEBK QEBVIOB >l QLDBQEBO LK QEB

O
AB@H



-?7B<4G945 ,?1175

2L .OBM>OB CLO KBUQ >@QFSFQV

0B>A QEFP ABP@OFMQFLK LC QEB A>FIV EREBULKNSHHBYXD E>T>FF BAR FHB @>KLB=IFSFKD
A>FIV=IFCB EQJI

5 >Q@E QEB SFABL >?LRQAJER R >DB

% * 3)% *$# 3) % *

& &&" * %S . Y%, 3) - *
X% #0506 & (#
$# 3).0
v H& &  H& HY%Y% "%%& *& #%% "%%E& #& $%) (&

&(HSH# #%, "+ #%% $%) ( &*
&(#$# "%-+")($ "+ *(+ & (#
$# M%) (& )+ ) &(#

$H#H  %"%(,"+ & (#
SH#H H% "+ %&'+ & (#S$#H +"¥
" &(#SH# ) "#%

%) T L) ML (#

)Xo, % " 1$%) (&* (# %( (

e ") (#

$OLJ QEB TB?M>DB >?LSB VLR IB>OKBA

#0- 9=):<-:5):<-: 1;:-:876;1%4-.7: 8:7>1;1761640-+)67- F 47),16/.77, ?)<-: )6, )446--,-, :=8841-;
)6, .7: 5)16<)1616/N304-P)J16>-6<7:4014-<011:6796 76*7): , 27* 14;+:1<1+}¥<0-).- )6, -..1+1-6<
)1416/ 7. <0- +)67-

&B?2<5=

'3>DFKBQE>QLR>0BVI>OC QEE@ OBTLAER LOIATFABLV>DB>KAVLR>0OBLFKIDLEBIVMQEB
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NR>0QBOJ=>RABER >MQFFREIOL SFPFLKEH®>KLELQKBIBDLOQEBLV>DB LRKBBRLTOFQB
MOBIFJFK>0OV OBMLOQ CLO QEB AIRBEJEIFRDBO
S5EF@E IBD LC QEB QOFM >OB VLR CL@RPBA LK 1BB QEB J>M ?BILT
&LT ILKD TFIl QE>Q IBD LC QEB QOFM Q>HB #UMI>FK ELT VLR CFDROBA QE>Q LRQ
&LT JR@E CLLA >KA T>QBO TFII VLR KBBA CLO QEB SLV>DB #UMI>FK ELT VLR CFDRQBA QE>Q

L J

2EBOBRQQEFB @ QB Q>MKFKQBIKCLOJ>QBEXDV LAJ>V KL@BEBIMCRLVLR>PVLRI>HBVLRO
MI>KPKA@ OBXQBROBMLORGLERIALQEBBIBS>BRPB>0DEBROFYBRROBMLORPELRIBK@IRAB
BKLRDE ABQ>FI >?LRQ ELT VLR @>JB QL VLRO @LK@IRPFLKP QE>Q QEB NR>0QBOJ>PQBO @>K RKA

&93; 1 <57 ?6 D85 B?EDS

&BOBi> MF@QRUHEEBLRMB>KKBALQEB LOIATFAR V>DBIEF@¥AE.R@>KFKAQEB LOIATFAR.V>DB
TB?PFQBOOM THLHRIB> @LIOIATFAB SLV=32KA> CRII PFWBM EBOBEQOQMP  QFKVRE34@HNM

-K QEB>M QEBFRCBORAQIL@PLOOBPMILKACBOBKEX QRQEBLV>DB fIBDgIB>KP>ALQ QL ADCRQE
QEB J>M

CQBOLRVIF@HBDLOQEBLV>DR/LRIlIKBBAICFDRIBREBLQAFPQ>K@FEESBD 2EFRLLIFDEEBIMLO
VLR @>K CFKA >KLQEBQU#V TE@P@AD @LJ

&BOBRPLJIBOBIBS>RKLLOJ>QBIEHBINWLRCFDROBELT ILKDFQFIIQ>HBsHtIBv>QL@ LIJMIBYBR@ELPBK
IBD

* 2EB CFOPQ QOFM COLJ &>EFORFEL 2 QLLH > QLQ>I LC  ARMROL?>?IV T>KQ QL RPB QEB QLLI
>?LSB QL @LIJMRQB QEB KRJ?BO LC K>RQF@>| JFIBP

&<1> D85 @B?F9C9?>C
&BOB FP PLJB FKCLOJ>QFLK >?LRQ MOLSFPFLKP


http://www.hokulea.com/worldwide-voyage/
https://tinyurl.com/WWVmap
http://www.acscdg.com/
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© &sHtIBv> @>K @>00V >?INRRKAP FK@IRAFKD QEB TBFDEQ LNMESERFOBF PRMMIFBP >KA

MBOPLK>I DB>O

* 2EB PRMMIFBP P>FIP @LLHFKD BNRFMJBKQ P>CBQV BNRFMJIBKQ @LJIJRKF@>QFLKP BNRFMJB
>?LRQ  MLRKAP

* 2EB @OBT B>QP QEOBB JB>IP MBO A>V >KA B>@E @OBT JBJ?BO DBQP D>IILKP LC T>QBO MBO

* $LO > QOFM QE>Q FP BUMB@QBA QL Q>HB A>VP QEB NR>OQBOJ>PQBO MI>KP CLO A>VPi TLO
2>A TB>QEBO >KA LQEBO ABI>VP



$1F971D9?>

2EB CLIILTFKD FP EQLIV MSP H@ @ E>T>FF BAR FHB ELLHBIB JLABOK=T>VCFKAFKD EQJI

>7A)l- =6,-:<)3-6 =;16/ 57,-:6 ?)A.16,16/ 0); <0: -- +75876-6<;

-1/6 ) +7=;- ;<)<-/A ?01+016+4=,-;) :-.-: -6+- +7=:;- .7: :-)+016/ <0->1+161%A76-J ,-;<16)<176
078-.=44A8716, ;7 <0)<<0-+)67- +)6 ;)14,7?6?16, <7<0-,-;<16)<176)<0-: <0)60)>16/<7<)+316<%0-
?16, <7/-< <0-+ #)+316/16>74>3)1416/)+3)6, .7:<0); +47;-4A 87;;1*4-16<%0-?16, <75)3- 8:7/:-;;
))16;< <0-?16, 1<p-:A): ,=7=; )6, <15-+76;=516/;75-<016/<7*- )>71,-, 1.)<)4487;;1*4- 8):<1+=4):4A
)< <0--6,7.) 476/ ,1..1+=4<>T7A)/-

=:16/ <0->7A)/- 074,16/); +47;-4A; 87;;1*4-<7<0-:-.-: -6+- +7=:;- 2014-3--816/ <:)+37.  ,1;<)6+-
)6, ,1:-+<178&:)>-4-, 76-J 87;1<17&%7:<0)6, ;7=<0)6, -);<)6, ?-;<7.<0-:-.-: -6+- +7=:;- )6, <0-
,1;<)6+-)6, ,1: -+<176 <7 <0- ,-;<16)<176

16,16/ 4)6, ).<-: -6<-:16/ <0- >1+161<A 7. <0- ,-;<16)<176 +)44-<);€):-6 7: 1<0- *7@J

1L ELT FRQEB>SFD>QALKER: BPMB@F@&INMLKBKQe QEOLRQELRP>KABFIBA.CLMBK@B>KLR
@>KPBB>KA &LT @>K/LRELIA@ILPBWL.QE®BCBOB®E@BORA.T @>KLRHBBPO>@EAFPQ>K@A
AFOB@QFELISBIBAT @>NLRBSBKKLTFWLRIOBLFKEKQEBFDEEOB@OEIK/LR@>RBEPIREL@B>K

>KA ?IRB PHV

V A>VQER>SFD>QRPREBABBMKLTIBADEQEB@B>KFEF@E>VALQEBFKARILT SEF@E>VALQEB
MOBS>FIGMEDOBKSP !ILRAPFKQEBH\CILQPKQEB>QBOKA>KFJ>PBE>SFLOPSBEBDOBFRPFDEQ
FKQL TEBOB I>KA JFDEQ ?B >KA TEBOB QEBV >0OB FK OBI>QFLK QL FQ

V KFDEQEBRPEREBQ>CHRQEMB@QRLRIIIIB>0&RPQFKYO>@ QELK>@EBRBPQBC SFD>QHRIET
>?LRQ QEB PQ>OP

*89>; &19B )81B5

&BOB FP > QFJB I>MPB ME@BRP®>0P FK QEB KFDEQ PHV

'‘J>DB COLJ MFU>?>7?V 9!l 10B>QFSB !LJJLKP;
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* "BP@OF?B TE>Q VLR PBB E>SMMBKFKD FK QEFP MF@QROB
' 5E>Q @>K VLR @LK@IRAB >?LRQ ELT QEB PQ>OP JLSB QEOLRDE QEB KFDEQ PHV
* &LT JFDEQ QE>Q EBIM > K>SFD>QLO CFKA EFP T>V

)D1B ?=@1CC

CRKA>JBKQ:LCL®>SFD>QLKS&SHtIBv>>KALQEESDV>DFKI>KLEBP> PQX@LIM>P&BOB> MF@QROB
+>R .F>FIRDKA > PQ>0 @LIJEBRPBA FK EFP QB>@EFKD

.F@QROB ?V +>HABKDB .OLAR@QFLKP @ ; SF> FHFJIBAF> ILJILKP
‘J>DB ?V ,BTMLOQJ -TKTLOH ¢ 1 ; SF> FHFJIBAF> ILJILKP


https://creativecommons.org/licenses/by-sa/3.0
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2EBL?GB@EQE®BKQBQER FO@BBI0BPEE@P KLBEBPEBIIPILKIYEBRQPFABMOBREKB @ QFILIFKQP
2EBFABFR)IEJ>DFKBEBQ>0OPPARECOLDEBLOFWEK)EB>PQO>SBIEEDLRQERFDEM\EKAPBQQFKD

M>PQEELOFWEKQEBBPQEBVILSB IFHREBVIOR> PMEBOROOLRKAFE®>OQE®I@>|IBRERBIBPQF>|
PMEBOB

&B?2<5=

>FKL>2ELIMPLIABSBILMBRQ@LIM>AFQE BNRFAFPRIERRSBLRKA®FOGLBBQEMILOB
MLFKQE>RK+>RiPPQ@LIM>MF@QROB3B 7LRTFII CFOPQYLI>HB> OLRDEHBQ@E-FKL>P
PQ>0 @LIJM>PP ?>PBA LK QEFP FKCLOJ>QFLK
* I>@B MLFKQP >OLRKA QEB @FO@IB PL QEBV >OB BNR>IIV PM>@BA
* 2EB >0@P ?BQTBBK QEBPB BNRFAFPQ>KQ MLFKQPLFOEF@IBA BS(@P ERRPB TFQE FQP
&>T>FF>K K>JB 1Q>0Q TFQE QEB CLRO @>OAFK>| MLFKQP
\WJ4+> LOQE
/6+ 1LRQE
3437+ #>PQ
8682+7+ 5 BPQ
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° 2EB CLRO NR>AO>KQP >IPL DBQ K>JBP 2EBPB @LSBO >II LC QEB ELRPBP FK QEB NR>AO>KQ
QEB >MMOLMOF>QB MI>@B FKPFAB QEB @LJM>PP
8 WB5+>KLOQEB>PQ
+5+73 PLRQEB>PQ
87+ PLRQETBPQ
8 B5>+KLOQETBPQ
* +LSFKD COLJ vpH>R QL &FHFK> @IL@HTFPB QEBOB >0OB PBSBK ELRPBP 2EBV >OB I>?BIBA Fl
JLSB >T>V COLJ vpH>R
+4+ fBIMQY ABP@OF?FKD QEB PHFBP FK QEFP ELRPB
IK /8 fQEB SLF@BPg LC QEB PQ>0OP PMB>HFKD QL QEB K>SFD>QLO
IK5+73fQEB EB>SBKP g
+7> {?FOA g QEB .LIVKBPF>K JBQ>MELO CLO > @>KLB
1838 QEB &>T>FF>K QBOK > ?FOA
W37+ fI>KA g
K fPRK g TEF@E PQ>VP FK QEFP ELRPB JLPQ LC QEB VB>0O
* 2EB @LJIM>PP E>P > SBOQF@>| IFKB PC QZRIBRSOB QEB P>JB PBSBK ELRPBP FK QEB P>JB LOA
VLR JLSB COLJ vpH>R QL )LILE>K> @LRKQBO@IL@HTFPB

' 2EB @LIM>PP >IPL E>P > ELOFWLKQ>| IFKE3PB PERNBQSO@Q QL 1>?Bl QEB ELRPBP CLJ &BJ> Ql
&FHFK> @LRKQBO@IL@HTFPB >KA COLJ &BJ> QL )LILE>K> @IL@HTFPB

&LT FP QEB PQ>0 @LJIJM>PP RPBA FK K>SFD>QFLK 2EBOB >PB IEB\V.CNRN® .BEBOSFBT

* 2EB @>KLB FP MF@QROBA FK QEB JFAAIB LC QEB PQ>0 @LJM>PP TFQE >l LC QEB ELRPBP >0OLR
* 5 FKAP >KA L@B>K PTBIIP JLSB AFOB@QIV >@OLPP QEB PQ>0 @LJM>PP COLJ KLOQE QL PLRQE 1
o 'C QEB PTBIIP >OB @LJFKD COLJ vpFK>)LVLI>R QEBV TFIl ?B EB>AFKD FK QEB AFOB@QFLK vp
>Q VLRO PQ>0 @LJIJM>PP >KA QO>@B LRQ QEFP M>QE
0 'C QEB TFKA FP @LJFKD COLJ ,qI>KF +>I>KF FQ TFIl ?B EB>AFKD QLT>0OAP ,qI>KF &LVLIR> *LL}
PQ>0 @LIM>PP >KA QO>@B LRQ QEFP M>QE
© 1Q>0P PQ>V FK QEBFO ELRPBP ?RQ >IPL FK QEBFO EBJFPMEBOB 2EBV AL KLQ JLSB >@OLPP QE
* (RPQ IFHB QEB PRK QEBV OFPB FK QEB B>PQ >KA PBQ FK QEB TBPQ
0 vvq 1FOFRP OFPBP FK *q +>I>K>F >KA PBQP FK *q )LK> *LLH >Q VLRO PQ>0 @LJM>PP >KA Q(
M>QE

0 &sHtIBv> OFPBP FK vpFK> )LVLI>R >KA PBQP FK vpFK> &LVLIR> *LLH >Q VLRO PQ>0 @LIM>PP :
QEFP M>QE
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K>SFD>QBILOFWEEBLRPBRLSBO PQ>0R PRKOFRBPRKPEEBKQEBRK OQEBQ>6BBFPFKD
QEB>SFD>@SRPREBQ@LIM>FRIBILOFWEEF @E>V QEBFKAFRILSFKD-KATEF@E>V QERVROOBKQP

>OBLSFKD2EBK>SFD>@6REBRPRERKCLOJ>QBERL RDEDRE>V. CKFDERBKPRQE B >K B> VR
@LROPB

*89>; &19B )81B5

*LLH >D>FK >Q QEB QFJB I>MPB MF@QROB LC QEB PQ>OP

* "BP@OF?B ELT QEFP PELTP QE>Q PQ>OP fPQ>V FK QEBFO ELRPBPg >KA FK QEBFO EBJFPMEB!
QEOLRDE QEB KFDEQ PHV

' 2EB PQ>0)B >IFVF L HLK> F H> IBT> I>KLMRP OFPBP FK ,qI>KF +>>K>F 5EBOB ALBP|FQ PBQ

5EBK QB>@ERKBFD>QFERIEPFQQEKD-KA FEIMBOCB @FH®@LE>SE OLRDEHBQ@HELABI LCQEBQ>0
@LIM>PP RQ FC VLR OB>IIV E>SB QL AL QEB K>SFD>QFLK VLRIEEBANDBEHPS BEOU @LIM>PP

'J>DFKB>FKL>2ELIMPLKTEL K>SFD>@BHAitIBviKQEBFKBOLCEBGLROKBOLE>T>FVBIO>M3RF >K
FPI>KBSBRJ>IIBOKALTBADE>KVFE>R LRE>SEI?BTFQEFK JFIBR.O0>M>RF QIPBEQRQ> JFPQ>HB

LCBSBKKBABDOBBRIAE>SBBAQL&sHtIBv>?BFKD JFIBRC@LRORMA FVLRBKARMAOFCHKIEBMBK
L@B>K >KA PRMMIFBP OBHKHCLRQ 5
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LT QE>Q.RE>SBE OLRDEHBQ@BEBQ>@LIM>PRAHKLTTE>F@ELRIALHIFHB/LRGLFROL
AO>T LKB QE>®iMBOCB@Q >P MLPPF?IB 2E>Q JB>KP VLR T>KQ QL AO>T

MBOCB@Q @FO@IB TBIl >P MBOCB@Q >P MLPPF?IB 5E>Q QLLIP @>K VLR RPB QL AL QE>Q
>K@FBKQ .LIVKBPF>K K>SFD>QLOP E>SB E>A QL RPB

2EFOQV QTL MLFKQP >OLRKA QEB @FO@IB QE>Q >0OB BU>@QIV BSBKIV PM>@BA >M>0Q 5E>
VLR 5E>Q QLLIP TLRIA >K@FBKQ .LIVKBPF>K K>SFD>QLOP E>SB E>A QL RPB

5EBK VLR E>SB CFKFPEBA 1>?Bl VLRO MBOCB@QIV AO>TK PQ>0 @LJM>PP TFQE QEB ELRPBP

-C @LROPPQ>@LIM>RK>MFB@EVI>MBPKIPLRPBCREBKVLRIOBRQK> @>KLBLT ALVLRMLPFQFLK
FMOLMBORA ELT ALVLRHBBRQOLDBQQHKIA>I>DBA.CPL>HFKIBQ 7 LRM>FKQK QEB>FIFCQEB
@>KLB MBOJ>KBKQIV

*LLH ?>@B@EBO>TFHITE&SHLIBY> $FKAQEBHFILgK>SFD>(HRB>GKQEBB>6CQ CQER>KLBEBOBP
>@QR>IIV LKB K>SPIPBMILK BFQEBO PFAB LC QEB AB@H

&B?2<5=

%L?>@BIQEB@>IBO>TFHIO&SHBV>QEM) RI>SABFKOL?IB])  AA QER>SFD>PEB>QRVLRO
AO>TFKILR TFIl QEBK >AA QEB PQ>0 @LJM>PP QL QEB O>FIP >P CLIILTP

1Q>0Q TFQE QEB HFIL PB>Q LK QEB IBCQ MLOQ PFAB LC QEB @>KLB 2E>Q TFIl ?B QEB @BK!
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